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Abstract
In this paper, we investigate the inverse problem of simultaneously identifying the source term and the
initial value for a time-fractional diffusion equation involving a Caputo-like hyper-Bessel operator. We
first establish the ill-posedness of the problem and derive a conditional stability estimate. To overcome
this difficulty, we apply the modified Fractional Landweber regularization method and provide error
estimates under a priori parameter choice rules.
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1 Introduction

Let D ∈ R be bounded domain with smooth boundary ∂Ω,

C
(

t1−α ∂

∂t

)γ
ν(x, t)− ∆ν(x, t) = f (x), x ∈ D, t ∈ (0, T],

ν(x, t) = 0, x ∈ ∂D, t ∈ (0, T],
ν(x, 0) = ρ1(x), x ∈ D,
ν(x, t0) = ρ2(x), x ∈ D, t0 ∈ (0, T],
ν(x, T) = ρ3(x), x ∈ D,

(1.1)

where 0 < γ < 1 and 0 < α < 1. C
(

t1−α ∂

∂t

)γ
is regularized Caputo-like counterpart of the

hyper-Bessel operator, which is defined as follows [2]

C
(

t1−α ∂

∂t

)γ
ν(t) =

(
t1−α ∂

∂t

)γ
ν(t)− ν(0)t−γα

α−γΓ(1 − γ)
, 0 < α, γ < 1,
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Here the Riemann-Liouville fractional derivative
(

t1−α ∂
∂t

)γ
is defined as follows [9]

(
t1−α ∂

∂t

)γ
f (t) = αγ I0,−γ

α t−αγ
f (t), α > 0,

where I0,−γ
α t−αγ = Γ(1−γ)

Γ(1−2γ)
t−αγ. When α = 0,

(
t ∂

∂t

)γ
is the Hadamard fractional derivative,

there are some studies on Hadamard-type fractional differential equations [1].

In problem (1.1), the initial value ρ1(x) and the source term f (x) are both unknown and
must be reconstructed. To this end, we employ the intermediate observation ν(x, t0) = ρ2(x)
and the terminal data ν(x, T) = ρ3(x) to simultaneously recover the initial state ρ1(x) and the
source term f (x). Since ρ2(x) and ρ3(x) are obtained from measurements, we assume that the
exact and perturbed data satisfy∥∥ρ2 − ρδ

2
∥∥

L2(D)
+
∥∥ρ3 − ρδ

3
∥∥

L2(D)
≤ δ, (1.2)

where δ > 0 denotes the noise level.

The analysis is closely related to hyper-Bessel operators. Introduced by Dimovski [7]
as a generalization of the classical Bessel operator, these operators arise in various models
of mathematical physics, including fractional relaxation [9] and heat diffusion [10]. Their
fractional powers were characterized in [8], and a systematic theory was developed in [11, 12].
In particular, Garra et al. [9] derived an explicit representation of (tθ d

dt )
α via the Erdélyi–Kober

integral.

Inverse problems for fractional diffusion equations involving Caputo-like hyper-Bessel
operators have been extensively studied. The recovery of initial data was considered in [14],
while source identification problems were addressed in [17]. The fractional Landweber method
was applied in [15] to treat the inverse initial value problem.

Further related contributions include the simultaneous identification of initial data and
boundary flux [16], joint reconstruction of source and initial distribution via Fourier methods
[13], and regularization-based recovery of spatial source terms [17]. The simultaneous iden-
tification of source and initial value for Caputo-type models was studied in [18] via problem
decomposition.

The paper is organized as follows. Section 2 collects preliminary results. Section 3 constructs
the solution to (1.1) and establishes its ill-posedness and conditional stability. Section 4 develops
a modified fractional Landweber regularization and provides error estimates under a priori
parameter choices.

2 Preliminaries

Definition 2.1 ([4, 5]). Let λk, ek(x) be the Dirichlet eigenvalues and eigenfunctions of the
negative Laplacian operator −∆ on the domain D, i.e.,

{
−∆en(x) = λnen(x), x ∈ D, ∀n ∈ N+,
en(x) = 0, x ∈ ∂D, ∀n ∈ N+,

where 1 ≤ λ1 < λ2 < · · · < λn < · · · , limn→∞ λn = +∞, and {en(x)}n∈N+ is a complete and
orthogonal basis in Hilbert space L2(D). For any 0 < s < 1, define the Hilbert scale space

Hs(D) :=
{

ψ ∈ L2(D)
∣∣∣ ∞

∑
n=1

λ2s
n ⟨ψ, en⟩2 < +∞

}
.
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Then, if ψ ∈ Hs(D), the spectral fractional Laplacian (−∆)s is defined by

(−∆)sψ(x) =
∞

∑
n=1

λs
n⟨ψ, en⟩en(x).

