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Abstract

Cancerous cells are a danger to the human organism. They can originate in any cell in the body. Although
various cancer treatments exist, it has been shown that they are effective in some cases but less so in
others. For this reason, drawing on the stuby by Yongmei Su and al, we propose a dynamic study that
models the treatment of a tumor using adenoviruses. Despite the fact that the disease-free equilibrium
point is unconditionally unstable, our study shows that the internal equilibrium point, under certain
conditions, is locally asymptotically and globally stable.
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1 Introduction

Cancer represents an abnormality in the various stages of cellular regulation, namely cell lifes-
pan, division, and/or differentiation. This dysfunction in the body triggers a set of mechanisms
that the body employs to protect cancerous cells. This protection is modeled by a positive
coefficient denoted by e. In this article, we draw inspiration from the work of Yongmei Su et al.
published in [1]. They focused on virotherapy as an innovative treatment approach. Specifically,
the authors analytically studied the local stability of the disease-free equilibrium and the disease
equilibrium. They then succeeded in controlling the inhibitor parameter u that renders the
diseased equilibrium unstable. Their main findings are:

- Equilibrium without illness is inherently unstable.
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- The disease equilibrium is stable provided that there is no internal equilibrium.
- The disease equilibrium is unstable under the condition that internal equilibrium exists.

By examining the conditions for the existence of the internal equilibrium point, the authors
determine the optimal value of the inhibitor parameter u that promotes the production of
Coxsackie-Adenovirus Receptors (CAR) (see [7]), that is, the penetration strength of the viruses
into the tumor necessary to destabilize the disease equilibrium point. Based on their study; it
can be stated that the patient can neither be cured of the tumor nor live long-term with the
disease. To address this shortcoming, we propose a formal and rigorous proof of the local
and global stability of the internal equilibrium point through the construction of a Lyapunov
function. Our approach allows us to control the disease by helping the patient live long-term
with the disease. In this paper, we start from the model of [1], namely

dw o (1_u) o (11— w1 + woy B dwiwswy

ar Pt K w+wy+¢’

de dZU1W3W4

= — (1 —u) gwy,

dt Wy +wy ¢ 1)
W03 _ (1~ u) g, — TG

at 812 Wy +wy + e &,

@—au(m—w)— w
ar 4~ g%

With (p, d, e, g v, 4,9, b m) € (1R+)9, u e |0;1land wy = wy (t),wy = wy(t), w3 =
ws (), ws = wy (t) € C! (Ry;R). Where

wy: density of cancerous cells not yet infected by the virus.
wy: density of cancerous cells infected with the virus.

ws: virus density expressed as cell density.

wy: total receptor density in the tumor.

: the natural growth rate of the cancerous tumor.
: cancer cell size.
: the MEK inhibitor intensity parameter, which varies between 0 and 1.
: the coefficient of infection of a tumor cell by the virus.
: the mortality rate of virus-infected tumor cells.
: the maximum size of new viruses resulting from the bursting of an infected tumor

S0 W R XD

cell.
: the mortality rate of the virus.
: the rate of CAR production by cells.
: the number of receptors produced by tumor cells .
: the rate of CAR loss from the cell surface.
e : measures the protection afforded to cancerous cells by the dysfunction of the
organism. It is expressed in cell numbers.

= 3 8

At the start of adenovirus therapy, at time ) = 0 we have the following densities: w; (0) > 0,
w3 (0) > 0, wy (0) > 0 and w, (0) = 0. In this paper, we establish the criteria under which the
solutions are bounded and persistent. We then demonstrate the local stability of the internal
equilibrium point. Finally, we present the conditions that determine the global stability of the
internal equilibrium point.

Remark 1.1. The ONYX-015 adenovirus is a type of tumor-killing virus. It infects and replicates
inside cancerous cells, causing cell lysis. The new viruses released from the bursting cells go on
to infect other cancerous cells. In this article, given that cell lysis determines the dynamic process
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of cancerous cell infection, we assume that in the third equation of system (1), the negative

terms cannot outweigh the virus production term. Thus we have the following hypothesis:

(H1) : w3(t) is strictly increasing for all t > 0.

2 Boundedness and permanence of the Model

Let (wy, wa, w3, ws) be a non-extendable solution of system (1), defined on [0, T), where T €

(0, +00).
Let

R? = {(w1,Wz,W3,W4) € R4‘w1 >0, wp >0, w3 >0, wy > 0}

denote the positive cone (or positive quadrant) of R*. Its interior is

int (]Ri) = {(wl,wz,wg,w4) S ]R4 ‘ w1 >0, wp >0, w3 >0, wy > 0},

and its boundary is denoted by 9R?..

Lemma 2.1. The positive cone of R* is invariant to the system (1).

