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Abstract

Physics-informed neural networks (PINNs) have emerged as a flexible framework for solving partial
differential equations (PDEs), yet rigorous convergence results remain limited for models with nonlocal
time dependence. This paper studies PINNs for the time-fractional diffusion equation with the Caputo
derivative of order a € (0,1). We propose a residual-based PINN formulation and establish a stability-
driven error bound: the solution error is controlled by the PDE residual together with the boundary
and initial condition residuals. By combining this PDE stability with sampling-based generalization
bounds for the empirical PINN loss, we prove convergence of empirical minimizers to the true solution
as the number of collocation points increases and the approximation and optimization errors vanish.
Numerical experiments with manufactured solutions support the theory and demonstrate accuracy.
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1 Introduction

Let O ¢ RY (d = 1,2,3) be a bounded Lipschitz domain and let T > 0. We study the time-
fractional diffusion problem

“Dfu(x,t) + Au(x, t) = f(x, 1), (x,t) € A x(0,T], (1)
u(x,t) =0, (x,t) € 9O x (0, T), ()
u(x,0) = up(x), x e, 3)
where « € (0,1) and
Au:= =V (a(x)Vu) + c(x)u,
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with a uniformly elliptic and ¢ > 0. When a = 1, (1) reduces to the classical heat equation. For
a € (0,1), the Caputo derivative introduces memory effects, so the state at time t depends on
the past history on [0, t]. General references on Caputo derivatives and fractional diffusion
include [2, 3, 12, 14, 15, 18].

Time-fractional diffusion equations are widely used in the modeling of subdiffusion and
other anomalous transport processes. In such systems, particle motion is slower than in the
classical diffusive regime and often exhibits mean-square displacement of the form MSD(¢t) ~ t*
with & € (0,1). This behavior arises naturally in continuous-time random walk models with
heavy-tailed waiting times and leads, at the macroscopic level, to equations of the form (1);
see [2, 10, 15]. From the PDE viewpoint, the theory of time-fractional diffusion now includes
well-posedness, regularity, inverse problems, and numerical analysis; see, for example, [17] and
the references therein.

For (1)-(3), classical discretization methods such as finite difference methods, finite element
methods, convolution quadrature, and L1-type schemes are well developed. Nevertheless,
the fractional-in-time structure creates two well-known difficulties. First, solutions often have
reduced temporal regularity near t = 0, even when the data are smooth. Second, the Caputo
derivative is nonlocal in time, so its numerical evaluation requires access to the whole past
history, which increases both memory cost and computational cost.

Physics-informed neural networks (PINNs) offer a different viewpoint. Instead of construct-
ing the solution on a fixed mesh, one represents the unknown by a neural network surrogate
ug(x,t) and trains the parameters by minimizing a loss built from the PDE residual together
with boundary and initial mismatches. This framework is particularly attractive when one
seeks a differentiable surrogate on Q) x [0, T], wants to incorporate scattered data, or intends to
treat unknown coefficients or source terms as trainable variables in inverse settings. PINNs
were introduced in [16] and surveyed in [5]. For fractional operators, the fPINN approach was
proposed in [13], and practical implementations are available in libraries such as DeepXDE [8].

Despite their empirical success, convergence questions for PINNs remain subtle. One reason
is that training is nonconvex and in practice yields only approximate minimizers. Another is that
the loss is evaluated through finitely many collocation samples rather than at the continuous
level. For time-fractional diffusion, these issues are further complicated by the nonlocal time
operator. The purpose of this paper is to develop a convergence framework for PINNs applied
to (1)—(3) that reflects both the PDE structure and the sampling-based nature of PINN training.

The analysis is based on two main ideas. The first is a PDE stability principle: if a trial
function has small residual and small constraint mismatch, then it must be close to the exact
solution in a suitable norm. The second is a uniform generalization estimate: the empirical PINN
loss should approximate the corresponding population loss uniformly over the hypothesis class.
Combining these two ideas yields convergence of approximate empirical minimizers as the
number of collocation points increases and the approximation and optimization errors vanish.
For related stability- and generalization-based viewpoints in PINN theory, we refer to [1, 11].

The main contributions of this paper are as follows:

¢ We formulate a residual-based PINN for the Caputo time-fractional diffusion problem
(1)=(3), allowing both hard and soft enforcement of constraints.

¢ We prove a residual-to-solution stability estimate for the underlying PDE: the solution
error in L?(0, T; H}(Q))) is controlled by the strong residual measured in L2(Q), with
explicit dependence on the coercivity constant and with an additional term for initial
mismatch.

¢ We combine this stability estimate with a uniform generalization bound for the empir-
ical loss to derive convergence of approximate empirical minimizers.
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* We present manufactured-solution experiments that support the theoretical mecha-
nism and illustrate how residual reduction is reflected in the true solution error.

The remainder of the paper is organized as follows. Section 2 introduces the functional
setting and weak formulation. Section 3 presents the population and empirical PINN losses.
Section 4 establishes the residual-to-solution stability estimate. Section 5 combines stability and
generalization to prove convergence. Section 6 reports numerical experiments.

2 Problem setting and well-posedness

Let O C RY (d € {1,2,3}) be a bounded Lipschitz domain and let T > 0. We write Q :=
Qx(0,T)and Q, :=0Q x (0, T). Set
H:=1*Q), V:=H)Q),

and identify H with its dual so that V < H — V' is a Gelfand triple. We denote by (-, )y v
the duality pairing and by (-, -) 5 the L?(Q)) inner product.