Definition 2.2. [6] The Mittag-Leffler function is defined as

Eα,β(z) =
+∞

∑
k=0

zk

Γ(αk + β)
, z ∈ C,

where α > 0 and β ∈ R are arbitrary constants.

Lemma 2.3. If λ > 0, then the following equation holds∫ ∞

c
e−s log t

c
(

log(t/c)
)βk+γ−1E(k)

β,γ

(
± λ

(
log(t/c)

)β)dt
t
=

k!sβ−γ(
sβ ∓ λ

)k+1 , Re(s) > |λ|
1
β ,

where E(m)
β,γ (y) :=

dm

dym Eβ,γ(y). The Lemma 2.3 means that the Laplace transformation of

(
log

t
c
)βk+γ−1E(k)

β,γ

(
± λ

(
log

t
c
)β) is

k!sβ−γ

(sβ ∓ λ)k+1 ·

Lemma 2.4. For 0 < γ < 1, z > 0, we have 0 ≤ Eγ,1(−z) < 1. Moreover, Eγ,1(−z) is completely
monotonic, that is,

(−1)n dn

dzn Eγ,1(−z) ≥ 0, z ≥ 0,

Lemma 2.5. [6] Assume that 0 < γ0 < γ1 < 1. Then, there exist constants Z± > 0, depending only
on γ0, γ1 such that for all γ ∈

[
γ0, γ1

]
, we obtain

Z−
Γ(1 − γ)

1
1 − x

≤ Eγ,1(x) ≤ Z+

Γ(1 − γ)

1
1 − x

, ∀x ≤ 0.

Lemma 2.6. For 0 < γ < 1, z > 0, we have 0 ≤ Eγ,1(−z) < 1. In addition, Eγ,1(−z) is completely
monotonic because

(−1)n dn

dzn Eγ,1(−z) ≥ 0, z ≥ 0.

Lemma 2.7. [2] For any λn that satisfies 0 < λ1 ≤ λn, there are positive numbers Z1,Z2,Z3,Z4,Z5,Z6
that depends on γ, α, λ1, T or t0 such that

Z1

λn
≤ Eγ,1

(
− λn

αγ
tαγ
0

)
≤ Z2

λn
,
Z3

λn
≤ Eγ,1

(
− λn

αγ
Tαγ
)
≤ Z4

λn
,

Z5

λn
≤

tαγ
0
αγ

Eγ,1+γ

(
− λn

αγ
tαγ
0

)
≤ 1

λn
,
Z6

λn
≤ Tαγ

αγ
Eγ,1+γ

(
− λn

αγ
Tαγ
)
≤ 1

λn
,

Z1 −Z4

λn
≤ Eγ,1

(
− λn

αγ
tαγ
0

)
− Eγ,1

(
− λn

αγ
Tαγ
)
≤ Z2

λn
,

where Z1 > Z4, Z1 := Z−
T(1−α)

1

1
λ1

+
tβα
0
βα

, Z2 := Z−

T(1−α)
βα

tαγ
0

, Z3 := Z−
T(1−γ)

1
1

λ1
+ Tαγ

αγ
, Z4 := Z−

T(1−γ)
αγ

Tαγ ,

Z5 := 1 − Eγ,1
(
− λ1

αγ tαγ
0

)
, Z6 := 1 − Eγ,1

(
− λ1

αγ Tαγ
)
.

58



3 Regularization and error estimate for unknown source (1.1)

Assume that Problem (1.1) has a solution u which has the form

ν(x, t) =
∞

∑
n=1

νn(t)en(x), un(t) = ⟨ν(·, t), en⟩,

then we have

C
(

t1−α ∂

∂t

)γ
u(x, t)− Au(x, t) = φ(t) f (x)·

Next, we know that

ν(x, t) =
∞

∑
n=1

(〈
ρ1, en

〉
Eγ,1(−

λn

αγ
tαγ) +

〈
f , en

〉
αγ

tαγEα,1+α(−
λn

βα
tβα)

)
en(x).