Proof. In this section, we show that all state variables remain nonnegative for every t > 0. Let

w(t) = (w1, wa, ws, w4)T and write system (1) in compact form

"D~ plai),

where fisaC L vector field associated with system (1). It suffices to verify that, fori € {1,2,3,4},

fi(w) > 0when w; =0, wj > 0forallj#i,and w € IRi.
The following results can be obtained from system (1):

Ifw; =0, wy >0, w3 >0, andwy >0, f1(w) =0,
d
ifwup =0, w1 >0, w3 >0, andws >0, fo(w) = 41 WsWe
wi +¢€
ifw3 = O/ w1 Z O, wa 2 0, andZU4 Z 0, f3(w) = b(l — u)ng 2 0,
ifwg =0, w; >0, wy >0, andws > 0, f4(w) = qum > 0.

7

()
3)

(4)
(5)

Based on (2)-(5) and given that R? is a closed and convex set, by Nagumo’s theorem, it
is positively invariant under the action of the flux of system (1). Consequently, all solutions

originating from lRi remain confined to the positive quadrant of R* for all £ > 0.

If we set MM b1 X
M; =K, MZZ#/ M3:%/
(1—-u)g Y
aum
M, = max {w4(0), PR } ,
B M,  dMyM;
z‘“‘K<1 K U—WW>’
d Wy w3 Wy b(1—u)gws
Wy = e, W3 =
— (K+e)(1—-u)g — AMy +y
. aum _ M; | dMyM;
m—mln{w4(0),au+q}, Ly = X +(1—u)ps'

Then we have the following theorem.

O]
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Theorem 2.2. The model is permanent if Ly < 1.

Proof. Throughout this proof, t € ]0; +oo].
We will show that there exist M > 0 and my, > 0 such that

max {lim sup wy (¢), lim sup w (), lim sup w3 (t), limsup wy(t)} < M

and
min {liminfw (t), liminf wy (¢), iminfws (), im infw, ()} > my.

From the CAR receiver equation, we have:

if4(0) < ai”fq, thenw, (0) < w(t) < ai”fq.
If aum
au+q ws(0),
then qum
P w4 (t) < wq(0).
We have

. < M.,
tginoo sup wa(t) < My

In the same way,

So wjy is bounded and permanent in ]0; +oo].

Based on the equations for cancerous cells w; and wy, forall ¢ > 0,

dw;t(t) n dwdzt(f) = (1—u)pw(t) <1 _ wl(t)—K'—wz(t)> — (1 —u)gw,.

Since positive invariance ensures that all variables remain positive, we have: for all t > 0,
wi(t) < wq(t) +wo(t) and —(1 — u)gwa(t) < 0.

So, taking these two adjustments into account, we have

d(wl(t)d": ZUz(t)) < (1 . M)P (1 _ wl(t)—K*—wz(t)> (wl(t) + wz(t)).

Let S(t) = w1 (t) + wa(t), so

B < 1y (1—51(?) 5(1).

Using a comparison argument for differential equations, we show that for all t > 0,

(1—u)pC

1—u)pC’

S(t) < (
—(1—u)pt
e + K

CeR.

We have
lim sup S(t) <K,

t—4o00
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which implies that
lim sup(wi(t) +wa(t)) < K.

t—+4o0

We have from the cancerous cell equation w; and for all t > 0,

dwdlt(t) <p (1 - le(t)> wi(t).

Using a comparison argument for differential equations, we show that for all t > 0,

P

wy(t) < ———~,
C

—ot [

e P+ K

C eR.

We have
lim supw(t) < K.

t——+oo

From the equation of the virus w3, we have for all t > 0,

d’LU3(t)
dt

< b(1 —u)gK —yws(t),

because w1 (t) + wy(t) < K. Using the same reasoning as in the increase of w;, we show that for

allt >0,

b(1—u)gK

ZU3(t) < + C3€_7t, C; € R.

So
lim supws(t) < Ms.

t—+4o0

From the equation of infected cancerous cells, we have for all t > 0,

dZU2(t)
dt

< dM3zMy — (1 — u)gws(t).

Using the same reasoning as in the increase of w;, we have for all t > 0,

dM3My

MIVIZIVi4 —(1—u)gt
wz(t) < (1_u>g—|—C2€ , G e R

So
lim sup wy(t) < My.

t——+oo

From the cancerous cell equation wy, and for t > 0,

It follows that

Based on (H1), there exists a positive constant w3 such that 0 < w3z < M3 forall t > 0 and

w3 < liminfws(t).
I t—>+00
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Considering the equation for infected cancerous cells, we have for all t > 0,

dwy _ dwi ws Wy

7 > K+e — (1 —u)gwa(t).