We consider the time-fractional diffusion problem

Dfu(x, t) + Au(x,t) = f(x,t), (x,t) € Q, 4)
u(x, t) =0, (x/ t) € Qup, (5)
u(x,0) = up(x), x e, (6)

where « € (0,1) and
Au = =V (a(x)Vu) +c(x)u.

Assumption 2.1. Assume a € L®(Q;R?*?) is symmetric and uniformly elliptic: there exists
Ag > 0 such that for a.e. x € Q and all & € RY,

¢ a(x)¢ > AolgI
Assume also ¢ € L*(Q)) and ¢(x) > 0 a.e. in Q.

Assumption 2.2. Assume f € L2(0,T; H) and uy € H.

For « € (0,1), the Caputo derivative of a scalar function w is

R | tw'(s)
thw(t)_r(l_a) /O o

We use the same definition for H-valued functions via Bochner integrals.

Definition 2.3. Let w : [0, T] — H be absolutely continuous. The Caputo derivative ¢ D¥w is
the H-valued function given for a.e. t € (0,T) by

1 ! —a )
1,(1_“)/0(15—5) w'(s) ds.

We also recall the Riemann-Liouville fractional integral (used implicitly in standard formu-
lations).

Definition 2.4. For 8 > 0and ¢ € L!(0, T; H), define

L ] /Ot(t —5)P1g(s)ds.

CDfw(t) :=

(IPg)(t) := T(8)

Then ¢ D¥w = I'~*w’ whenever w is absolutely continuous.
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Standard references for these operators include [2, 15].
Define the bilinear form a(-,-) : V x V — R by

a(p,v) ::/Qa(x)ch-ngdx—i-/Qc(x)(ptpdx. (7)

Lemma 2.5. Under Assumption 2.1, the bilinear form a(-,-) is continuous on V x V and coercive on
V': there exist constants M > 0 and x > 0 such that

(@, )l < Mllgllvilglly Vo p eV,  a(wo) Zx|olf Voev.
It is convenient to associate an operator A : V — V' by
(Av,w)yr v = a(v, w) Yo,we V. (8)
Then A is bounded, self-adjoint (in the H-sense), and coercive.
We use the natural energy space for the fractional diffusion problem.
Definition 2.6. A function u is called a weak solution of (4)—(6) if
uel?0,T;V), u(0)=uyinH,  “DiucL?0,T;V"),
and for a.e. t € (0, T) it holds that
(“Dfu(t), o)y +a(u(t),v) = (f(t), o)y YoeV. ©)

Remark 2.7. The condition #(0) = 19 in H can be made precise in several equivalent ways (e.g.
via weak continuity in H and fractional integral formulations). For our later stability arguments,
it is enough that the solution and trial functions have well-defined initial values in H.

We state a standard well-posedness result for (4)—(6).

Theorem 2.8 (Existence and uniqueness). Assume Assumptions 2.1-2.2. Then (4)—(6) admits a
unique weak solution in the sense of Definition 2.6. Moreover, there exists a constant C > 0 depending
only on a, T and the coercivity/continuity constants of a(-, -) such that

lullZ2 om0y < CUFIT20,m0m + lluollF)- (10)
I in addition f € L*(0,T; H), then (10) holds with || f || 120 75 < Call flli2(0,7:m)-

Remark 2.9. Existence and uniqueness can be proved by eigenfunction expansions and Mittag—
Leffler representations (for symmetric coercive A), or more generally using operator-theoretic
resolvent families and energy estimates. We refer to [17] for a classical treatment, to [9] for
regularity and numerical analysis perspectives, and to [6] for further developments in fractional
diffusion theory.

Remark 2.10. Assume that A : V — V’ is the Dirichlet realization associated with the coercive
bilinear form a(-, -). Then there exists an H-orthonormal eigenbasis { ¢, },>1 C V and eigenval-
ues0 < Ay < Ay < --- such that Ap, = A, ¢, in V’. For instance, if uyg € Hand f € L?(0, T; H),
the solution admits the expansion

t
ut) =), (EA—Ant“) (o, pu) + /0 (t—5)" "Exal — Au(t —5)%) (f(5), ou) ds) Pus
n>1
where E, g denotes the two-parameter Mittag-Leffler function. This representation highlights
the memory effect through Mittag—Leffler kernels and is useful for intuition and for deriving
bounds used later in stability arguments.
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3 PINN formulation

This section introduces the residual-based PINN approach for (4)-(6). The central idea is to
approximate the solution u by a neural network 14 and to train 6 by minimizing a loss that
penalizes violations of the PDE and the constraints.

3.1 Neural network ansatz and constraint handling

Let ug : Q x [0, T] — R be a feedforward neural network (MLP) with parameters 6 (weights and
biases). Smooth activations (e.g. tanh) are convenient because the residual involves derivatives
in space and a (possibly approximated) fractional derivative in time.

We consider two common ways to enforce the constraints.

Soft constraints. We keep an unconstrained network 1y and add penalty terms for boundary and
initial conditions.

Hard constraints. We construct ug so that (5)—(6) hold exactly. This is often done by multiplying
a free network by a function that vanishes on the boundary and adding a lift of the initial data.

Remark 3.1 (A simple hard-constraint ansatz). Assume ug|yn = 0. Let i : Q) — [0, o0) satisfy
Plaq = 0and ¥ > 0in Q) (e.g. a smoothed distance-to-boundary function). Define

up(x,t) := up(x) +p(x) t* No(x, t),

where Nj is an unconstrained neural network. Then ugy(-,0) = up and ug|n = 0 hold exactly.
Other choices (e.g. t instead of t*) are also used in practice.