Letting t = t0, we receive

ρ2(x) =
∞

∑
n=1

(〈
ρ1, en

〉
Eγ,1

(
− λn

αγ
tαγ
0

)
+

〈
f , en

〉
αγ

TαγEγ,γ+1
(
− λn

αγ
tαγ
0

))
en(x), (3.3)

Next, with t = T, one has

ρ3(x) =
∞

∑
n=1

(〈
ρ1, en

〉
Eγ,1

(
− λn

αγ
Tαγ
)
+

〈
f , en

〉
αγ

TαγEγ,1+γ

(
− λn

αγ
Tαγ
))

en(x). (3.4)

Through (3.3) and (3.4), we can calculate that

f (x) =
∞

∑
n=1

λn
Eγ,1(−λn

αγ tαγ
0 )
〈
ρ3, en

〉
− Eγ,1(−λn

αγ Tαγ)
〈
ρ2, en

〉
Eγ,1(−λn

αγ tαγ
0 )− Eγ,1(−λn

αγ Tαγ)
en(x), (3.5)

and

ρ1(x) =
∞

∑
n=1

λn

αγ

tαγ
0 Eγ,1+γ(−λn

αγ tαγ
0 )
〈
ρ3, en

〉
− TαγEγ,1+γ(−λn

αγ Tαγ)
〈
ρ2, en

〉
Eγ,1(−λn

αγ Tαγ)− Eγ,1(−λn
αγ tαγ

0 )
en(x). (3.6)

Form (3.5) and (3.6), we know that f δ, ρδ
1 with the measured data as follows:

f δ(x) =
∞

∑
n=1

λn
Eγ,1(−λn

αγ tαγ
0 )
〈
ρδ

3, en
〉
− Eγ,1(−λn

αγ Tαγ)
〈
ρδ

2, en
〉

Eγ,1(−λn
αγ tαγ

0 )− Eγ,1(−λn
αγ Tαγ)

en(x), (3.7)

and

ρδ
1(x) =

∞

∑
n=1

λn

αγ

tαγ
0 Eγ,1+γ(−λn

αγ tαγ
0 )
〈
ρδ

3, en
〉
− TαγEγ,1+γ(−λn

αγ Tαγ)
〈
ρδ

2, en
〉

Eγ,1(−λn
αγ Tαγ)− Eγ,1(−λn

αγ tαγ
0 )

en(x). (3.8)

By combining the above (3.5) and (3.6), We define them as linear operator L : ( f , ρ1) 7→ (ρ2, ρ3).
From [18], the operator A : (L2(D))2 7→ (L2(D))2 is compact, we obtain that this problem is
ill-posed. Next, we define the priori bound condition of ρ1(x) and f (x) as follows

max
{
∥ f ∥Hs(D), ∥ρ1∥Hs(D)

}
≤ C, (3.9)

where C and p are both positive constants.
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Theorem 3.1. (see [2]) If f and ρ1 satisfy a priori bound condition 1.2, then we have

∥ f ∥L2(D) ≤
( √

2Z2

Z1 −Z4

) s
s+2 (

∥ρ2∥2
L2(D) + ∥ρ3∥2

L2(D)

) s
2(s+2) C 2

s+2 , s > 0,

and

∥ρ1∥L2(D) ≤
( √

2
Z1 −Z4

) s
s+2(

∥ρ2∥2
L2(D) + ∥ρ3∥2

L2(D)

) s
2(s+2) C 2

s+2 , s > 0.

