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Abstract

In this work, we proposed a simplified version of the Gordon-Schaefer model in which the mortality
rate of the fish stock biomass and the unit cost of effort are due to aquatic pollution, and harvesting
is non-linear. Our dynamic study shows that our system is globally bounded and asymptotically and
globally stable under certain conditions around the single interior equilibrium point. We then performed
a numerical simulation to validate our theoretical results. Next, we determined the maximum sustainable
yield (MSY) and maximum equilibrium yield (MEY), and presented numerical results. Finally, using
Pontryagin’s maximum principle, we determined the optimal control and performed a numerical
simulation.
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1 Introduction

Nowadays, the introduction of pollutants such as wastewater, plastics, and metals into the
marine environment poses a threat to human health, biodiversity, and socio-economic activ-
ities. It is in this context that the FAO, in its 2016 report on “The State of World Fisheries
and Aquaculture”, emphasizes that pollution and degradation of marine and continental en-
vironments pose a threat to marine resources. Furthermore, according to Al-Yamani et al. [1],
the accelerated degradation of the marine environment due to wastewater discharges and
algae blooms is causing a significant increase in animal and human mortality. In this article,
we start with the Gordon-Schaefer model [2, 4] and then propose a simplified version of the
Gordon-Schaefer model with the aim of defining an acceptable harvesting policy that ensures
both the preservation of the exploited species and the sustainability of fishing activity. To do
this, we first assume that harvesting corresponds to a Holling 2 functional response defined
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by A
of the population of fishermen), B denotes the size of the fish population (or biomass), m; is
the coefficient (maximum value) of catch intensity, and Kj is the maximum (optimal) catch
value [5]. Secondly, the mortality of stock B is due to pollution, denoted dyB(S) with dy being
the mortality rate of B due to pollution, and the total cost per unit of effort E is influenced by
pollution, i.e., coE(S) 4 c1 E(S) where ¢; is a disturbance in the unit cost of fishing effort relative
to the reference cost cy. This additional unit cost of effort c; may be due to movements to less
polluted areas and also to the deterioration of fishing gear due to pollution. The model obtained
is

, Where S is the time, E represents fishing effort (or may be considered as the size

S = mB(S)(1— 52h) — Mg — doB(S)

d
d%(sg) — [w m1B(S) E(S) _ CoE(S) _ ClE(S)} (1)

B(S)+K;
0 < B(0) < Ko, E(0) > 0; B,E € C'(]0, +o0[; R ),

a1 is the natural growth rate of stock B, K is the carrying capacity of the aquatic environment,
w is the (constant) unit price at landing, and « is the rigidity parameter measuring the reaction

force of the effort to the perceived rent [4]. We perform a change of variables in order to reduce

the number of parameters. Let t = 1S, u(t) = %i), o(t) = B8 K = %, d= z—?, a= % and

» T Kom’
P = 1o Thus, we have:

P = (1= u(t)) — 2 — d)u(t)
aa(%"jg —1)o(t) 2)
0<u(0) <1, 0v(0) >0, u,v e C(]0,+oo[;R;).

2 Boundedness of solutions

In this section, we give the boundedness conditions for the stock u and fishing effort v in order
to define their limits. Consider the following notation:

e R = {(u,0v) eR*:u >0, v>0}
e int(R%) = {(n,0v) e R*:u >0, v>0},

Lemma 1. The interior int(IR%.) and the boundary 9(R%) of the positive quadrant are respectively
invariant for the system (2).

Proof. By setting

{f1<u<t>,v<t>> = (1—u(t) — 5% — d)u(t)
Folu(t),0(t)) = aal 2L — 1Jo(t).

u(t)+K
and assuming the initial state (#(0),v(0)) is in int(R%) or dR?, then according to the article [5]
(see the proof of the lemma 2.1 [5], we obtain the trajectories (u(t),v(t)) remain in these sets for
allt > 0. O

Theorem 2. The set

1 2
r:{(u,v)e]Ri:ogugl,-ogpaaquvgm}.

is positively invariant.
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Proof.
Let us determine the upper limits of u and v.
According to the first equation of the system (2), we have:

P < a1 - ute),
0<u(0) <1.