Using a comparison argument from differential equations, it follows that

liminwa(t) > ws.
f—+o00 -

We have from the virus equation w3 and for t > 0,

dw
d—: > b(1—u)gwy — (AMy + y)ws(t).
Similarly, by using a comparison argument for differential equations,

lim infws(t) > ws.
t——+oco -

Designating m, = min (w, wp, w3, ws) > 0 and M = max (M, Ma, M3, My) , we have
max {lim sup wy (¢), lim sup w (), lim sup w3 (t), limsup wy(t)} < M

and
min {liminfw (t), liminf wy (¢), iminfws (), iminfw, ()} > my.

O

Remark 2.3. The system is invariant in the strictly positive quadrant and is bouned for all t > 0.
Therefore, the system is permanent.

3 Equilibrium points of the model

Building on the work of Yongmei Su et al. [1], we show that there are two trivial equilibrium

points:
Ef = <0,o,o, aum )
au+q

and

Ef = (K,0,0, o )
au+q

There is also an inner equilibrium point Ej = (w3, w3, w3, wy) if

_ (au+q)(K+e)
b>1+90, O = TKaum
where
A \/(72 + 4(b — 1)Kydw}pge
1= 2(b— 1)dwip /
. b—1)dw; .
Wy, = [( ’Y) 4 —1] wi —¢&,
wh = b-—1)1 - u)gwg’ wh = aum
¥ au +4q
Here,

oc=py(K+¢)—K(b—1)gdw; + Kg.
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4 Analysis of the local stability of the internal equilibrium point

In this section, we study the local stability of the equilibrium point E5 of the model. We consider

the Jacobian matrix of the linearized model in the vicinity of the equilibrium point E3:

wy _ (4(2)
J(Ez) = (Amj)lgm,j§4,
with Sy (E2) Sy (E2)
(2) _ 9%m{5) (2) _ 9Mm\E)
Aml - awl 4 Amz - aw2 4
@) _ Ohy(E3) 2)  Ohy(E3) B
Ay =50 An =R, m=1234,
where
e Cwi(t) Fwa(t)\  dwr (Hws(t)wa(t)
m(t) = (1—u)pwr(t) <1 K w1 (1) + wa(t) + e’
hy(t) = duw, (£)ws (H)wa(t) — (1 —u)gwa(t),

wy(t) +wo(t) + ¢

)=t OO

ha(t) = au (m — wa(t)) — qua(t).

ZU3(t),

(6)
(7)

(8)
©)

The characteristic polynomial associated with the Jacobian matrix J(E3) of the linearized

system near the equilibrium point EJ is

Py(A) = det (J(E5) — ML),
where 4 is the identity matrix of order 4. We obtain
dwjwiwy

(w; + w3 +¢)*

1
AR = (- w)pwi + Ay =AY,

K

40— (-wgwy v 4@ (—u)(au+q)gw
13 w} b—1' 14 aum ’
4@ _ (A-wgwy  (1-u)gw
21 w} wi +wh +¢
2 (1—u)gw; 2 2 2 2
Aéz) =—(1-u)g— m/ A§3) = —A§3), A£4) = _A§4)'

2 2 2 1—u)ows
MY =2 Y=gy 08

2 2 2 2
I I I}
AV =0, AP=0, aP=0 AV =-au—y
The calculation of P»(A) gives
2 2 2 2
P(A) = (A = 1) (=22 + (A + a5 + 4R) 22

2 2 2 2 2 2 2 2
- (ARAR - ARAR — A AR - AR
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2 2 2 2
A AR - AG A )A

2 2 2 2 2 2 2 2 2
A A AZ + AR DA + 4D AD A
2 2 2 2 2 2 2 2 2
+ AR A AR + ADAY AT + AT ARAR).

Let
Q(A) = A3+ oA 4+ 1A + ¢,
with
2 2 2
€2 = _Agl) - Aéz) - A§3),
2) (2 2) (2 2) (2 2) (2
= - Agl)Agl) + Agl)Aéz) + Aél)Ag?;) + Agl)Agg
2) ,(2 2) (2
+ AR AR + AR A,
and

co = A AR AG — AP AR Af) — AT AP AT
— AP AF AL — AT AG 4D — aQ AD AL
So,
P(A) = (A - Ag) o).

Theorem 4.1. E is locally asymptotically stable if b > 1+ y® and 0 < K < vw], with

-1
w*
y="E (i) > 1.
& \W;
Proof. Ttis sufficient that the equation Q(A) = 0 has solutions with a negative real part. Accord-
ing to the Routh-Hurwitz criterion, this equation admits solutions with a negative real part if

and only if
c >0, co >0, cyc1 —co > 0.