3.1 Modified fractional Landweber iterative method

We know that if the fractional Landweber iterative regularization method is used to solve
problem (1.1), then the regularization solution can be expressed by [3]

Ξ0,δ(x) = 0,

Ξm,δ(x) =
(
I − s(K ∗K )

r+1
2
)
Ξm−1,δ(x) + s (K ∗K )

r−1
2 K ∗Ψδ

i (x), m = 1, 2, 3, · · · , i = 1, 2.

where 0 < r ≤ 1, I is a unit operator, m denotes the iterative step number, and the reciprocal of
m is the regularization parameter. The coefficient s is called the relaxation factor and satisfies
0 < s < 1

∥K ∥r+1 , Ψδ
1 and Ψδ

2 denote the noisy data,

Ψδ
1(x) =

∞

∑
n=1

λn

αγ

(
tαγ
0 Eγ,1+γ

(
− λn

αγ
tαγ
0

)〈
ρδ

3, en
〉
− TαγEγ,1+γ

(
− λn

αγ
Tαγ
)〈

ρδ
2, en

〉)
en(x), (3.10)

and

Ψδ
2(x) =

∞

∑
n=1

(
Eγ,1

(
− λn

αγ
tαγ
0

)〈
ρδ

3, en
〉
− Eγ,1(−

λn

αγ
Tαγ)

〈
ρδ

2, en
〉)

en(x). (3.11)

Define the operator Υm : L2(D) → L2(D) as

Υm = s
m−1

∑
n=0

(
I − s(K ∗K )

r+1
2
)n
(K ∗K )

r−1
2 K ∗, 0 < r ≤ 1, m = 1, 2, 3, · · · ,

we have the regularization solution as follows:

f m,δ(x) = ΥmΨδ
1(x) = s

m−1

∑
n=0

(
I − s(K ∗K )

r+1
2

)n
(K ∗K )

r−1
2 K ∗Ψδ

1(x).

Defined the following iterative regularization solution

Ξm,δ(x) =
∞

∑
n=1

1 −
(
1 − s̄|λ−1

n |r+1)m

Qn(α, γ, t0, T)
⟨Ψδ

1, en⟩en(x),

where 0 < s̄ < 1
|λ−1

1 |r+1 , in which Qn(α, γ, t0, T) = Eγ,1(−λn
αγ tαγ

0 )− Eγ,1(−λn
αγ Tαγ). Now, by using

the Fourier truncation technique, we make a modification on the regularization solution (3.5) to
obtain our regularization solution

f m,δ
M (x) = RmΨδ

2(x) =
M
∑
n=1

1 −
(
1 − s̄|λ−1

n |r+1)m

Qn(α, γ, t0, T)
⟨Ψδ

2, en⟩en(x),
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and in a similar way, we can also obtain the following.

ρm,δ
1,M(x) = RmΨδ

1(x) =
M
∑
n=1

1 −
(
1 − s̄|λ−1

n |r+1)m

Qn(α, γ, t0, T)
⟨Ψδ

1, en⟩en(x),

where M represents the number of truncated items. According to the assumption on {λn}+∞
n=1

in Definition 2.1, we know that M and λM are one-to-one correspondences. λM will be given
in Subsection 3.2.

3.2 An a- priori parameter choice rule

Lemma 3.2. [3] Let 0 < r ≤ 1. Then, we have the inequality

1 −
(
1 − s̄|λ−1

n |r+1)m

|λ−1
n |

≤ m
1

r+1 s̄
1

r+1 .

Lemma 3.3. Let Ψδ
1(x) be given by (3.10), and Ψ1(x) defined similarly but without δ, then we have the

estimate ∥∥Ψδ
1 − Ψ1

∥∥
L2(D)

≤ 2α−γδ.

Proof. From (3.10), and Lemma 3.2, it can be derived that∥∥Ψδ
1 − Ψ1

∥∥
L2(D)

=
∥∥∥ ∞

∑
n=1

λn

αγ

(
tαγ
0 Eγ,1+γ

(
− λn

αγ
tαγ
0

)〈
ρδ

3 − ρ3, en
〉)

en(x)
∥∥∥

L2(D)

+
∥∥∥ ∞

∑
n=1

λn

αγ

(
TαγEγ,1+γ(−

λn

αγ
Tαγ)

)〈
ρδ

2 − ρ2, en
〉
en(x)

∥∥∥
L2(D)

=
∥∥∥ 1

αγ

∞

∑
n=1

(
(ρδ

3 − ρ3) + (ρδ
2 − ρ2)

)
en(x)

∥∥∥
L2(D)

≤ 2α−γδ.

Lemma 3.4. Let Ψδ
2(x) be given by (3.11), and Ψ2(x) defined similarly but without δ, then we have the

estimate ∥∥Ψδ
2 − Ψ2

∥∥
L2(D)

≤ 2λ−1
1 (Z2 +Z4)δ.