and according to [5], we have 0 < u(t) < m,w > 0. Therefore, as t — oo,
0<u(t) <1
The second part, we set Z(t) — aapu(t) = v(t). Then dZEZEt) = zxade;(tt) + dzl(tt)’ thus we have
dZdit) = wapu(1l —u) — aapdu — aav. So diit) = wapu(l —u) —aapdu — aa(Z(t) — aapu(t))
2
then dii” < wapu(l —u+aa) — aaZ(t). Since maxjo<, <1y #(1 —u +aa) < W, then
dz(t) _ p(1+ aa)? . p(1+ aa)?
< — . <
TS 1 waZ(t). Hence limsup, ,  Z(t) < 10
O
3 Points of equilibrium
Theorem 3.
If
d<1, 3)
K
pmy > 1+ — (4)

1—d
are verified, then

1) The system (2) has two trivial equilibrium points: E; = (0,0) and E; = (1 —d,0).
2) The interior equilibrium (bionomic equilibrium according to article [5] of the model 2 is of the form

and vt = (1 —d — u?) (45,

E; = (u},v}), where u) = m

K
mq — 1

: s : : . du
Proof. To determine the equilibrium points, we solve the following equations — = 0 and

dt
(Z = 0. We proceed as follows:
1) Solving “%‘ =0forv=0,and % = 0 for u = 0, we obtain the following equilibrium points
E; = (0,0) and E; = (1 —4d,0).
2) uf #0and v} # 0.
By solving the following system of equations

du; myv;
=1—-u})— £ —d=0,

dt (1—ue) u; + K

dvu; uy
- —1=0,

ar Pk

we obtain LK

* * u
ve:(l_d_ue)( Eml )/
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K .
and d < 1, then u} = and o' = (1—d — u:)(lle+K)

. K
And since pm; > 1+ 14 piy — 1 o

K
are positive. Therefore, under this condition pm; > 1+ 14 the interior equilibrium of

d
model (2) is of the form E3 = (u},v}).

4 Local stability of equilibrium points

In this section, we will define the conditions under which equilibrium points are stable or
unstable.

Theorem 4.
If (4) and the following assumption

1-d>K, (5)
are verified, then

1) E; = (0,0) is unstable.
2) E; = (1—4d,0) is unstable.

1 2K .
3) a)lfp< m—l(l + m) then Ej is stable.
1 2K

) then Ej is unstable.
Proof. Let us determine the Jacobian matrix of the system (2) associated with each equilibrium
point E;, i = 1,2,3. Consider the functional F defined by: F : R> — R?,

(u(t), o(t) — (ﬁﬁﬁégzgm '

where f,(u(t),v(t)) = |1 —d — u(t)) — M] u(t) and fo(u(t), v(t)) = aa {m - 1] o (t).

The Jacobian matrix of F is:

ittt = (31 35)-

where
k) ,
Jin = W zl—d—Zu(t)—m,
L OAG,00) _ mul)
2 do(t) u(t) +K’

I = Ifo(u(t) o(t)) _ = pmKo(t)
ST B CTO R SE
_ofa(u(t),o(t)) [ pmyu(t)

]22—28T—1w [W—l].
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1) For E; = (0,0), the associated Jacobian matrix is

rE)= (1" )

Then the eigenvalues of Jr(E;) are Ay =1 —d and A, = —aa. Since 1 —d > 0, therefore
A1 > 0and A; < 0. Hence E; is an unstable saddle point.
2) For E; = (1 —d,0), the associated Jacobian matrix is

—d
—(1—d) _m(l—d)
E,) = 1-d+K
]F( 2) 1—-4d
0 agZM1=9D g,
1-d+K
So its eigenvalues are: A} = —(1 —d) and A = (xa(M —1).Since1 —d > Kand
& M 2 A-d)+K
pmy > 1+ %, then A} > 0 and A} < 0. Therefore, E; is an unstable saddle point.
_ * %\ us+K * . . ..
3) For E5 = (ue, (1—d-— ”e)(Tl)> where u} = pr— the associated Jacobian matrix is

¢ (Es) = Gz }Z) ,

with
m Ko
=1—d—2uf———°,
Jn e (u + K)?
Tip = — myu,
12 us + K’

pm1Ko;
Jo1 = aa;————55,

(ug +K)?
J2 = 0.