By replacing the coefficients of the Jacobian matrix of the linearized system in the vicinity of
the equilibrium point E; present in the expression of ¢x, k = 0, 1, 2, by their values, we obtain:

2= (1w - (w? T;?ﬁ)z Fd-wg zill :;)f =
+ b% +7.
Taking into account the relationship
SO (1 - wjgus = 0 (10
Wy +w, +-¢€

in determining the inner equilibrium point, we have

dojwiw; | (1-u)gws
(wy +ws +¢e)?  wi+w)+e
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So,
1 . b
€2 = f(l —u)pwi + (1 —u)g+ =17
Therefore, c; > 0 because all its components are so.
2) 4(2 2 2 2) 4(2) 4(2
co = Agl)Aél) (A§3) - A%;) - Agl)A§3)AZ(%2)
—AaPAD) (A =) - AR AR (-1 - w)g+b(1 - w)g),
2) (2 2 2
= v ( AR + 43 ) AR Af (Aéz) + A§2)>
— AP AT -1 -wg,
wh
¢ = 1Ay ( 0= 3g 2-( —u)g)
Wy
31— u)g—(1- >g> — AP AF b -1)(1-u)g,
_ o n@ (1—u)gw _
= 7Aq] < w3 —(1 ”)8)
—AF -1 -wg (A +4F).

Therefore,

@, 4@ _ 1. ) dwjwiwy
Al Ay = K(l u)pwi + (W] + w5 + )2

L (-wgws (- wgw;

wi wi+wh +¢€

1—u)qwi
1
1 . (1—=u)gw;
~ A= 1) - g (-1 - wpw; + L),

1

Because taking into account (10), we have

wi +w; +¢ wj
(1—u)gw;
+ 2 0= - (— 1= wpwi + T

Taking into account (10), we have

1 . (=wgws ((1—u)gyws + (1 —u)gyw; 1—u)?g*yws
CO:K(l_wng,wa_( )gz<( )83 + ( )g71)+( g

* * * *
wy +w, +¢€ wy wi

(1—u)pgyw; +

N\'—‘

Co =

(1—u)’g?ywy  (1—u)’gPyw; ( wi + wj )

wi‘ wi* wi‘—l—wé—l—s

1 (1 —u)?g*yw; €
- — (1= 2 * 2 ‘
0 K( u)pgrwy + wj w] +w; +¢€

Thus, cp > 0 because all its components are so.
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2 2 2 2 2) (42 2 2) (42
o = A (—A7 + A7 + A7) + A7) (A + A7) + A (A7) -).

1 . dwijwiw, 1—u)gws;
Cl:(‘“_””w“%Wﬁﬁw;i%><_( wf-z_“_“w)

_b@&<_;u—umw?—a—uk)

- <<1 18w +b(1 - u)g) .

*
wq

Given (10), we have

1 * *
1 = (1~ u)%pg (wf +w3) -

(1-u)?gw; [ w;i+w;
w; wi +w; +¢

by v (1— u)gZUE.

+ (1_u)pw1<b_1_b_1 w*
1

| =

Cac1 —Co = ﬁ(l — u)’p’gwi (wi +w3) + ﬁ(l - ”>2P2bj’7(w1)2

+ = (1—u)’pg® (wi +w3) + K(l - ”)ngm’ﬂul

b 1 v?
)2 * * ~ (1 _ * 2
(1~ w)og (wi +3) 27+ (1~ W)pwi Ty

Y et (LW N L e Y
1 u)png<wiﬁ+w§+s> gL —u)pgws—

wh wi + w3
_(1_”)3g3i<12>

wq

2

*

1

_|_

= R= R

* *
wy +w,; ¢

w*( wi + w; > b

% * * Y

w; \wj +w;+¢)b—-1

w; b » 1 2 %
-2 —(1—

—(1-— 22@ & — (1= 22@L,
( u)g'ywik w] +w; +¢ ( u)gwi‘b—l

b ’ 1 . W3
cac1 —Cp > m'y (1—u) (Kpbw1 ng)

1 1 w3

o 3 * * 2% 8 _ * _ 2
+ (1 I/l) (wl +w2)g <K2p wl + wT"i_w;_FS <Kp(w1 +€) ng>
b 1 w5 1 w; wi\?

—u)2— | [ Zow* P2 [ 2ot — 02 2 (%2

To have cac1 — ¢cg > 0, it suffices that

1 R 172 1 . w;
prwl gwI >0, Kp(wl +¢) ng >0,

and
*

1 * Wy
—pw} —g—2 > 0.
RV 8
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So, cocq1 —cg > 0if

I<<min{bp(wf)2 p wi(wi +¢) P(Wi‘)z}‘
wy & w; g w;
Ase > 0and ( e
ylau+q)(K +¢€
b>1+ dKaum
then . : 2
min{bp(wf) pwi(wi +e) p(wi) }:P(WT)
§ wy & W g w; g wi
Let

-5’
5 \wj ’

According to the Routh-Hurwitz criterion, this equation admits only solutions with a
negative real part. So, the roots of P, have negative real parts. This means that EJ is locally
stable. 0

Therefore, coc; — co > 0if K < vwyj.