Proof. From (3.10), and Lemma 3.2, it can be derived that∥∥Ψδ
2 − Ψ2

∥∥
L2(D)

=
∥∥∥ ∞

∑
n=1

(
Eγ,1

(
− λn

αγ
tαγ
0

)〈
ρδ

3 − ρ3, en
〉)

en(x)
∥∥∥

L2(D)

+
∥∥∥ ∞

∑
n=1

(
Eγ,(−

λn

αγ
Tαγ)

)〈
ρδ

2 − ρ2, en
〉
en(x)

∥∥∥
L2(D)

≤ 2λ−1
1 (Z2 +Z4)δ.

Lemma 3.5. ([3]) For 0 < r ≤ 1, m > 1, we can obtain that

(
1 − s̄

∣∣λ−1
n
∣∣r+1)m+1

λ
−(p+1)
1 ≤ s̄−

p+1
r+1 (m + 1)−

p+1
r+1

(
p + 1
r + 1

) p+1
r+1

,(
1 − s̄

∣∣λ−1
n
∣∣r+1)m−1

λ
−(p+2)
n ≤ s̄−

p+2
r+1 m− p+2

r+1 (p + 2)
p+2
r+1 .
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Theorem 3.6. Let ρ1(x), ρδ
1(x) ∈ L2(D) be given in (3.6) and (3.8), assume that the a priori condition

(3.9) is satisfied, and the noise data satisfy (1.2). For δ, E, p > 0, 0 < r ≤ 1, choosing the iteration step
number

m =
[(C

δ

) r+1
p+2
]
,

we have the convergence estimate ∥∥ρm,δ
1,M − ρ1

∥∥
L2(D)

is of order δ
p+1
p+2 ,

Proof. By the triangle inequality, we have∥∥ρm,δ
1,M − ρ

∥∥
L2(D)

≤
∥∥ρm,δ

1,M − ρm
1,M
∥∥

L2(D)
+
∥∥ρm

1,M − ρ
∥∥

L2(D)
.

Note that∥∥∥ρm,δ
1,M − ρm

1,M

∥∥∥2

L2(D)

=
∥∥∥ ∞

∑
n=1

1 − (1 − s̄|λ−1
n |r+1)m

Qn(α, γ, t0, T)
⟨Ψδ

1, en⟩en(x)−
∞

∑
n=1

1 − (1 − ā|λ−1
k |r+1)m

Kk,s(α, T, φ)
⟨Ψ1, en⟩en(x)

∥∥∥2

L2(D)

≤
∞

∑
n=1

(
1 −

(
1 − s̄|λ−1

n |r+1
)m )2

( ⟨Ψδ
1, en⟩

Qn(α, γ, t0, T)
− ⟨Ψ1, en⟩

Qn(α, γ, t0, T)

)2

≤
∞

∑
n=1

(
1 −

(
1 − s̄|λ−1

n |r+1
)m )2

( ⟨Ψδ
1 − Ψ1, en⟩

Qn(α, γ, t0, T)

)2

=
∞

∑
n=1

(
1 −

(
1 − s̄|λ−1

n |r+1
)m )2(

λ−1
n
)−2

(λ−1
n )2

(
⟨Ψδ

1 − Ψ1, en⟩
Qn(α, γ, t0, T)

)2

≤ m
2

r+1 s
2

r+1 4α−2γδ2.

This implies that ∥∥ρm,δ
1,M − ρm

1,M
∥∥

L2(D)
≤ m

1
r+1 s

1
r+1 2α−γδ;

∥∥ρm
1,M − ρ1

∥∥2
L2(D)

=

∥∥∥∥∥ ∞

∑
n=1

1
Qn(α, γ, t0, T)

⟨Ψ1, en⟩en(x)−
∞

∑
n=1

1 −
(
1 − s̄

∣∣λ−1
n
∣∣r+1 )m

Qn(α, γ, t0, T)
⟨Ψ1, en⟩en(x)

∥∥∥∥∥
2

L2(D)

=
∥∥∥ M

∑
n=1

(
1 − s̄

∣∣∣λ−1
n

∣∣∣r+1 )m⟨ f , en⟩en(x) +
+∞

∑
n=M+1

1
Qn(α, γ, t0, T)

⟨Ψ1, en⟩en(x)
∥∥∥2

L2(D)

