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Abstract

In this paper, we investigate the inverse problem of simultaneously identifying the source term and the
initial value for a time-fractional diffusion equation involving a Caputo-like hyper-Bessel operator. We
first establish the ill-posedness of the problem and derive a conditional stability estimate. To overcome
this difficulty, we apply the modified Fractional Landweber regularization method and provide error
estimates under a priori parameter choice rules.
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1 Introduction

Let D € R be bounded domain with smooth boundary 9d(),

C(tl_“aat)vv(x,t) —Av(x,t)=f(x), x€D,te(0,T],

v(x,t) =0, x€adD, te (0,T],

v(x,0) = p1(x), xeD, (L1)
v(x, to) = pa(x), x€D, tye (0,T],

v(x, T) = ps(x), xeD,

oy
where0 <y <land0<a <1.C (t1*“2> is regularized Caputo-like counterpart of the
hyper-Bessel operator, which is defined as follows [2]

_, 0\7 a0\ v(0)t— 7
1—a 1-a _ CACNRE—
C(t 8t> v(t) = (t Bt) v(t) uc*”Yl"(l—’y)'0<Dc'rY<l’
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v
Here the Riemann-Liouville fractional derivative (tlﬂx %) is defined as follows [9]

(tl—“i>7f(t) — I8N F(), >0,

where 1,8’771?_”‘7 = %t_”. When a = 0, (t% ! is the Hadamard fractional derivative,
there are some studies on Hadamard-type fractional differential equations [1].

In problem (1.1), the initial value p;(x) and the source term f(x) are both unknown and
must be reconstructed. To this end, we employ the intermediate observation v(x, ty) = p2(x)
and the terminal data v(x, T) = p3(x) to simultaneously recover the initial state p; (x) and the
source term f(x). Since p»(x) and p3(x) are obtained from measurements, we assume that the
exact and perturbed data satisfy

102 = 05 1201 + 103 = O3] 120y < 6 (1.2)
(D) (D)

where 6 > 0 denotes the noise level.

The analysis is closely related to hyper-Bessel operators. Introduced by Dimovski [7]
as a generalization of the classical Bessel operator, these operators arise in various models
of mathematical physics, including fractional relaxation [9] and heat diffusion [10]. Their
fractional powers were characterized in [8], and a systematic theory was developed in [11, 12].
In particular, Garra et al. [9] derived an explicit representation of (te%)"‘ via the Erdélyi-Kober
integral.

Inverse problems for fractional diffusion equations involving Caputo-like hyper-Bessel
operators have been extensively studied. The recovery of initial data was considered in [14],
while source identification problems were addressed in [17]. The fractional Landweber method
was applied in [15] to treat the inverse initial value problem.

Further related contributions include the simultaneous identification of initial data and
boundary flux [16], joint reconstruction of source and initial distribution via Fourier methods
[13], and regularization-based recovery of spatial source terms [17]. The simultaneous iden-
tification of source and initial value for Caputo-type models was studied in [18] via problem
decomposition.

The paper is organized as follows. Section 2 collects preliminary results. Section 3 constructs
the solution to (1.1) and establishes its ill-posedness and conditional stability. Section 4 develops
a modified fractional Landweber regularization and provides error estimates under a priori
parameter choices.

2 Preliminaries

Definition 2.1 ([4, 5]). Let A, ex(x) be the Dirichlet eigenvalues and eigenfunctions of the
negative Laplacian operator —A on the domain D, i.e.,

—Aey(x) = Ayen(x), x€D,VneNT,
en(x) =0, x €0D,Vn € NT,

wherel < A <Ay <--- <Ay < -+, limy 0 Ay = 400, and {e,(x) } ,en+ 1S @ complete and
orthogonal basis in Hilbert space L?(D). For any 0 < s < 1, define the Hilbert scale space

He(D) = {¢ c Lz(D)‘ i:l)\%s<l[),en>2 < +oo}.
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Then, if ¢ € H*(D), the spectral fractional Laplacian (—A)® is defined by

(—AVp(x) = Yo A5, enden(x).

n=1

Definition 2.2. [6] The Mittag-Leffler function is defined as

D=y =
Ey,5(2) =Y ——, z€(,
P k;)r(zkarﬁ)

where « > 0 and B € R are arbitrary constants.