The characteristic polynomial of Jr(E3) is P(X) = X? — tr(Jr(E3))X + det(Jr(E3)), with
tr(Jr(Es)) = Ji1 and det(Jr(E3)) = —Ja1]12- Let A] and A be solutions of

P(X) = X?— tT(]F(E3))X—|—d€t(]P(E3)) =0. As det(]p(E3)) = —J»1J12 >0, then )LT)\; > 0.
Furthermore, the sign of tr(Jr(Es)), depends on that of J11. As

Ju = ﬁ[—Zuﬁ + (1 —d — K)] and that (M;%K) > 0, ther;(the sign of J1; depends on
Ci(u}) = —2u + (1 — d — K). Furthermore, since u} = p— and 1 —d > K, we can
=

deduce that for

1 2K
(14—
R L g
have negative real parts. Hence, E3 is stable.
by po Lis 2K
PV T12d=K

have positive real parts. Hence, E3 is unstable.

), We have C(u) < 0, s0 tr(Jr(E3)) < 0, i.e., the eigenvalues
), We have Cy(u}) > 0,s0 tr(Jp(E3)) > 0, i.e., the eigenvalues

1 2K
Remark 5. As for the value p = —(

- 1+ m), there is a change in stability.
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5 Global stability

In this section, we determine the conditions ensuring global stability of the interior equilibrium
using the Lyapunov functional.

Theorem 6. If
1—d—u;

< <1, (6)

then Ej is globally asymptotically stable.

Proof. The proof of the theorem is based on the Lyapunov function. Let V; : R*? — R and
V, : R? — R such as:

Vil,0) = Tifu = — wiln(2)) = Ti [ (1~ L;")d;y

e ug
and
* * v ¢ U;k
Va(u,v) = Tofo — o7 — viln(--)] = T2/ (1-
v

e
where 1 and v depending on ¢, T; and T, positive constants.

av
Let V(u,v) = Vi (u,v) + Va(u,v) and proceed to calculate

av . dV1 de . dV1 du de do
Wehave o = v 3 @@t T a ar

According to the system (2), we obtain

u mqo
—=(1-d—u-— ,
. ( u u+K)
0 pmiu

- = —-1).

v M(u—i—K )

Furthermore, taking into account the interior equilibrium point E3 = (u}, v}), we obtain:

1—d=u}+ u?l-:-)eK and 1 = Z;i—lkuli Thus, we have
i . myv; o mo
u (u€+u§+K " u+K)’
4 _ pmiu pmiu;
v M(u—l—K u;f—l—K)'
dv mqo¥ Mo aapm K(u — u})
Th h ] T — )= _ ¥k e T ok e
enwehave (o =g )= (u u3)+u§+K u+K]+ 2(0 Z)E)[(u—FK)(uj%—K)]'
. av 1—d—u; . my aapK . .
implies that - = Ty[—1+ ~ =] (1 — w2 T > _T_K](v — o) (u—ud),
. K
* * ; +K . * __
because v} = (1 —d —u})(“ o). Furthermore, since u; = o =1 we have
av 1—d—u; . my my —1 . . ,
T T[-1+ (uTK)E](u —u)?+ ” —I—K[_Tl + Tzoca(pTl)](v —vi)(u—u}). Let's
1—d—u} av
take Ty =1land Tp = L, and since ST e < 1, then we have — < 0. Hence E;
aa(pmy — 1) K dt

is globally asymptotically stable. O
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5.1 Simulations

In this subsection, we numerically analyze the impact of the unit price/unit cost ratio of fishing
effort (p = w/(co + ¢1)) on model stability by analyzing the Hopf bifurcation. Thus, we
construct the trajectories of the stock u and fishing effort v on the one hand, and on the other
hand, a phase portrait defining the evolution curve of fishing effort relative to biomass before
and after a critical threshold of the bifurcation parameter. All these curves are constructed by
simulating, using Scilab codes of the Runge-Kutta order 4 (RK4) codes, the data in table 1 over
a period ty = 100. The discretization step used is h = 1/2L where L.=11.2500 is an estimate of
the Lipschitz constant of the model studied. This gives us the figures below: (See Figure 1 and
Figure 2)

Table 1: Data.

d K a % my
025 025 4 09375 3.000

5.1.1 Stability of interior equilibrium E; = (0.5000, 0.0625)

For p = 0.5, which is less than the critical threshold p. = 0.6667, we obtain the following figure:

Evolution of populations u and v

e
3

Portrait de phase
T T

Fish stock (u)
Effort (v)