≤ 2
∥∥∥ M

∑
n=1

(
1 − s̄

∣∣λ−1
n
∣∣r+1)m

λ
−(p+1)
n λ

p+1
n ⟨ρ1, en⟩en(x)

∥∥∥2

L2(D)

+ 2
∥∥∥ +∞

∑
n=M+1

λ
−(p+1)
n λ

p+1
n

Qn(α, γ, t0, T)
⟨Ψ1, en⟩en(x)

∥∥∥2

L2(D)

≤ 2
∣∣∣ M
∑
n=1

(
1 − s̄

∣∣λ−1
n
∣∣r+1)m

λ
−(p+1)
n λ

(p+1)
n ⟨ρ1, en⟩

Qn(α, γ, t0, T)
Qn(α, γ, t0, T)

∣∣∣2
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+ 2
∣∣∣ +∞

∑
n=M+1

λ
−(p+1)
n λ

(p+1)
n

Qn(α, γ, t0, T)
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Thus,

∥∥ρm
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2
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Finally, we can obtain the a priori convergence estimate as follows:
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) 2(p+1)
r+1

+ 2
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2

C
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Theorem 3.7. Let f (x), f δ(x) ∈ L2(D) be given in (3.5) and (3.7), assume that the a priori condition
(3.9) is satisfied, and the noise data satisfy (1.2). For δ, C, p > 0, 0 < r ≤ 1, choosing the iteration step
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δ
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,
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Proof. By the triangle inequality, we have∥∥ f m,δ
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k |r+1)m

Kk,s(α, T, φ)
⟨Ψ2, en⟩en(x)

∥∥∥2

L2(D)

≤
∞

∑
n=1

(
1 −

(
1 − s̄|λ−1

n |r+1
)m )2

( ⟨Ψδ
2, en⟩

Qn(α, γ, t0, T)
− ⟨Ψ2, en⟩

Qn(α, γ, t0, T)

)2

≤
∞

∑
n=1

(
1 −

(
1 − s̄|λ−1

n |r+1
)m )2

( ⟨Ψδ
2 − Ψ2, en⟩

Qn(α, γ, t0, T)

)2

=
∞

∑
n=1

(
1 −

(
1 − s̄|λ−1

n |r+1
)m )2(

λ−1
n
)−2

(λ−1
n )2

(
⟨Ψδ

2 − Ψ2, en⟩
Qn(α, γ, t0, T)

)2

≤ m
2

r+1 s
2

r+1 4λ−2
1 (Z2 +Z4)

2δ2.

This implies that ∥∥ f m,δ
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M
∥∥

L2(D)
≤ m

1
r+1 s

1
r+1 2λ−1

1 (Z2 +Z4)δ.

By proving similarly, we also obtained∥∥ f m,δ
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The proof is complete.

References

[1] B. Ahmad, Hadamard-type Fractional Differential Equations, Springer, Cham, 2017. https://doi.org/10.1007/
978-3-319-52141-1

[2] F. Yang, Ying-jie Cao, and Xiao-Xiao Li, Identifying source term and initial value simultaneously for the time-fractional
diffusion equation with Caputo-like hyper-Bessel operator, Fractional Calculus and Applied Analysis 27 (2024), no. 5,
2359–2396. https://doi.org/10.1007/s13540-024-00304-1

64

https://doi.org/10.1007/978-3-319-52141-1
https://doi.org/10.1007/978-3-319-52141-1
https://doi.org/10.1007/s13540-024-00304-1


[3] H. Zhang, and P. Zhang, Modified fractional Landweber iterative method for the source identification problem of pseudo-
parabolic equation, Evolution Equations and Control Theory 15 (2026), 51–78. https://doi.org/10.3934/eect.
2025052

[4] H. Antil, J. Pfefferer and S. Rogovs, Fractional operators with inhomogeneous boundary conditions: Analysis, control,
and discretization, Commun. Math. Sci., 16 (2018), 1395–1426. https://doi.org/10.48550/arXiv.1703.05256

[5] A. Lischke, G. Pang, M, Gulian, et al., What is the fractional Laplacian? A comparative review with new results,
Journal of Computational Physics, 404 (2020), 109009, 62 pp. https://doi.org/10.1016/j.jcp.2019.109009

[6] I. Podlubny, Fractional differential equations, Elsevier, 1999.