Lemma 2.3. If A > 0, then the following equation holds

o t , dt klsP=7 1
/C =108 £ (Tog(t/c))P 7 1Eé’3(i/\(log(t/c))ﬁ)7 = (Sﬁ;A)kH,Re(s) > |Al%,

(m) d™

where E ,3’:,’1)‘ (y) := dy—mE/M (y). The Lemma 2.3 means that the Laplace transformation of

E\ Bkt (0 By . KISPTT
(logg) E;2 (£A(log-)")is CEDE

Lemma 2.4. For 0 < v < 1,z > 0, we have 0 < E, 1(—z) < 1. Moreover, E. 1(—z) is completely
monotonic, that is,

d?l
(_1)’1@E7,1(_Z) Z O,Z Z O,

Lemma 2.5. [6] Assume that 0 < 7o < 71 < 1. Then, there exist constants Z1 > 0, depending only
on 7o, y1 such that for all y € ['yo, ')/1], we obtain

zZ 1 zZ. 1
- — < E < < 0.
ra-i—x = s a7 "™ =0
Lemma 2.6. For0 <y <1,z > 0, wehave 0 < E, 1(—z) < 1. In addition, E,, 1 (—z) is completely
monotonic because
dn
(—1)n@E7,1(—Z) Z 0, z Z 0

Lemma 2.7. [2] For any A, that satisfies 0 < Ay < Ay, there are positive numbers Z1, Z, Z3, Z4, Z5, Zg
that depends on vy, w, A1, T or tg such that

Zl /\n W Zz Z3 /\n Z4
Z<E (-2 <22 2 <E (= 22T < 22
Ay = 7/1( a0 ) =N Ay T %1( P )— .
oy o
25ty My o1 Ze T _ Migayy o 1
Ay < P E’Y,H—'Y( (X'ytO ) < Ay Ay < Y E’Y,1+7( 0(7T ) = Ay
Zy— 24 Au ey An Z
o SEal(=gho’) = En(= 5T <
. _Z 1 .z B L _Z 1 . ZTaY
Where Zl > Z4/ Zl = mlifgi/ ZZ = mtgi'y/ Z3 = mﬁ, Z4 = m%,

AT

Zsi=1—Ey1(— 257), Zg:=1— Ep 1 (— 227%).
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3 Regularization and error estimate for unknown source (1.1)

Assume that Problem (1.1) has a solution u which has the form

v(x, t) = i vp()en(x), uu(t) = V(- 1), en),

n=1

then we have

C(tl_“;yu(x,t) — Au(x,t) = p(t)f(x)-

Next, we know that

)= 5 (tpren)a -y + Lo 315 Yoo,
=

Letting t = ty, we receive

pa() = 3 (e~ 32067 + L0, (22 Y, 69
n—

Next, with t = T, one has

p3(x) = il <<Plz€n>E%1 ( - %T‘W) + WTMEWAH( - ZTD(W))%(X)- (3.4)
n—

Through (3.3) and (3.4), we can calculate that

. Eqa(—2%t0")(p3,0n) —
— /\n 7.1 aY "0
f(x) nZ:l

E,
en(x), (3.5)
Eyi(=35ty") = Eqa (=5 T%7) '

and

3 ﬂtng%1+'y(_%t37)<P3f‘3n> = T*7Eq 1 (= T*7) {2, en)

pr(x) = en(x).  (36)
,;1 oy E"rfl(_%Tm) - Eml(_%tgv)
Form (3.5) and (3.6), we know that f?, p‘ls with the measured data as follows:
ey S En (BT (o) — By (BT (o) .
f ('x) - Z n Ay XY A T Cn(X), ( . )
n=1 E'y,1<_07to ) - Ew,l(_ﬁT 7)

and

(3.8)

pf(x) = i At iy (—3t0") (05 en) — TME%1+7(_%TM)<pg’e”>e (x)
1x) =2, — n(X)-
e Eyi (=g T) — Epa(—gty")

By combining the above (3.5) and (3.6), We define them as linear operator £ : (f,p1) — (p2,03)-
From [18], the operator A : (Ly(D))? + (Lp(D))? is compact, we obtain that this problem is
ill-posed. Next, we define the priori bound condition of p;(x) and f(x) as follows

max { || 1oy, llpt o) } < C, (3.9)

where C and p are both positive constants.
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Theorem 3.1. (see [2]) If f and p; satisfy a priori bound condition 1.2, then we have

V22, \ o
1 ll2m) 2 ) (le2llagpy + loslZapy) =€, s >0,
Z Zy

and
Vi@ |
< (525) 7 (el +losliee)) e, 550

il < (555

3.1 Modified fractional Landweber iterative method
We know that if the fractional Landweber iterative regularization method is used to solve
3

problem (1.1), then the regularization solution can be expressed by [3]

20(x) =0,
B (x) = (T —s(A ") T)E W (x) b5 (H"H)T AW (x), m=1,23,--, i=12
where 0 < r <1, 7 is a unit operator, m denotes the iterative step number, and the reciprocal of

m is the regularization parameter. The coefficient s is called the relaxation factor and satisfies

0<s< W, ‘I"ls and ‘I’g denote the noisy data,
A )
: >en(x), (3.10)

)= 5 2 (s (- 20 )~ T (- 2 )

and
0% ’1 PZ/ n n . 3'11

m—1
Yu=sY (I—s(*)T)Y ()7 0%, 0<r<1,m=1,23,-,
n=0
we have the regularization solution as follows
T (x).