-
T

Traj. 1C(0.2, 0.2)

©  Conditions initiales
Traj. 1C(0.33, 0.5)
©  Conditions initiales
Traj. 1C(0.4, 0.4)

©  Conditions initiales
Traj. 1C(0.9, 0.15)
©  Conditions initiales

o

o
o
©

=
o
o
©
T

o
3

o

'S
o
o

T

c
] —
g % Traj. 1C(0.75, 0)
=% s 05 ©  Conditions initiales
fo3 ﬁ X Eq. trivial
0.4 X Eg. sans prédateur
X Eq. intérieur
0.2 03
0.2
01
0.1F
. . . . . . . m\ L I
0 20 40 60 80 100 120 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Time Biomasse (u)

Figure 1: The trajectories of the exploited resource u and effort v over time t, and the phase portrait, for
p=0.5.

5.1.2 Instability of interior equilibrium E3 = (0.2000,0.0825)

For p = 0.75, which is greater than the critical threshold p. = 0.6667, we obtain the following
figure:
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Evolution of populations u and v

Fish stock (u)

Portrait de phase
0.45 [ Effort (v) I I

Traj. 1C(0.2, 0.2)
09 ©  Conditions initiales
Traj. 1C(0.33, 0.5)
©  Conditions initiales
Traj. 1C(0.4, 0.4)

©  Conditions initiales
Traj. 1C(0.9, 0.15)
©  Conditions initiales
Traj. 1C(0.75, 0)
Conditions initiales
Eq. trivial

Eq. sans prédateur
Eq. intérieur

Population

0 20 40 60 80 100 120 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Time Biomasse (u)

Figure 2: The trajectories of the exploited resource u and effort v over time t, and the phase portrait, for
p = 0.75.

5.1.3 Interpretation

According to Figures (1) and (2), we observe that for p < 0.6667, in other words, when the
unit price at landing is less than the product of 0.6667 and the unit cost of fishing effort
(w < 0.6667 * (co + ¢1)), then the fish stock resource and fishing effort converge towards their
steady states, hence E3 = (0.5000, 0.0625) is stable. Now, if we keep the other parameters fixed
and gradually increase the value of p, using Theorem 4., we obtain a critical value of p equal to
0.6667 where a Hopf bifurcation occurs. Furthermore, for p > 0.6667, the positive equilibrium
E; = (0.2000, 0.0825) is unstable and we have a limit cycle.

6 Static Optimization

In this subsection, we will determine the maximum sustainable yield (MSY) and maximum
economic yield (MEY) when ‘fi—”t’ = 0. In MSY and MEY, we will determine the stock level
and fishing effort in order to deduce yield and profit. These MSY and MEY thresholds enable
fisheries management policy to set the total allowable catch (TAC) over a given period, in order
to ensure the sustainability of fishing activity.

Theorem 7. If condition (4) is verified, then

1) The maximum sustainable yield of stock u is

1—d)?
HMsyzi( 1 ),

! ; d and fishing effort vysy = (1 —d — uMsy)(uMSnYii—i_K).
1

2) the maximum economic profit at equilibrium for stock u is

where stock upgy =

pmiuMEY

—1lv
upmey +K Jomey

TTMEY = ﬂ[

where the stock value is uppy = (1= 021)(;;:11 _11)) + K, and the fishing effort is vypy =
L

(ML)

(1 — d — UMEY
mq
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Proof. 1) Determining the maximum sustainable yield (MSY) is equivalent to determining

the maximum possible harvest while maintaining the stock at equilibrium, i.e., — = 0.

dt
mqo myou
Have - = 1—d—u-— = =1—d—ulu.
ave 0= d—u iKY 0:>u—|—K 1—d—uju
Let H(u) = 21_1:); = [1 —d — u] u be the yield. Then the problem is as follows
‘ Max{ogugl}H(u),
Find upsy € [0,1] such that : du
s.c — = 0.
dt
H 1—d
The derivative of H is diu) =1—d—2u(t) and it is zero for u = — Furthermore,
d*H 1—d
du(zu) = —2 < 0, so we can deduce that for upgy = 5 and
K 1—d)?
opmsy = (1—d — uMsy)(%), the maximum production is Hyssy = ( 2 )

2) Determine the maximum economic profit at equilibrium for stock u (MEY), i.e., maximize
net profit while maintaining stock at equilibrium.