[7] I. Dimovski, Operational calculus for a class of differential operators, C. R. Acad. Bulg. Sci. 19 (1996), no. 12,
1111–1114.

[8] I. Dimovski, V. Kiryakova, Transmutations, convolutions and fractional powers of Bessel-type operators via Meijer’s
G-function, Proc. Conf. Complex Anal. and Appl. 83 (1983), 45–66.

[9] R. Garra, A. Giusti, F. Mainardi, G. Pagnini, Fractional relaxation with time-varying coefficient, Fract. Calc. Appl.
Anal. 17 (2014), no. 2, 424–439. https://doi.org/10.2478/s13540-014-0178-0

[10] R. Garra, E. Orsingher, F. Polito, Fractional diffusions with time-varying coefficients, J. Math. Phys. 56 (2015), no. 9,
093301. https://doi.org/10.1063/1.4931477

[11] V. Kiryakova, Generalized Fractional Calculus and Applications, Pitman Research Notes in Mathmatics, Longman-J.
Wiley, Harlow-N. York, 1994.

[12] V. Kiryakova, From the hyper-Bessel operators of Dimovski to the generalized fractional calculus, Fract. Calc. Appl.
Anal. 17 (2014), no. 4, 977–1000. https://doi.org/10.2478/s13540-014-0210-4

[13] S. Qiu, W. Zhang, J. Peng, Simultaneous determination of the space-dependent source and the initial distribution in
a heat equation by regularizing fourier coefficients of the given measurements, Adv. Math. Phys. 15 (2018). https:
//doi.org/10.1155/2018/8247584

[14] N.H. Tuan, L.N. Huynh, D. Baleanu, N.H. Can, On a terminal value problem for a generalization of the fractional
diffusion equation with hyper-Bessel operator, Math. Method. Appl. Sci. 43 (2020), no. 6, 2858–2882. https://doi.
org/10.1002/mma.6087

[15] F. Yang, Q.X. Sun, X.X. Li, Identifying initial value problem for time-fractional diffusion equation with Caputo-like
counterpart hyper-Bessel operator: Optimal error bound analysis and regularization method, Math. Method Appl. Sci.
44 (2021), no. 8, 6982–7003. https://doi.org/10.1002/mma.7236

[16] J.J. Liu, M. Yamamoto, L. Yan, On the uniqueness and reconstruction for an inverse problem of the fractional diffusion
process, Appl. Numer. Math. 87 (2015), 1–19. https://doi.org/10.1016/j.apnum.2014.08.001

[17] H. L. Nguyen, N.H. Le, B. Dumitru, H.C. Nguyen, Identifying the space source term problem for a generalization
of the fractional diffusion equation with hyper-Bessel operator, Adv. Differ. Equ. 2020, (2020), no. 1, 1–23. https:
//doi.org/10.1186/s13662-020-02712-y

[18] Z. Ruan, J.Z. Yang, X. Lu, Tikhonov regularisation method for simultaneous inversion of the source term and initial
data in a time-fractional diffusion equation, E. Asian J. Appl. Math. 5 (2015), no. 3, 273–300. https://doi.org/10.
4208/eajam.310315.030715a (2015)

65

https://doi.org/10.3934/eect.2025052
https://doi.org/10.3934/eect.2025052
https://doi.org/10.48550/arXiv.1703.05256
https://doi.org/10.1016/j.jcp.2019.109009
https://doi.org/10.2478/s13540-014-0178-0
https://doi.org/10.1063/1.4931477
https://doi.org/10.2478/s13540-014-0210-4
https://doi.org/10.1155/2018/8247584
https://doi.org/10.1155/2018/8247584
https://doi.org/10.1002/mma.6087
https://doi.org/10.1002/mma.6087
https://doi.org/10.1002/mma.7236
https://doi.org/10.1016/j.apnum.2014.08.001
https://doi.org/10.1186/s13662-020-02712-y
https://doi.org/10.1186/s13662-020-02712-y
https://doi.org/10.4208/eajam.310315.030715a
https://doi.org/10.4208/eajam.310315.030715a

	Introduction
	Preliminaries
	Regularization and error estimate for unknown source (1.1) 
	Modified fractional Landweber iterative method
	An a- priori parameter choice rule