—SZ <I—s %*J{)%)n(%/*%)

£ (x) = Yo ¥ (x
n=0

Defined the following iterative regularization solution
gy 1_5—)\71 r+1
T ot apent),

=, 5
- ; Ql’l ((X r)// tO/ )
21 T%7). Now, by using

where 0 < 5 < I 1|M, in which Q,(a,,t, T) = Eml(—;‘—stgw) —E, (-
the Fourier truncation technique, we make a modification on the regularization solution (3.5) to

obtain our regularization solution
1 o S’ /\ 1 |r+l
) <‘Yg/ en)en(X),

M
m,0
M () = R¥alx ; Qnm,to,)
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and in a similar way, we can also obtain the following.

M1 — (1-35]A1 )"
mo d z
(x) =Ru¥Yi(x) = E
Py (x) m¥1(x) = Qula,,to,T)

(99, e,)en(x),

where M represents the number of truncated items. According to the assumption on {1, } %
in Definition 2.1, we know that M and A, are one-to-one correspondences. A 4 will be given
in Subsection 3.2.

3.2 An a- priori parameter choice rule
Lemma 3.2. [3] Let 0 < r < 1. Then, we have the inequality
1— (1=35A )"
G770l ) R
A

1
+1,

Lemma 3.3. Let Y9 (x) be given by (3.10), and ¥+ (x) defined similarly but without &, then we have the
estimate

¥4 — T1|\L2(D) < 20774,

Proof. From (3.10), and Lemma 3.2, it can be derived that
¥ =1l = | 2 35 (57 Evnen (= Z267) 08— ps) Jut)
1 Hirzp a7 \ 0 7 1+ PRAL 3 3,6n n 12(D)

et 50 et

L*(D)

Hi'y i ((Pg—P3)+(p§—p2)>en(x)HL < 20776,

n=1 (D)

O

Lemma 3.4. Let ¥4 (x) be given by (3.11), and ¥ (x) defined similarly but without 5, then we have the
estimate

HTg - TZHLZ(D) < 2/\1_1(22 + 24)5

Proof. From (3.10), and Lemma 3.2, it can be derived that
ad A
19— %2 ) = || 2 (Em( = to")(ps = ps, €n>>en(X)
n=

+ H Z ( —*T‘” )<p§ — 02, en)en(x)
<2Ap Y2+ 34)5.

L2(D)

1(D)

Lemma 3.5. ([3]) For 0 <r <1, m > 1, we can obtain that

ptl

1r+1ym+1, —(p+1) L _pil p+1 r+l

(1=slag )" 0 < s ) ()
(1_§’/\;1‘1’+1)m71)\;(}7+2) <5 ’,Ij:lzm filz(p+2>pTﬂ
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Theorem 3.6. Let p1(x), 0{(x) € L?(D) be given in (3.6) and (3.8), assume that the a priori condition
(3.9) is satisfied, and the noise data satisfy (1.2). For 6,E,p > 0,0 < r <1, choosing the iteration step
number

C.r+l
=G
we have the convergence estimate
1
HPT'/(\SA - 01 HLZ(D) is of order 577,
Proof. By the triangle inequality, we have

ot — ollizp) < ot =0l 2 ipy + ot = 0l 2

Note that
2
L2(D)
o 1_ 1—S|/\ 1|r+l) 5 00 (1_a|/\;1|r+l)m 2
_H nzl Qn(“ v, to, T) <T ,en en ; Kk/s(tx, T, q)) <T1,€n>€n(x) 12(D)
- ‘Y /€ > <T1,€n> 2
1_ 1— /\ 11r+1 m 1’ +n o

n;l ( S’ | ) <Q1’l DC r)/, tO/ T) Qn(“/ ’)// tO/ T)>

. P | '” T —Y1,en)
= g( (1 Sl ) (Qn (a, v, to, T ))

2
v _ 1\ ~13\2 T{_‘Ijlzeﬂ
= Zl( <1 514,11 ) ) n) (Qn(oc,%to,T)
< mrsr1da 262,
This implies that
lots = ¥l 2y < s
% a = P1ll 72
2
> 1 =1 (154"
= e T , T ,
;;1 Qn(a, v, to, T)< Lo enjen(x ; Qu(a, v, to, T) E1senjen() 12(D)