In the theoretical parts below, we allow both approaches. When we state a stability result
that assumes exact constraints, it can be achieved either by hard enforcement or by applying a
lifting so that the remaining unknown satisfies homogeneous conditions.

3.2 Residual and mismatch terms

For a candidate uy, define the (strong) residual on Q by
ro(x,t) := Dlug(x,t) + Aug(x,t) — f(x,1). (11)
We also define the boundary and initial mismatches
bo(x,t) == ug(x,t)| ;0  do(x) := ug(x,0) — uo(x). (12)

When hard constraints are used, by = 0 and iy = 0.

Regularity of trial functions. For the stability analysis, it is convenient to assume
ug € L2(0,T; V),  ug(0) € H, ~ “Dfug € L*(0,T; V). (13)

This is an analytical assumption on the trial class (and is natural in the weak formulation). In
computations, one typically evaluates the residual pointwise, which corresponds to assuming
higher smoothness of the network outputs and using a consistent approximation of the Caputo
term.

3.3 Population PINN objective

Strong residual. To match pointwise collocation training, we measure the PDE residual in an
L%(Q) sense. Assume uy is sufficiently regular so that the following quantity is defined a.e. on
Q:

ro(x,t) := CDYug(x, t) + Aug(x,t) — f(x,t), (x,t) € Q. (14)
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We also define the boundary and initial mismatches

bo(x,t) :=ug(x,t)|,,  do(x) := ug(x,0) — up(x). (15)
Population loss. We define the population objective by

T(0) = ol + Aol ol ooy + Adlli By (16)

where Ay, A; > 0 are penalty weights.
3.4 Empirical loss by collocation sampling

In computations, 7 (0) is approximated by an empirical loss based on i.i.d. samples. Let yi, be a
sampling distribution on Q (interior points), i a distribution on Q, := 0Q) x (0,T), and y; a
distribution on Q2 (initial points).

Draw i.i.d. samples
er--~/ZNle’li’/ Yl/"'/YNhN,ubl Xl/"'/XNI'N,uD

independently across the three groups. The empirical loss is

72’7’0 |2+/\b E\be |2+A72116 . (17)

Remark 3.2 (Time bias for fractional diffusion). Solutions of fractional diffusion often exhibit
weak singular behavior near t = 0. Empirically, training may benefit from sampling more
points at small times. We use this idea in Section 6 as an ablation.

3.5 Optimization and approximate minimizers

Training typically returns an approximate minimizer of the empirical loss:

Oy € © suchthat Jy(fy) < ein(g IN(O) + 11N,
€

where O is a chosen parameter set (e.g. bounded weights) and #y > 0 is the optimization error.

Remark 3.3 (Adam and L-BFGS). A common practical choice is to use Adam in an initial phase
and then switch to L-BFGS for final refinement. Our theoretical results below do not depend on
a specific optimizer; they only require that 17y — 0 as training effort increases.

3.6 Goal of the analysis

The goal of the subsequent sections is to establish a convergence mechanism for PINNs based
on two ingredients:

* a PDE stability estimate showing that the solution error ||u — ug||;2(o 1) is controlled by the
residual norm |[rg[[2(@) (together with possible boundary and initial mismatches), and

* a generalization bound controlling the deviation between the population loss 7 (6) and the
empirical loss Jn(6) uniformly over the hypothesis class ©.

Together, these ingredients yield an error bound for Oy in terms of (i) approximation error, (ii)
optimization error 1y, and (iii) sampling error due to finite collocation.
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4 Stability estimate

This section proves the key PDE ingredient behind our convergence framework: if a trial
function uy nearly satisfies the time-fractional diffusion equation, then it is close to the exact
solution in an energy norm. The result is formulated as a residual-to-solution stability bound.

Throughout, let u be the weak solution of (4)-(6) and let ug be a trial function satisfying the
regularity assumptions in (13). Define the error

eg : = Uy — U.

We also assume, unless otherwise stated, that 1 satisfies the homogeneous boundary condition
(5) exactly (or that a lifting has been applied so that the resulting error satisfies homogeneous
boundary conditions).

Define the operator A : V — V' induced by the bilinear form a(-, -):
(Av,v)yry = a(v,v), veV.

Since u solves (4)—(6), subtracting the weak form for u from the weak form for 1, yields, for a.e.
te (0,T),
(CDieg(t),v)yry +aleg(t),v) = (rg(t),v)y Yo e V. (18)

where
rg(t) = CD?‘ue(t) + Aug(t) — f(t) € H.

Testing (18) with v = ey(t) and integrating over t € (0, T) gives the energy identity
T

T T
| nteat)eotvyde+ [ ateo(t) o) dt = [ (raltneal®)udt.  (19)
0 0 0

The Caputo derivative enjoys a positivity (coercivity-type) property that plays the role
of 14 leg(t)]|% in the classical parabolic energy method. This property is a key ingredient in
fractional energy estimates.

Lemma 4.1 (Positivity of the Caputo term). Let H be a Hilbert space and let e : [0,T] — H be
absolutely continuous with e(0) = 0. Then

T
/ (CD%e(t), e(£)) g dt > 0. 20)
0
Moreover, if we define the left-sided Riemann—Liouville derivative of order p € (0,1) by
d  q_
Dio(t) := = (I Po) (1),
then, for p = a/2,

/OT<CDfe(t),e(t)>Hdt:/OTHD;*/Ze(t)H;dt > 0. 1)

Proof. Since e(0) = 0 and e is absolutely continuous, the Caputo and the Riemann-Liouville
derivatives coincide: “D¥e = D%e. For smooth e (say C'), one can use the fractional integration-
by-parts identity

/O " Dre(t), e(t)) g dt = /O " (D¥/2(t), DY 2e(£)) 4 dt,

which yields (21) and hence (20). For general absolutely continuous e, the identity follows by a
density argument (approximate e by smooth functions in the natural fractional Sobolev space
and pass to the limit). O
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Remark 4.2 (Dual pairing and justification). In (19) the Caputo term is paired in V' x V. If
“Dfeg(t) € H for a.e. t, then the duality pairing coincides with the H inner product and
Lemma 4.1 applies directly.