Interpretation 4.1. In this part, based on the analysis of the local stability of the equilibrium points E[,
k =0,1,2, we find that:

1- The equilibrium point Ej is unconditionally unstable.
2- If b < 1+ 70, the equilibrium point Ej is stable and it is unstable when b > 1+ y®. The
stability condition of E implies the absence of the equilibrium point E;. On the other hand, the
instability condition of EY implies the existence of E5. Thus, the condition of existence of E3 shows
that all points located on the axes are unstable. They cannot therefore attract the other solutions of the
system.
3- Ifb>1+yOand

£\ —1

V= P <wi> >1,
&\

then E3 is stable.
This stability condition shows that:

* If

*
o™y,
§ W
virus-infected tumor cells outnumber tumor cells. So, the ratio of the proliferation coefficient
of uninfected tumor cells to the mortality rate of virus-infected tumor cells is higher than the
infection ratio. The high number of infected tumour cells is due to the fact that the intensity of
the inhibitor promotes high production of the CAR receptor, which in turn facilitates infection of
tumour cells by the virus. On the other hand, infected cancerous cells burst more slowly than
tumors grow. This is because the high intensity of the inhibitor promoting CAR expression can
cause cell cycle arrest, which inhibits the adenovirus life cycle. This is because (S)-phase is the
phase of the cell cycle during which DNA is replicated, and adenovirus needs to lock cells in
order to reproduce and induce cell lysis.

o If
<w§>l>g>1
wy P
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then tumor cells outnumber infected tumor cells. So, the inverse of the infection rate is higher
than the ratio of the mortality rate of virus-infected tumor cells to the proliferation rate of tumor
cells. As a result, the bursting of infected faster than tumor cell proliferation. This is because
the intensity of the inhibitor does not cause cell cycle arrest. In (S)-phase, the adenovirus locks
the cells. On the other hand, the high number of cancerous cells is due to the fact that the high
number of cancerous cells, however, is due to the fact that the inhibitor’s intensity does not
promote CAR production, which makes it harder for the virus to infect tumor cells.

. If

w2 4

<1 and > 1,

wy
then tumor cells outnumber infected tumor cells, and the proliferation coefficient of tumor cells is
higher than the mortality rate of virus-infected tumor cells. This is due to a low level of inhibitor
intensity resulting from the aggressiveness of the tumor. This results in low CAR expression on
the tumor cell surface.

The stability of E5 allows us to conclude that cancerous cells, infected cancerous cells, the virus and
the CAR receptor can cohabit in the long term.

5 Global stability of the model’s interior equilibrium point

In this section, the ideal was to study the global stability of the Ej equilibrium point (the
disease-free equilibrium). But since the disease-free equilibrium is unconditionally unstable,
we present sufficient conditions that guarantee the global stability of the interior equilibrium
point E; for b > 1 + ©. In other words, whatever the initial conditions w1 (0), w,(0), w3(0),
and wy4(0), infected or uninfected cancerous cells, viruses and receptors can “cohabit” in the
long term. The task will be to construct a Lyapunov function appropriate for the model.

Let

d d w3w;
h=— = — P N L
W+ wy + € w5 (My + M, +¢) wy +w; +¢
2w wiM wr o wi wi M
Bu=_Lis+ 174 1 4 gy 2
wyw} wywy;  wy;  wy  bws b’
1—u)pw;
5122( Jowy

K pak 4
Kw2w311

wi wi wi(l—u dw?
1321 — %ll + 1 lllS 4 1( )p . 4*
w3 bws wywi K wiw;

dM; N (1—u)g

Wy W13 Ws
= —1l 1,
B22 w*23+ oM, 2

2wy My wiw;
= ~I LIl + =21 3
wswr ' by B T

i d*w4* 4 (1—u)g’
W3W, w3
By = Y w1w4wzl
32 = bMa bMs 2,

I

w1 dMsz = wjw; wy
o1 I, =
Ba1 = w 1+ s + bws 1 B2 i
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Theorem 5.1. If B11 < B2, P21 < 2B22, B31 < 2B32, and Pa1 < 2P4o, then the model’s unique interior
equilibrium point is globally and asymptotically stable.

Proof. Assume that the model admits a single interior point
E; (wi, w3, w3, wy) .

Let us define the following functions:

w1 T
* *
ul (wler/ w3, w4) = |Ww1 — wl — wl h'l <*) ,
L 1 i
(%) |
* *
Uz (w1, wy, w3, wy) = |wy — wy —w; In (*) ,
L 2 a
w3 T
* *
Us(wy, wo, w3, wy) = |w3 — w3 — w3 In <*> ,
L 3 i
Wy T
U4(w1,w2, w3, w4) = |Wg — wZ — wj{ In <*> .
L 4 i

The function U : R* — R such that

w3 1
LU (w1, wa, w3, wa) + Euz(whwz, w3, W)

273 3

U(w1, wo, w3, ws) =

*
Wy

u+gq

1
+ —Us (w1, wo, w3, wy) + . Uy (w1, wa, w3, wy)

b

admits zero for global minimum reached in (wj, w;, w3, w} ).