du M10 myou

Si —=0=|1-d—u-— u=0=
T u+K u+K
u+ K

=0 =(1-d-
o= (1-d-uw®?!
replacing v with its expression in I'l, we obtain

mt(u) :apu(l—d—u)—a(l—d—u)(u+K
mq

=[1—-d—uju
pmyu
u+K

). Let’s set the net profit IT(u,v) = a] —1Jv. And by

). Then the problem is as follows:

. M”x{ogugl}ﬂ(“)z
Find upgpy € [0,1] such that : du
s.c— =0.
dt
L . dr(u) a .
The derivative of 7 is = m—[2(1 —pm)u+ ((1 —d)(pm; — 1) + K)] and it is zero
1
_ (1-d)(pm —1)+K d*re(u) B
foru = 2(pmy —1) . Furthermore, R 2a(1— pmy) < 0because pmy > 1,

so we can deduce that for uypy =

7

(1—d)(pm; —1) +K upmey + K
and v =1-d—-u _

2(pm1 — 1) MEY ( MEY)( o )
pmiuUpMEyY

the maximum profit is 7t =a
P MEY [uMEY +K

— 1]UMEy.

6.1 Numerical result

The following table:

Table 2: Data.

d K a o my P
025 025 4 09375 3.000 05

verifies the stability of the interior equilibrium and the instability of trivial equilibrium points.
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But here, it is used because it verifies condition (4) of theorem 7, and allows us to numerically
calculate the profit, the production, the stock, and the fishing effort in MSY, MEY, and open
access (OA). Indeed, in MSY we have production H)ysy equal to 0.1406, for a stock level sy
equal to 0.3750 and a fishing effort vj5y equal to 0.0781. Next, in MEY we have profit 7ppy
equal to 0.0026, for a stock level uypy equal to 0.6250 and effort vy ry equal to 0.0365. Finally,
in the so-called open access (OA) situation, which translates into the interior equilibrium
E; = (0.5000,0.0625), we have the fisherman'’s profit canceled out, i.e., Tp= 0, for a stock level
upa of 0.5000 and a fishing effort vp4 equal to 0.0625.

7 Optimal harvesting policy

The challenge of fisheries management is to find a balance between the quantity of fish caught
and the revenues and costs associated with this activity, so that fishing is profitable but sustain-
able. With this in mind, we consider ¢ as the period during which the activity is carried out
and U as the set of admissible capture strategies defined by

{my 2 [0;tf] = [M1min; M1max], Lebesgue measurable}. And our control problem is given by:

max J(my) —max/gtuvml
miel miel

db:lgt) = |1—u(t)— TZEE;)_Z;(I? — d} u(t), (7)
(S.C) dL(f) — aa {pml(t)u(t) -1 U(t)
dt u(t) +K ’

u(0) >0, v(0) =0, u(ts) > uoa, 0 <ov(ty) <1

with
prma (t)u(t) st
t/ Yy = N 1 t s
o o(t,u,v,m) a[u(t)+1< v(t)e
e J > 0: the discount rate,
e J: the present value (in continuous time) of the total net income.

mi (£)o(t)
1— 7 7

filt,w,o,my)\ _ (1—u(t) - u(t) + K —dJut)

= . As for the
fQ(t,u,U,m1) lXﬂ(pml( ) (t) —1)U(t)

u(t) +K

existence of optimal control, we rely on the proposition, which is an example of a result drawn
from [3].

Let us set F(t,u,v,my) = <

7.1 Existence of optimal control

In this subsection, we rely on proposition 7.1 and remark 7.2 of the article [5] to prove the
existence of optimal control.

Proposition 8. Problem (7) admits an optimal control mys that maximizes the objective function J.