In the general case “D%e, € L%(0, T; V'), one can justify the nonnegativity of

[ (€Dtes(t) es(t)) vy

by a Galerkin approximation: project eg onto finite-dimensional subspaces of V, apply Lemma 4.1
componentwise in R™, and pass to the limit using compactness in the Gelfand triple V — H —
V'. For the stability estimate below, the key point is that this term is nonnegative whenever
69(0) =0.

Theorem 4.3 (Residual-to-solution stability). Assume a(-,-) is coercive with constant x > 0 and
c > 0. Let u solve (4)—(6) and let ug satisfy (13). Define the strong residual

rg := “Dfug + Aug — f in L*(Q).
If ug satisfies the boundary condition exactly and ey(0) = 0, then
C
leollr20,7:v) < ?QH@HLZ(Q)- (22)
More generally, if eg(0) # 0, then
leallzzo vy < C(lIroll 2oy + leo ()l ) (23)

where C > 0 depends only on a, T, x, and Q).

Proof of Theorem 4.3.

Step 1: the case eg(0) = 0. Choose v = ¢p(t) in (18) and integrate in time to obtain (19). By
coercivity, a(v,v) > «||v||3,. Moreover, since ¢4(0) = 0, Lemma 4.1 (and Remark 4.2) implies

T
| (CDtea(t),eo(t)) vy dt > 0.
0
Hence from (19),
T T
< [ lleat) Rt < [ (ro(t),ealt))nat
By the Cauchy-Schwarz inequality,
T 2
< [ a1 dt < lrollizqo) lleallomie-
Using the Poincaré inequality ||v||g < Cq||v||v for all v € V, we obtain
T 2
< [ llea()I3 dt < Callrollzqg lleallizo v
If [[ea[| 12(0,7;v) = O, there is nothing to prove. Otherwise, divide by |[|eg||2(o,7;v) to conclude
=)
K

leollr2(0,1;v) < 70l 12(0)-
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This proves (22).

Step 2: the case eg(0) # 0. Set ey := e9(0) € H and split eg = y + z, where y solves the
homogeneous problem

“Diy(t) + Ay(t) =0,  y(0) = e, (24)

and z solves the forced problem with zero initial data

CDYz(t) + Az(t) = rq(t), z(0) = 0. (25)

Since z(0) = 0, Step 1 applied to (25) gives

C
1zl 200,7v) < TQHVGHLZ(Q)- (26)

In the Dirichlet setting, A is self-adjoint, positive, and has compact inverse on H, so there
exists an H-orthonormal basis {¢, },>1 C V of eigenfunctions with eigenvalues 0 < A1 < A; <
<1 Apy = Ay, Expanding eg = ), >1 €0n @n, the solution of (24) is

= Z Elx(_/\nta) €on Pn,

n>1

where E, is the Mittag—Leffler function. Using the classical bound

C
E(-9l <1 (520), @7)
we obtain N
_ Al Ea ) 2 <2 M 2
WO = X MEa () Plen? < G2 1 gl

Integrating in time yields

<C? M
[ vl <G L jank [ i

n>1

For A > A4, the integral

T A
I(A) = /0 TS TRt

is bounded uniformly in A. Hence
[yl 20,7;v) < Ca,1slleol| 1 (28)
By the triangle inequality,
leall20,m:v) < NYlle2c0,m:v) + 12l 2(0,7v)-
Substituting (26) and (28), we obtain
leoll 2o 1:v) < C(lIroll 2y + lea (O) 1),

which proves (23). O
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5 Convergence of PINNs

This section links the PDE stability estimate (Section 4) with learning-theoretic bounds for
Monte—Carlo collocation. The message is simple: if (i) the residual controls the solution error
and (ii) the empirical loss is close to the population loss uniformly over the network class, then
approximate empirical minimizers converge to the true solution as the number of samples
increases and approximation/optimization errors vanish.

We recall the population objective from Section 3.3. For each 6 € O, define the strong
residual and mismatches by

ro(x,t) = “D¥ug(x,t) + Aug(x,t) — f(x,t) onQ, by = uglq,, ig = ug(-,0) — up.
The population loss is

T0) = lIrallZaqq) + Asllbol22 g,y + Ailliolcry 29)

LetZy,...,ZN, ~pronQ, Yq,..., YN, ~ ypon Qp, and Xy, ..., Xy, ~ p; on (), iid. within
each group and independent across groups. The empirical (collocation) loss is

1 N P 1 N ) 1 N )
_7217’6 ) "‘/\bNbZ;‘bH(Yj)’ +)\iﬁiZ;’le(Xj)‘~ (30)
j= j=

The stability estimate from Section 4 yields a direct link between the PDE residual and the
solution error.

Proposition 5.1 (Residual controls solution error). Assume the boundary condition is enforced
exactly and ug satisfies the reqularity assumptions of Theorem 4.3. Then:

(i) Ifug(-,0) = up (so eg(0) = 0), then

Cp
| — ugllr2(0,;v) < —~ 70l 12(q)- (31)

(ii) In general,

[ — w2070y < C(||r9HL2(Q) + [lug(+,0) — “OHH>/ (32)
with C as in Theorem 4.3.