Let us show that the function U as defined is a Lyapunov function for the model:

(i) We have
U(wi,ws, w3, wy) = 0.

(ii) For any positive (w1, w2, w3, wy) solution of (1), U (wy, wy, w3, wy) is positive.
(iii) Show that
du
— < 0.
ar =

We have
du  wi du;dw; 1 dU, dwy

Fr wiw; dwy dt w7§dwz dt
ldU(g dZU3 ZUZ dU4 dZU4
bdws dt  au+qdw, dt’

aa_ _w (w —w*)—dw1 +i(w —w*)—dw2
dat wyw} ! V w,dt w3 2 27 wodt
1 « dZU3 ZUZ % dT/U4
+E(w3—w3) widt  au+g (w3 —wy) wadt’
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We have
dw, _ dwzw] (w1 —wy) + (wp —w3))  dwiw; — dwzwy
wqdt (wi +wh +¢) (w1 +wp +¢) w]+wy +¢

+ <1 _Ku)p ((

_ dwzwy _ (1—”)P) -
- ((wi‘+w§+s)(w1+w2+e) K (w1 —wy)

wy —w1) + (w3 —w2))

_A(w — w)
w1+ wy+¢€ 3 3

dwyw; () *
* <(wi“+w§—|—e)(w1+w2+s) K (w2 = w3)

dw} .
— 8 (wy—w)),
w1+w2+s( 4=y

dw, S dwiwy <1 - wl* > (w1 — )
wodt  wi(wy +wy +¢) wi +w; +e
dww;
wj(wy +wy +€)
d <_ wiwiwy w1w3w4> (ws — )
w}(wy +wy +€) wi +w; +¢ Wy
dwws
w3 (wy +wa + ¢
dws 1 ( dwjwiw; _ dwzwy > (w1 — )
wadt w3 \ (w1 +wy+e)(wf +wh+e)  wt+wyte 1
1 dwjwiwy
+M(W*”“wm+m+mm+@+a

1 dwiz .
AT 1 P

(w3 —w3)

y (e = i),

) (e - w3)

w3 w1+ wy + €

1 dwiw; ) .

- | ——— ) (wg —wy),

3 <w1+w2+8 (s 1)
dZU4 1

wadt = —wfl(‘”“r‘ﬂ (g —wy).

du .
Therefore, I can be written as

dt w; (Wi +w; +¢)(w +wo +¢) Kwjw; !
_ (1 —u)pwf (
Kwjw;
dwiwy . .
- wy —wy) (w3 —w
w;wg(w1+w2+€)( 1 1)( 3 3)
dw; . *
- wy —wy) (wg —w
wﬁ(w1+w2+8)( ! 1) (s 1)
dw}
wi (w1 +wy + €

wy — wi) (w2 —w;)

y (w1 = wi) (w2 —w3)


https://ejamjournal.com/

Analysis of the dynamics of a model ... N’DRI Gnangbi Donald Odilon et al. ‘ 15

d <_ ZUTZ(%ZUZ _ W1 W3Wy
wiws (w4 wo + €) wi +wj +¢ wy
dwjw;
wiw} (wy +wo + €
dwyws
wiwy (wy +wo + €
1 dwiwiw; dwy
Ty <w3(w1 +wyte)(wh +wh+e)  wfwyte
(1—u)g dwjwiwy . .
+ ( w3 bwg(w1+w2+s)(w’{+w§+s)) (w2 = w3) (ws —w3)
0% dwiwy
B <bZU3 bwg(wl +wy + ¢
dwiw;
B bws(wy + wy +¢€)

) (w2 =i’

y (w2 —w3) (ws —w3)

j (w2 = ws) (wy = wj)

ym—ﬁﬂm—@>

) (=

(w3 — w3) (wy — w})

dau dwiw; 1—u)pw; .
— = < * (7% * v _( *)p*l>(wl_wl)2
dt wi(wi +wj +¢) (w1 +wy +¢) Kwiw}

(1 — u)pw; (w — wp)* + (wr — w3)?
Kw;w; 2

dww, (w1 — w’f)2 + (w3 — w§)2
wiw; (wy + wo + €) 2

dw; (w1 — wt)? + (wy — w})?
w;(wy + wy + €) 2

dw; (wy — w’{)2 + (wy — w§)2

w; (w1 + wy + €) 2
d B wfw§wj; B W1W3Wy
wiws (w1 + wy + €) wi +w; +¢ woH

) (2 -2

* %\ 2 )2
dwy (wy —w3)" + (w3 — w3)
wg‘w; 2

dws (wy — w§)2 + (wg — wj)2
wiw; 2
= dwjwsw; Ly >wrw#+wrw#
b \ws(wy +wy +¢)(wj +wh+¢)  wi+wr+e 2
+CFWg dwjwsw, >wrw#+wrwﬁ
w3 bws(wy + wo + €) (w] + wj +¢€)
Y dT/UTZUAI *\ 2
— + w3 — W
(bZU3 bw3(w1—|—w2—|—£)> (ws 3)
dw;w} (w3 — w§)2 + (wyg — wZ)2 Wy
bZU3(ZU1 + wy + 8) 2 Wy
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dill < d wiwy wi My w] w}
dt = |w+wy+¢e \wi(wi +wj +¢) 2wjw 2w 2w}
Wy W5y Mg\ (1 —u)pwy 2
T 2bws(w) + w5 +e) | 2b ) 2Kawgwr | (17 @)