Proof.  1- Let us show that g is concave with respect to m;.
pm(u(t)
u(t) + K
with respect to m; and therefore g is concave.
2- Let us show that F(t,u,v,my) = R(t,u,v) + B(t,u,v)my,

g(t,u,0,m) = m(t,u,v,m)e " = a [ ] o(t)e%, implies that g is affine
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o(t)u(t)
_ (X —u(t) —d)u(t) | K
where R(t,u,v) = ( Li(xav(t) ) and B(t,u,0) = aa;lt(,t()t)—;(t)
u(t) +K
We have (H)o()
(1= u(t) - ST — dyu)
F(t,u,v,mp) = pmy (t )(t()t;PK =
aa( MOEN —1)o(t)
(T—u(t) —d)u(t) i
Lo — —u(t) —d)u(t - u(t) +K
Fitom) = (47100 ) +mo) | aaptioty
u(t) +K

3- Let us show that |f1(t,u,v,my)| < C1(1+ |u(t)| + |v(t)| + |m1(t)]) and

ot 1, 0,m1)| < Ca(1+ [u(t)| + [0(t)] + [ma(£)]) where C; = max{l,%}

and C; = ocmax{%; a}. On the one hand, we have
m (t)o(t)

|f(t,u,0,mp)| = |(1—u(t) — MOEY —d)u(t)|, and since
u(t) <1, then |fi(t,u,v,m)| < |14+ u(t)+ TZ%S)_Z;(I?‘ Furthermore, v(t) < 1, and we

have
|fi(tw,0,my)| <1+ [u(t)| + (o)) + [m1 (1)) < C1(1+ [u(t)] + [o(t)] + [mi(2)]).

On the other hand, we have \fz(t, u,v,m)| < |M(pm(1t()i—(1<> +1)|, and since v(t) < 1,

then |f2(t,u,v,m1)| < Co(1 + [my(£)| + [o(t)] + [u(t)]).

4- Let us show that f; and f, are Lipschitz with respect to u and v. Let (u,v,u’,v') € T*.

On the one hand,

it 0,m) = fit o m)| = |(—u(t) - m??ﬁ? (—u'(t) - ?Sf“hn
ml(t)

implies that | f1(t,u,v,m1) — f1(t, 0/, 0", my)| < |(u'(t) —u(t)| + X |0’ (t) — o(t)]
implies that

|fi(tu,0,m) = fu(t ', o', my) ] < Ga([(/(8) — u(t)] + [0'(8) — o(£)) (1 + ma(t)), with
Cs = max{1; %} On the other hand,

o(t) _ pma(t)u'(t)o/'(t)
) K+u'(t)
|fa(t, u,0,my) — fo(t,u',v',my)| < v(t) —u'(t)0'(t)| implies that
|fat,u,0,my) = fot, 0,0, ma)| < Cafu(t) — ' (8)] + [o(t) — ' (£)])(1 4 my(t)), with
Cy = max{1; ocIan}‘

it ) — ot )| = PP

(
wpam (1)
Rty

| implies that

5- Let us consider G(t,u,v,my) = g(t,u,v,my) + Cém%(t) and a constant C¢ > 0. Since u and

v are bounded, we have G(t,u,v,m1) < H(my(t)) = Cem3(t) + Mpvmaxml(t) — XAVmax-

Furthermore, the polynomial H has bounds H(m;, ) and H(m,,, ), and since H is in-
creasing on [my_, ,m1, |, then H(my(t)) < Cs = H(my,, ). Therefore, G(t,u,v,m;) < Cs
implies that ¢(t,u,v,m;) < Cs — Cem3(t).

Then there is an optimal control m7; that maximises the objective function J. O


https://ejamjournal.com/

Fishery model influenced by pollution ... Josué Carlos Israél OULALI et al. \ 31

7.1.1 Optimal Control Characterization

We are now focusing on the characterization of the optimal control for the system (2) that we
have previously demonstrated exists. The maximum of Pontryagin principle is used to define
the necessary optimality conditions.

Proposition 9. So, my is an optimal control associated with an optimal state Eqpy = (uopt, vopt).Therefore,
there are two adjoint functions, denoted by y1 and vy, which are defined on the interval [to, ts] and
correspond to the real numbers.

1) a)
A - Ko, Ko, Koopt1
T = —lae S ) (1 2 — N — d) e ), it
’)q(tf) =0.
d')’Z st PM1Uopt M Uopt pmiiUopt
b) = —[ae ("2 —1) — 1 ——= + maa(—F —1)],
dt [ uopt + K ) n uopt + K 7 (uopt + K )]

with ’Yz(tf) =0.
2) According to Pontryagin's maximum principle, the optimal control must satisfy the following
optimality condition:

M1max, lf (P(t) > 0,
mis = { Mimin < M5 < Mimax, if (P(t) =0,
Mimin, if (P(t) < O'

where ¢ is the switching function defined by ¢(t) = ape™" — v1(t) + aapya(t).