Proof of Proposition 5.1. Apply Theorem 4.3 to the error ey = ug — u. The case eg(0) = 0 gives
(31) after taking square roots. The general case gives (32). O

We now control the discrepancy between the population loss J and its empirical approxi-
mation Jy.

Define the function classes
Fo={zmln@P0e0), Fi={y- bl 60}, Fi={x—lix}: oco}.

For a class F and sample size n, let %%, (F) denote the (expected) Rademacher complexity.
Lemma 5.2. Forany i € (0,1), with probability at least 1 — 1,

sup |Ef —E,f| <2%R,(F)+B logéZ/iy)‘ (33)
fer n
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Proof of Lemma 5.2. Define

O (Uyy) :=sup (Ef — E,f).
feF

Introduce an independent U, ..., U;, ~ p independent of Uy.,. By Jensen’s inequality and the
tower property,

E[@(L,)] = Esup (Euf — © )" f(11))

feF j=1
1 n , 1 n
< Esup (n];f<uj> - anlf(U]))
= Esup - Y (F() ~ £(1)
feF =1

Let oy, ..., 0, beiid. Rademacher variables independent of all samples. By symmetry (condi-
tioning on (Uy.,, U1.,)),
n

Esup L " (F(U) — F(U)) = Esup - Y oy (F(U) - (U1)
fer i fer g

which shows E[®(Uy.,)] < 2R, (F).

Next, ® satisfies bounded differences: changing one sample U to Uy changes E, f by at
most B/n for each f, hence changes ® by at most B/n. By McDiarmid’s inequality, with
probability at least 1 — 7 /2,

®(Uy,) < E[®(Uy,)] + B k’ggi/ﬂ) < 20,(F) + B log;i/iy)‘

Apply the same argument to ¥ (Uy.,,) := sup feF (E.f — Ef) (with probability at least 1 —1/2)
and combine both events by a union bound to obtain (33). O

Theorem 5.3 (Uniform deviation: population vs. empirical). Assume there exist constants B,, By, B; >
0 such that forall 6 € O,
0 < |rg(x,t)|* < B, forae. (x,t) €Q,

0 < |bp(y)* < B, forae yeQy, 0 < lig(x)]* < B; forae xcQ.
Then for any 6 € (0,1), with probability at least 1 — 6,

log(6/9)
J(0) —INO)| < (2RN,(Fr) + B\ —55—
sup| 7 (0) = In (0)] (29, (7) N, )
log(6/5
+ A (2%, (Fo) + By ng(l\h{))
04290, () + By | L), (34)
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Proof of Theorem 5.3. Recall that
T (0) = Ey[fo(Z)] + Ay Ey,[80(Y)] + Ai Eylhe(X)],

and
1 Nr 1 Ni

*Zfe +)\b de N Y ho(X;),
1
where
fo(z) =lre@)1%  go(y) =1Ibo()%,  ho(x) = lig(x)I*
We assume the three sample groups are i.i.d. within each group and independent across groups.

Let F be a class of measurable functions f : X — R such that 0 < f < B pointwise. Let
Uy, ..., U, beiid. from a distribution u on X'. Write

1 n
Ef :=E,[f(U)], E.f:= P Zf(u])
j=1
and define the expected Rademacher complexity

%,(F) := Eu,, Eo,, [?“5 Zm N
€

where ¢; € {1, +1} are i.i.d. Rademacher variables.

Apply Lemma 5.2 to F, with n = N,, B = B, and confidence # = §/3: with probability at
least1 —6/3,

1 X log(6/6
sup |E,, fo(Z) — — Zf9 < 29N, (Fr) + B, gZ(N)
0c® r
Similarly, with probability at least 1 — 6/3 each,
1 M log(6/6
sup |Ey,g0(Y) — de < 2Ry, (Fp) + gz(N )/
0c® b
and
log(6/6
sup IE%]’ZQ - — Zhé‘ < 2R\, (Fi) + Bi gZ(N>
e® i

By independence and a union bound, these three inequalities hold simultaneously with proba-
bility at least 1 — .

For any fixed 6 € ©, by the triangle inequality,

1 N

|T(0) — In(0)| < |Ep fo— —Zfe

+ Ap

E,,g0 — ﬁb Z%ge(yj)
]:

1 N
A By = 5 L ho(X)

=1

Taking sup,_g on both sides and using sup(a + b +c) < supa + sup b + sup c, we obtain
(34). O
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Remark 5.4 (Capacity-type simplification). Often one can bound R, (F,) < Comp(©)/+/n for
a suitable capacity measure Comp(©) (depending on depth, width, weight norms, Lipschitz
constants, etc.). Then (34) scales like O(n~1/2) up to logarithmic factors.

5.1 Main convergence theorem

We now combine Proposition 5.1 and Theorem 5.3. The result is stated for approximate empirical
minimizers, which is the relevant case in practice.

Theorem 5.5 (Convergence of empirical PINN minimizers). Let u be the weak solution of (4)—(6).
Assume:

(i) Boundary conditions are enforced exactly (or by a lifting), and the residual-to-solution
bound holds uniformly over ©:

[ —upllr20,mv) < Cstab [I70lli2g) VO € ©. (35)
(ii) With probability at least 1 — 9§,

Ay = (Sng |j(9) - jN(GM < 8gen(N15)/ (36)
€

where egen(N,0) — 0as N = (Ny, Ny, N;) — oo (e.g. by Theorem 5.3).
(iii) Training returns Oy € © such that

In(fy) < inf In(0) +in, v = 0. (37)

Then, for any 6 € (0,1), with probability at least 1 — 6,

||M — M(;N HL2(O,T;V) S Cstab( ngéj(e) -+ \/7]1\] + \/ngen(N/ 5)) . (38)

In particular, if the approximation error infgce J(0) — 0 along a sequence of expanding network
classes and nn — 0, then

| —ug \li200,m;v) — O in probability as N — oco.