. [ d < w; wiwiw; )
wy+wy+e \2wy - 2bws(wy + w; +¢)
1—u)pw;j dw; dMs;  (1—u)g

_|_

_|_
2Kw3 w§ 2w§ w; 2w§ w3 2wy

wy(My + My +¢) \wi +wj +¢  wiM S

L d wi My wWiw3wy % wiw;
wy +wy ¢ \2wiw;  bws(wi +wh+¢e) 20 2bws
dw} 1—u dw]wy .
+2 *4* ( )g_ 14 T } (ws_wa)z
w3Wy 203 bM3(M1 + M, + 8) bM;

* * * *
dwj dMs dwjw; wy

+ + +
[2W§(M+Wz+€) 2wyw; - 2bws(wy + w2 +¢) My

| s =i,

Then 1
=<5 (ll(ﬁn = B12) (w1 — wi)* + (B2 — 2B22) (w2 — w3)?
+ (Ba1 — 2B2) (w3 — w3)” + (Bar — 2w) (wy — w})?),
with B;;,i=1,2,3,j = 1,2, as defined above.
Taking into account the assumptions of the theorem, we have

au
ﬁ<0'

We conclude that Ej (w], w3, w}, w} ) is globally and asymptotically stable. O

Remark 5.2. An analysis of global stability reveals that the stability established in the model
holds up to a certain order. Beyond these values, a change in stability is observed.

6 Numerical simulation
We have chosen the control parameters such that
b>1+~0 and K < vwyj.

To illustrate the local stability of the internal equilibrium point, we present, on the one hand,
the trajectories of uninfected and infected cancer cells and, on the other hand, an orbit starting
from the initial conditions

w1(0) =10°,  w2(0) =0,  w3(0) =5x10%,  wy(0) =2x1072,

expressed in units of cells.

We choose a time step of # = 1072 and the number of iterations to be N = 3 x 10°. The
control parameters are expressed in the same units as in [1].
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We have
u=0,95, o=5cellsday !, K=5x10%cells, d=0,2day *,
e=0,05cells, g=0,5day !, ¢=05day ", a=0,2day ",
m =9, g=0,5day!, b=4cell''day !, T =3000day.

At equilibrium, we have the values of the unique internal equilibrium:
wi =1,3494 x 10°,  w} =2,6636 x 10,

wh =3,9954 x 10%,  wj =2,4783.

«10° o ORBIT

cancerous cells (w1}
infected cancerous cells(w2)

il + E; endernic equilibrium
Mull axis g
25t + E, disease equilibriom

2 E; eguilibriurn without disease

orbit

[N]
T

infected cancerous cells (w2)
(5}

infected and uninfected cancerous cells
(8]
o

0sr

A L L . ) 0 . . . . . . . . . "
o 500 1000 1500 2000 2500 3000 0 05 1 ) 2 25 3 35 4 45 3
time t unifected cancerous cells (wl) § WDQ

(a) Trajectories of Cancerous Cells (b) Orbit

Figure 1: Numerical illustration of the local stability of the interior equilibrium point.

Interpretation 6.1. By choosing b > 1 + ©, the model has a unique interior point, and the disease
equilibrium becomes unstable. During the process, the trajectory of uninfected cancerous cells grows
rapidly at a certain time, until it reaches a certain value close to the maximum capacity K. This illustrates
a slow infection of cancerous cells by the virus, as shown in Figure 1a. This slow rate of viral infection
is due to the virus?s search for receptors on the cell surface and the cell cycle process required for viral
production within the body. After a certain period of time, we observe an increase in infected cancerous
cells and a decrease in uninfected cells. This mechanism indicates that the adenovirus inhibits the
progression of cancerous cells by infecting them. This fluctuating increase and decrease in cell numbers
continues, and the cells eventually stabilize at a certain equilibrium level, as shown by the trajectories in
Figure 1a. Thus, this stabilization of the trajectories leads to a long-term coexistence of cancerous cells,
infected cancerous cells, the virus, and the receptor within the organism when the conditions for local
stability of the endemic equilibrium E5 are met. As for the trajectory shown in Figure 1b, starting from
the initial condition, it moves away from the disease-free equilibrium and heads toward the disease-free
equilibrium. This indicates rapid growth of cancerous cells in the body. As the process progresses, at a
certain point in time, the trajectory shifts from the diseased equilibrium toward the endemic equilibrium.
This is due to the rapid growth of cancerous cells infected by the abundant presence of adenovirus in
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the body, which leads to the regression of cancerous cells. At a certain point, the trajectory converges
toward the endemic equilibrium E5. Thus, EJ is stable, as illustrated in Figure 1b and demonstrated by
the theoretical analysis. At this stage, at equilibrium, the cells cannot disappear nor can they evolve, but
they can coexist within the body. This is therefore beneficial for the patient, who will be able to live with
the disease long-term.