=g o-sl e 3 g tea®]g,

M 2
1(r+1ymy —(p+1) 4 p+1
H ; l— |/\ ‘ ) A An <Plren>en(x) 12(D)
+00 A;(P+1)Ap+l 2
+2H i1 (a7, T) Frenjen(x) 12(D)

M
= -1 r+1\m 7(}7‘#1) (p+1) Qi’l(a/,)// tO/ T) 2
<2| 3 (L=l A (pren) G it
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/\;(PH)A(PH) Fpen) Qu(a,y,to, T) |2
n= M+1 Qn(“ Y, tO/ T) L én Qn(al Y, tO/ T)

+2‘

Vl(“/ ’)// tO/ T) 2

1r+1 mos oy —1rHI =1y —(p+1) 4 (p+1) Q
) (1 S‘)\n | ) )\n /\n <p1/ei’l> Qn(“,’)/,to, T)

:2‘1§(1—‘

+o0 /\;(p+1)A1(1p+1) n(a,7,to, T) ‘2

Q
—1—2‘ — Y, en) =———=
n=M+1 Qn(“/’)’/t()/ T)< ! n> Qn(“/')//tO/ T)

Next, we have

m 2 1—35/A-1 r+1\m 1-35r-1 r+1 71/\—(;74-1))\(;7—0—1) <T1/€n> 2
le,./\/l_leLZ(D) ( _S‘ n } ) ( —5 M ) n n Q,(a,v,to, T)
oo | A1) ) () ?
+2 " (¥y,e
n= M+1 Qn(“ ()//tO/T)< n>
1 M I\ (¥1,e,)
<2(1-5[A" (1—5 At > Ay PRl
(=spf ) L n R
2
A, (P*l)A(PJFl)
+2 37\ fue
n %+1 Qn(lX ,)//tO/T)< n>
1 +1 M
21 =] T e m e+ 1) 5T (B A o e P
r+1 o}
—+00
+2 Z AJZ(P‘*‘l)Ai(P"‘l) | <P1/€n> |2
n=M-+1
<2(1=3A7YY ) (m 4 1) (7’+ ) C+2A 2P Y A2 ) e, P
r+1 k=N-+1
pil
141 r+1\ —2 p+1 _prl p+1 r+1 ) “2(p+1) 12
<2 1—5‘ 1 ) (577 (m+41)" <r+1 C) 421, "¢
+1 _ 1,.p2481 N2 1
§2(1—§‘A1—1’ Z(S ’:L(m—l—l) fﬂ(fi )LC —|—2C2((§) n+)) 2(p+1)
p i1 2
<2(1—sap| ) P (s et ert (B0 P o (crtal )
Thus,
r+1 - ), p+1,2 2 1 ptl
Hp;'fM—leLZ(D)g 2(1—5’)\1—1 ) 25~ 2Apt1) (P ) i +2 CP+25Z+2‘
r+1
Finally, we can obtain the a priori convergence estimate as follows:
__2(p+1) 2(p+1) 1
5 ==L oL 1 ptl 25 T+l p+1\ 1 ptl
pm’ _pl S (2 Y ZC;J+25P+2+< +2 Cp+25p+2
ot =l ) < 57 (2077) o ()

O

Theorem 3.7. Let f(x), f2(x) € L?(D) be given in (3.5) and (3.7), assume that the a priori condition
(3.9) is satisfied, and the noise data satisfy (1.2). For 6,C,p > 0,0 < r < 1, choosing the iteration step
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number

we have

I£27 = Fliagy <577 (20 (22 + 1)) 2CT267

2(p+1) 1

__=p 2(p+1)
25 I p+1\ 7 1 ptl
<(1—§‘}L1|r+1)2(7’+1> —|—2> Crzdr,
1
Proof. By the triangle inequality, we have

IR = Fllizgy < 135 = FRalliagmy + LR = fllagoy

+

Note that,

frf = Frall 2o

1-( 1—SlA D™ s © 1 — (1—aAtrtym
= % -
H Z Qn(a, 7y, to, T) (Y3, en)en(x ng,l Kes(@, T, 9) (¥2,en)en(x)

m ,6n 7€n 2
nZ:: (1- (1 =5y ’M) V(gng,zm), T) Qnézzm fo>, T))
< i (1- (1 - s'M;l!’“)m )2(W)2

=3 (1= () e e ()

2

12(D)

2

This implies that

1 1

L = ol 2y < mPTs712471 (25 + 24)6.

By proving similarly, we also obtained

Hf/’\ﬂ/{s_fHLz( < %(2)\71(22+Z4))%Cﬁ5%

__2(ptD) 2(p+1) i
257 T p+1\ 7= 1 _ptl
<(1—§‘}L1|r+1)2(7’+1) —|—2> Cr2dr,
1

The proof is complete. O

_|_
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