Proof of Theorem 5.5. Fix ¢ € (0,1) and work on the event

&= {An = sup [T(8) = Tn(0)] < egen(N,0)},
0cO

which has probability at least 1 — 6 by (36). Throughout the proof we assume w € &;.
By the stability assumption (35), for any 6 € O,

[ —ugllr20,1;v) < Cstap 176l 12(0)- (39)

Moreover, by the definition (29) of the population loss,
J(0) = ||7’9H%2(Q) +/\be9H%Z(Qb) +/\iHi9H%2(Q) 2 Hrf)H%Z(Q)'

Hence ||79[[12(q) < /T (0), and therefore

[ = ugllr20,,v) < Cstab \/ T (). (40)
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In particular,
Hu - uéNHLZ(O,T;V) < Cstab j(é ) (4_1)

On &5 we have, for every 6 € O,
j(e) S jN(G) +AN S jN(G) +€gen(N/5)/

and likewise
jN(e) < j(e) +An < \.7(9) +€gen(N/5)~

Apply the first inequality with = 8y and then use the optimization condition (37):

J(On) < In(0n) + AN
< glgé jN(Q) + N + AN.

Next, bound infgce Jn(6) by the population infimum: for any 8 € ©, Jn(0) < J(0) + An,
hence

inf 0) < inf 0) +An) = inf J(6) + An.
RGN < [ (T(O)+ An) = JpETO) + A
Combining the last two displays gives

T (On) < inf T(0) + 1y +28n < inf T () + x5 + 2egen(N, 9). (42)

Taking square roots in (42) and using v/a + b+ ¢ < v/a + Vb + \/c for a,b,c > 0, we obtain

\/ T (On) < /eig(gj(e) + /1IN + /2 €gen(N, 6).

Insert this into (41) to get (38). Since all steps were carried out on &;, the estimate holds with
probability at least 1 — 6.

Assume infgce J (6) — 0 along a sequence of expanding hypothesis classes and 1y — 0.
Also egen(N,6) — 0as N — co for any fixed 4. Fix ¢ > 0 and choose 6 € (0,1). For N large
enough, the right-hand side of (38) is < ¢, hence

IP(H” — g lli20,rv) > 8) <9.
Letting N — oo (for fixed J) and then J | 0 yields
| — “éNHLZ(o,T,-V) —0
in probability. O

6 Numerical experiments

This section validates the proposed residual PINN for (4)-(6) and illustrates how the empirical
(training) residual relates to the true solution error. We use manufactured solutions so that the
exact error can be computed.
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6.1 Discretization of the Caputo derivative

In the numerical implementation, the Caputo derivative is approximated on a uniform time
grid
O=to<ty<--- <ty =T, At = T/ N;.

For a fixed spatial point x and a grid time t,,, we use the classical L1 approximation

1 n—1
Cru
Difug(x,tn) = —————— Yty 1 (o (X, ti1) —ug(x, ) ), (43)
[(2—a) At =" ( )
where
Ay = m+ D) —m™*, m=0,12,.... (44)

This formula provides a consistent discrete approximation of the Caputo derivative and is
widely used in numerical methods for subdiffusion problems. Under suitable temporal regular-
ity, the L1 scheme is first-order accurate; see, for example, [4, 7].

Remark 6.1. The convergence analysis in Sections 4-5 is stated for the continuous residual
measured in L?(Q), whereas the numerical implementation replaces the Caputo derivative by
the discrete approximation (43). Therefore, the computed training loss should be interpreted as
a discrete residual loss associated with the chosen time discretization.

6.2 Collocation sampling and empirical loss
We sample three groups of points:

* Interior points: Z; = (x]r-, tn].), where x]r- ~ Unif(Q)) and n; € {1,..., N;} is a sampled
time index. To better resolve the typical weak singularity near t = 0 in fractional
diffusion, we bias time samples toward early times: draw T ~ Beta(p, 1) with p €
(0,1), set t = TT, and choose n jas the nearest grid index to ¢t.

* Boundary points: Y; = (xj?, tm;), where x;’ ~ Unif(dQ)) and m; is sampled as above.

* Initial points: X; = x; with x;. ~ Unif(Q)) att = 0.

For each interior sample (x]r-, tn,), the discrete residual is
o, bay) = | CDfug | (), b)) + Attg (] ) = f(x], by,

where ©D#u, is approximated by (43) and spatial derivatives in .Aug are computed by automatic
differentiation.

We use the empirical (collocation) loss

1 & r 2 1 b 2
IN(B) = —r 3 ‘rg(xj,tnj)’ +Abﬁb Z; |u9(x]-,tmj)| (45)
j= j=

1 N ‘ .
+Ai— Y |ug(x},0) — uo(x;-)lz.
N, &

This is a Monte—Carlo approximation of the population loss (16). Unless stated otherwise,
collocation points are resampled every epoch.
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6.3 Training setup

We train with Adam (learning rate y and momentum parameters (f1, f2)). Optionally, after
Adam reaches a plateau, we switch to L-BFGS for refinement. This follows the common practice
in PINNSs; see [5, 16].