Proof.
Let (u,v) € I, m; € U and (71, 72) be the adjoint variables where ;(tf) = 0,Vi € {0;1}. The
Hamiltonian associated with problem (7) is defined by:

H = gt u,0,m) + 111 — () — 2O ) 4 paaPTORE gy

u(t) +K u(t) +K
First, we have 7Il<: T —$|Em = . .
e PR Koo aapmn Koo
T1 [ (uopt ¥+ K)Z) ’)/1( opt (uopt n K)2 ) Y2 (uopt ¥ K)2 ] W1
'yl(tf) =0.
I;Iext, we have d;tz = —%7: |E, , implies that
72 _st, PMilopt miUopt pmilopt . .
—= = — 1) -y ——— + aa(————=—= —1)|, with t¢) = 0. Finally, the
T [ oyt + K ) 71u0,,t+1< 72 (uopt+1< ) Y2(tf) Y,
o e OH st uv oH B
optimality condition is o (ape 7+ 'yzzxap)m. At E,pt, we have M‘ E, = 0,and
we obtain the switching function ¢ defined by
¢(t) = ape™®" — 1 (t) + aapya(t). O

7.2 Numerical simulation

In order to numerically justify the existence of an optimal control related to the variation of
the maximum catch intensity m; € [1;5], maximizing the total profit of the fishing activity, we
consider the data in table 3 which ensure the existence of a single unstable interior equilibrium
E3. The search for optimal control will be done through the forward-backward scan method with
a relaxation B = 0.5 and a convergence tolerance (threshold) of 1071°. As for the construction
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of controlled and uncontrolled trajectories of stock and fishing effort, we use the RK4 method
with a time step of h = 0.05 and the number of steps N = 1000, 1o = 0.4 and vy = 0.05.

Table 3: Données

d K 6 a o p  m
025 025 005 35 015 075 3

Then we obtain four figures, of which

¢ The curve in blue represents the evolution of stock u with respect to time t.

* The curve in red represents the evolution of fishing effort v with respect to time t.

* The curve in green represents the evolution of the m; control with respect to time t.
¢ The black curve represents the evolution of the | control.

0.4

T T
v(t) with control
= = = v(t) no control

T T T
u(t) with control
= = = u(t) no control |4
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-3
55 - - - - - - - - - 12 <207
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45}
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35
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£ 3 -
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25
2r 2
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1k
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Time Iteration

Figure 3: Evolution of u, v, my, and J.

7.3 Interpretation

For a maximum catch intensity m; = 3, we have the internal equilibrium Ez with a fishing effort
of v =0.0825 and the stock level of u =0.2000. This E3 equilibrium is indeed the equilibrium of
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free access because in this equilibrium the marginal profit of the fishery is zero. After control,
we obtain the optimal value of the maximum catch intensity given by m5; = 2.6770. For this
control my5, we obtain an effort level of 0.0934 and a stock level equal to 0.2481. Furthermore,
the final value of | obtained for m,5 equal to 2.6770 is 0.0062076.

8 Conclusion

In this article, we proposed a modified Gordon-Schaefer model by considering the following
aspects: (i) fish stock mortality and the unit cost of effort are influenced by pollution, (ii) pro-
duction is non-linear. We were able to show that the system is uniformly bounded. Next, we
discussed the existence and stability of equilibrium points. Thus, we were able to establish
the existence, under certain conditions, of an attractive basin around a single stable interior
equilibrium, and of a limit cycle when this interior equilibrium is unstable under other condi-
tions. As an illustration (referring to the data table 1), it has been shown that if p is less than
0.6667, then all orbits (#(t), v(t)) converge towards the stable equilibrium E3 = (0.5,0.0625).
Whereas if p is greater than of 0.6667, then a limit cycle occurs around the unstable equilibrium
E; = (0.2000, 0.0825). Finally, on the static optimization front, we determined the maximum
production at equilibrium and the maximum profit at equilibrium, and deduced the biomass
level and effort level at OA, MSY, and MEY. Then, we focused on dynamic optimization,
showing the existence of the optimal control. Next, using Pontryagin’s maximum principle, we
found the value of the optimal control that maximizes our criterion | analytically, which we
were able to obtain numerically when the interior equilibrium Ej is unstable.
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