7 Conclusion

This article presents a mathematical model for treating tumors with oncolytic viruses. The study
shows that when, b > 1 + O, which is the condition for the existence of E; we can maintain
stability under certain conditions. This stability of E5 would mean that patients could live with
the disease long-term. We conclude that the treatment reduces the number of cancerous cells
in the body whatever the size of the tumor. This will allow us to slow the progression of the
cancerous tumor and stabilize it at a certain rank.

Declarations

Funding

This research received no external funding.

Competing Interests

The authors declare that they have no competing interests.
Ethical Approval

Not applicable.

Authors’ Contributions

No datasets were generated or analyzed during the current study. Therefore, data sharing is
not applicable to this article.

Availability Data and Materials
Not applicable.
Acknowledgements

The authors would like to thank the editors and reviewers for their time, effort, and valuable
commentswhich led to improvements in our manuscript.

References

[1] Yongmei Su, Chen Jia and Ying Chen, Optimal Control Model of Tumor Treatment with Oncolytic Virus and
MEK Inhibitor, BioMed Research International 2016 (2016), Article ID 5621313, 8 pages, ISSN 2314-6133,
https://doi.org/10.1155/2016/5621313.

[2] Y. Chen and Y. M. Su, An Improved Model of Tumor Therapy with Oncolytic Virus, Journal of Henan University of
Science and Technology 37 (2016), no. 4, 92-96.

[3] A.F Nindjin, Kessé Thiban Tia, Hypolite Okou and Albin Tectchi, Stability of a Diffusive Predator—Prey Model
with Modified Leslie-Gower and Holling-Type II Schemes and Time-Delay in Two Dimensions, Advances in Difference
Equations 2018 (2018), Article no. 177, 1-17, ISSN 1687-1847, https://doi.org/10.1186/513662-018-1621-z.

[4] G. Cherubini, T. Petouchoff, M. Grossi, S. Piersanti, E. Cundari and I. Saggio, E1B55K-Deleted Adenovirus (ONYX-
015) Owverrides G1/S and G2/M Checkpoints and Causes Mitotic Catastrophe and Endoreduplication in p53-Proficient
Normal Cells, Cell Cycle 5 (2006), no. 19, 2244-2252, ISSN 1538-4101, https://doi.org/10.4161/cc.5.19.3263.

[5] R. Zurakowski and D. Wodarz, Model-Driven Approaches for in Vitro Combination Therapy Using ONYX-015
Replicating Oncolytic Adenovirus, Journal of Theoretical Biology 245 (2007), no. 1, 1-8, ISSN 0022-5193, https:
//doi.org/10.1016/j.jtbi.2006.10.001.


https://ejamjournal.com/
https://doi.org/10.1155/2016/5621313
https://doi.org/10.1186/s13662-018-1621-z
https://doi.org/10.4161/cc.5.19.3263
https://doi.org/10.1016/j.jtbi.2006.10.001
https://doi.org/10.1016/j.jtbi.2006.10.001

Analysis of the dynamics of a model ... N’DRI Gnangbi Donald Odilon et al. | 19

[6] T.YouShan and G. Qian, A Mathematical Model of Combined Therapies against Cancer Using Viruses and Inhibitors,

Science in China Series A: Mathematics 51 (2008), no. 12, 2315-2329, ISSN 1006-9283, https://doi.org/10.
1007/s11425-008-0130-2.

[7] J. M. Bergelson, J. A. Cunningham, G. Droguett et al., Isolation of a Common Receptor for Coxsackie B Viruses

and Adenoviruses 2 and 5, Science 275 (1997), no. 5304, 1320-1323, ISSN 0036-8075, https://doi.org/10.1126/
science.275.5304.1320.


https://doi.org/10.1007/s11425-008-0130-2
https://doi.org/10.1007/s11425-008-0130-2
https://doi.org/10.1126/science.275.5304.1320
https://doi.org/10.1126/science.275.5304.1320

	Introduction
	 Boundedness and permanence of the Model
	Equilibrium points of the model
	Analysis of the local stability of the internal equilibrium point
	Global stability of the model's interior equilibrium point
	Numerical simulation
	Conclusion