Algorithm 1 Training a residual PINN for (4)—(6) using the discrete Caputo L1 approximation

: Choose N; and the grid {tn}f;]’*:o; choose (N;, Ny, N;) and penalty weights (A, A;).
: Initialize network parameters 6 (e.g., Xavier/Glorot initialization).

: forepoch=1,...,Mdo

Sample interior collocation pairs {(x7, 7;) }

A~ W N e

N,

j—1, boundary points {(x}’, m;) Mo and initial

=17
: i1 Ni
points {xj}].zl.
5. For each interior pair (x}, 1j), evaluate the discrete approximation of CD;"ug(x;, tn;) using
(43).

6:  Compute the spatial term .Aug(x]’-, ty;) by automatic differentiation.

7. Form the discrete residuals and evaluate the empirical loss Jn(6) in (45).
8:  Update 0 by one Adam step.

9: end for

10: Optionally, run L-BFGS starting from the final Adam iterate.
11: Output the trained parameters § and the surrogate u.

6.4 Error metrics and validation protocol

We report:

* Relative L?(Q) error:

[ — ”éHLZ(Q)
RelErr > 1= Q) 5. 0% (0,T).
QT g, o0
e Relative L2(0, T; H'(Q)) error:
u— g :
RelFrr,; = | all 20,0 ()

| ”HLZ(O,T,-Hl Q)

¢ Validation residual: an independent Monte—Carlo estimate of the residual norm
computed on a fresh set of interior points (same size as training).

All integrals are approximated on a dense evaluation grid in space and time.

To connect numerics with Theorem 4.3, we also monitor the ratio

| — ”éHLZ(o,T;V)

E =
® H7§HL2(Q)

(46)

In the implementation we approximate ||74([2(o,r;v) by an L%(Q)-type residual (using ||w||y <
[wl|12(q) when w € L%(Q))), so (46) is interpreted up to this norm conversion.

6.5 Example 1D subdiffusion on (0,1)

Let ) = (0,1),a =1, c =0, and consider the manufactured solution

u(x, t) = tPsin(mx), g >0,
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which satisfies the homogeneous Dirichlet boundary condition. Using

r(g+1) _
Crap B—u
bt r(f+1—a) t
and
Uy (x, 1) = —r*tP sin(7rx),
the forcing term is given by
flx,t) = lm tF=% sin(mrx) + m°tP sin(7rx). (47)

We take up(x) = 0 and test several values of «.

Unless otherwise stated, we use:

® Time horizon T = 1 and a uniform time grid with N; = 200.

¢ Network: a fully connected MLP with L hidden layers, width W, tanh activation, and
input dimension 4 + 1.

e Adam optimizer: learning rate v = 1073, (81, B2) = (0.9,0.999), €2dam = 1078, and
M = 2 x 10* epochs, with step decay -y <+ 0.5 every 5000 epochs.

¢ Collocation sizes per epoch: N, = 5000, N, = 1000, and N; = 1000, with resampling
at every epoch.

¢ Penalty weights: A;, = 100 and A; = 100 for soft constraints. For hard constraints, we
use an ansatz that enforces uy|3n = 0 and ug(-,0) = ug exactly.

¢ Time sampling: Beta bias p = 0.5 by default, and p = 1 in an ablation study.

We vary N, € {1000,2000,5000,10000} while keeping (Nj, N;) proportional, and report
RelErr;2 o) and RelErry. Table 1 summarizes mean + std over random seeds. We observe a
clear decay of the solution error as the number of collocation points increases.

Table 1: Errors versus collocation size (N;), mean = std over seeds. We also report the mean validation

residual (MSE) used as a proxy for the residual norm.

% Ny RelErr;2 o) RelErr 1 Val. residual (MSE)
0.3 1000 7.1232x1073+9.7416x10~%* 7.2787x1073+1.0372x10~3 1.2366x10> +3.2730x10~*
0.3 2000 5.3931x1073+6.1168x10~% 5.4558x1073 +6.1930x10~% 7.2105x10~% +1.1019%x10~*
0.3 5000 2.3607x1073+85268x10"% 2.5104x10734+9.2989x10~% 2.3988x10 % +1.1464x10~*
0.3 10000 1.5524x1073+2.6501x10~% 1.6230x1073+2.6837x10~% 1.2247x10~%+1.9372%x107°>
05 1000 8.1143x10 3 +£2.8280x10~% 8.2196x10 3 +3.3987x10~% 2.2215%x10~ 3 +2.0646x 104
05 2000 6.3900x1073 +4.9851x10~% 6.4922x1073 +4.5132x10~% 1.3565x103 +1.0510x10~*
05 5000 2.9208x1073 +4.4281x10~* 3.0206x1073 +4.4992x10~% 5.5668x10~* +1.3570x10~*
0.5 10000 1.8502x1073+£2.3223x10"% 1.9275x1073+2.4649x10"% 2.3646x10 % +4.6214x107°
0.7 1000 7.0632x1073+£2.0252x10~% 7.1813x107 3 +1.8538x10"% 2.6587x1073 +9.2561x10~°
0.7 2000 6.0159%x107° +6.3423x10* 6.1187x1073 £ 6.5956x 10~ 1.8784x1073 +3.0414x10~*
0.7 5000 1.9757x1073+6.9088x10~% 2.0486x1073+6.7999x10~% 4.8952x10~* +2.0455x10~*
0.7 10000 1.7320x1073 +£3.2894x107% 1.7912x1073 +3.4191x10™% 2.9382x10™* + 6.9504x 105
09 1000 5.9931x10 3 +1.5331x10~% 6.0689x10 3 +£1.6997x10~% 2.7864x103 +7.7220x 10 %
0.9 2000 4.8241x1073+1.2601x1073 4.9361x1073+1.2035x10~3 1.6298x103 +3.8921x10~*
0.9 5000 2.2338x1073+1.1792x10~% 2.3585x1073 +9.6487x107°> 6.3806x10~% £2.3077x 107>
0.9 10000 1.5209x10°3+2.7194x10"% 1.5723x1073+2.7596x10"% 3.4047x10~% +4.4212x107°

Table 1 quantifies the convergence behavior across multiple random seeds. Both RelErr;2 ()
and RelErr;; decrease as N, grows, while the validation residual decreases in tandem. The fact
that the validation residual follows the same trend as the true errors indicates that the trained
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model does not merely reduce the training loss, but also improves the PDE satisfaction on
unseen collocation points. The reported standard deviations remain moderate, which suggests
that the observed convergence is robust with respect to random initialization and sampling
variability.

A log-log fit of RelErr;» ) versus N; over N, € {1000, 2000, 5000, 10000} suggests an
algebraic decay RelErr;» o) &~ CN, P with p &~ 0.63-0.69 (depending mildly on &), which is con-
sistent with a Monte—Carlo collocation regime combined with optimization and approximation
effects.

Convergence vs collocation size (mean + std)

—— a=03
= 6x 1073 a=05
é —— =07
(5]

S 4x1073 a=09
= 3% 107

=

E 2x 1073

10° 10

Figure 1: log-log plot of RelErrLz(Q) versus N, for different a.

Figure 1 shows a clear decay of RelErr;» () as N; increases for all tested fractional orders.
This trend supports the expected consistency of the collocation approximation: more interior
samples reduce the Monte—Carlo integration error in the empirical loss. We also observe that
the curves are approximately linear on the log-log scale, suggesting an algebraic rate over
the tested range. The residual-based training therefore translates into measurable accuracy
improvements in the recovered solution when the collocation budget is refined.

We fix the network and collocation sizes and compare & € {0.3,0.5,0.7,0.9}. As « decreases,
memory effects become stronger and training typically benefits from a stronger time bias near
t = 0. This behavior is consistent with the known weak initial singularity in subdiffusion
models.

To further illustrate the time-local behavior, Table 2 reports pointwise-in-time errors at
t € {0.2,0.8} for a € {0.3,0.9} using a representative checkpoint at N, = 5000. The earlier time
t = 0.2 is typically harder, reflecting the reduced temporal regularity near t = 0.

Table 2: Time-slice comparison at fixed t for a representative checkpoint (N, = 5000, 8 = 1.2). Here
“relL2” is the relative /2-error on a fine spatial grid, “absL2” the absolute ¢2-error, and “absLinf/relLinf”
the /% errors on the same grid.

o t B N, rell.2 absL.2 absLinf (relLinf)
03 02 12 5000 9.5090x10~3 9.7385x10~% 1.4040x 1073 (9.6856 x10~3)
03 0.8 12 5000 3.7454x10°* 2.0245x10"% 3.2425x10 % (4.2381x10%)
09 02 12 5000 6.0745x1073 6.2212x107% 8.7287x10~* (6.0216x103)
09 08 12 5000 1.5352x1073 8.2983x107* 1.2701x1073 (1.6601x1073)

Table 2 highlights a systematic time-dependent difficulty. For the same checkpoint, the error
at the earlier time ¢ = 0.2 is typically larger than at t = 0.8, which is consistent with the reduced
temporal regularity near t = 0 in time-fractional diffusion. This observation also motivates
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non-uniform time sampling strategies that emphasize early times, especially in the subdiffusion
regime. Moreover, the /* errors remain controlled, indicating that the approximation captures
not only the mean-square profile but also the peak amplitude on the evaluation grid.

We compute the training residual (collocation loss) and a validation residual on a fresh set

of interior points. We find that the validation residual tracks the training residual across epochs
and across runs, supporting the uniform deviation behavior used in Section 5.

10" 5 —— Training residual (MSE)
Validation residual (MSE)

10° 4 \ Best checkpoint
m
%)
g A
E 107" 5 \
g
10724 "‘"“‘\‘-»

ko
A

0 500 1000 1500 2000 2500
Epoch

Figure 2: Training vs. validation residual estimates for (x = 0.5, N, = 5000) Example 6.5.

Figure 2 compares the residual measured on the training collocation set and on an indepen-
dent validation set sampled from the same distribution. The two curves remain close during
training, with no persistent gap, which indicates limited overfitting in the residual regression
problem and supports the uniform deviation assumption used in Section 5. In particular, when
the training residual decreases, the validation residual decreases accordingly, suggesting that
the learned surrogate improves PDE satisfaction beyond the sampled training points.

To test the mechanism in Theorem 4.3, we plot |[u — ug| 120 ;v) against ||74([12(o) across

runs. The ratio (46) remains bounded, which is consistent with the residual-to-solution stability
bound.

— ® (o, N,) mean points

= 10-24

§ 10 Fit: y = 4.93¢ 4 00z °

E ° °
.A ™ °
, .

o

B Iy

& ° °

S ) L]

o [ ]

5 . .

£ 107° 1

o)

a1

10-°

Figure 3: Stability check: solution error vs. residual norm.

Figure 3 provides a direct numerical illustration of the mechanism in Theorem 4.3. Across
different runs, the solution error |[u — u4l|12(g 1,1 scales proportionally with the strong residual
norm ||74/[12(g), and the ratio &, remains bounded. This is consistent with the residual-to-

solution stability estimate and supports the use of residual reduction as a reliable route to
improved accuracy.
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