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Abstract

This paper presents a mathematical model examining the dynamics of a linked predator-prey system that
incorporates fear. Here, each predator consumes on one prey only and the preys compete. The nature
of predation is of Holling type II. The principal results explore various aspects, including positivity,
boundedness, local and global stability of the coexistence equilibrium point, uniform persistence and
Hopf bifurcation. The numerical simulations support the theoretical findings, offering practical insights
into the model’s behaviour.
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1 Introduction

Mathematical models are developed to investigate the interconnection between species and their
habitats. In particular, predator-prey interaction has received much attention from researchers
for its universal existence. The conventional studies centered on direct effects, namely, direct
killing. This idea has been changed due to an experimental observation [23] on song-sparrows,
which shows that the mere presence of predators may reduce offspring production remarkably.
It was noted that there was a 40% reduction in the number of offspring produced by mature
song-sparrows when there was no direct killing in the experimental layout. This phenomenon
proves the anti-predator defence of the prey. To avoid predator attack, prey choose different anti-
predator policies, for example, producing fewer offspring or departing from the nest, which in
turn reduces the reproduction success of the prey and ultimately diminishes the entire biomass
of prey. Motivated by the above fact, Wang et al. [21] analyzed a predator-prey model that
includes the fear effect. They obtained the criteria for local and global stability of feasible steady
states and Hopf bifurcation. In [22], the authors probed the influence of fear on a predator-prey
model considering stage structure for prey. The impact of fear is examined in a three-species
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food chain model [16]. Rahi and Naji [18] analyzed a model incorporating fear, refuge, and
additional food in a predator-prey system with infection in the predator. They remarked that
refuge and additional food stabilize the system, whereas fear shows opposite effects. The role
of fear and harvesting is investigated in a four-species food web model [19]. They found a
stabilizing effect of fear in the system. Mukherjee [12] discussed the fear effect in the prey-
predator system in the presence of a competitor for the prey. He showed that an increasing
amount of fear reduces the predator density at the coexistence equilibrium point and also
derived the condition for uniform persistence and Hopf bifurcation. There are several works
available on this issue [1, 4, 5, 11, 13, 14, 24]. These studies are confined to two-dimensional
predator-prey models which cannot provide an actual picture and lots of complicated dynamics
can emerge in three or more interacting population systems [10, 20].

Thus, the main aim in this study is the role of fear on two predator-prey pairs linked by inter-
specific competition, where two predators are specialists in nature and their foraging activity
depends on the availability and behaviour of the selected prey. Changes in prey behaviour due
to fear can affect each predator, potentially leading to shifts in predator-prey interactions. The
fear effect can have both stabilizing and destabilizing effects on the system. In some cases, fear
can promote coexistence by reducing the competitive pressure between the prey species. There
is another possibility of oscillation or even extinction of certain species.

The paper is structured as follows. In Section 2, we propose our model. The positivity and
boundedness of solutions of the model are shown in Section 3. We demonstrate some dynamic
properties of model (2) in Section 4. The uniform persistence criterion is derived in Section 5.
Global stability analysis is carried out in Section 6. Hopf bifurcation is discussed in Section 7.
Verification of analytical results through numerical simulations is presented in Section 8. A
brief discussion concludes the paper in Section 9.

The novelty of this paper is the introduction of fear into a two-predator-prey pair connected
by an interspecific competition system. Here, each predator feeds only one prey, and the
predation process follows Holling type II response function, which has a significant implication
for understanding ecological interactions.

2 Formation of model

In [7], the author investigated the following linked predator-prey system where each predator
feeds on one prey only: ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dx1

dt
= x1(R1 − a11x1 − a12x2 − b1y1),

dx2

dt
= x2(R2 − a21x1 − a22x2 − b2y2),

dy1

dt
= y1(−c1 + d1b1x1),

dy2

dt
= y2(−c2 + d2b1x2).

(1)

with xi(0) = xi0 > 0 and yi(0) = yi0 > 0, i = 1, 2.

Here the variables x1 and x2 denote the densities of two competing prey population at time
t, respectively, while y1 and y2 denote that of predator. R1 and R2 are the intrinsic growth rates
of the two prey species, respectively. aii represents the intra-specific competition among the
prey species i. aij measures the action of species j upon the growth rate of species i. b1 and b2
stand for the per capita predator consumption rate. d1 and d2 are the conversion rates of prey
biomass to predator biomass. c1 and c2 are the mortality rates of the two predator, respectively.
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Now, we consider the fear effect on the birth rate of both the prey species. In presence of
predator, the birth rate of prey ri, i = 1, 2, is multiplied by a factor

f (ki, yi) =
1

1 + kiyi
, i = 1, 2,

where ki, i = 1, 2, is the level of fear. The function f (ki, yi), i = 1, 2, has the following properties:

(i) f (0, yi) = 1, i = 1, 2, i.e., in the absence of fear, there is no change of prey species birth
rate.

(ii) f (ki, 0) = 1, i = 1, 2, i.e., in the absence of predation, the birth rate of prey species is not
affected.

(iii) limki→∞ f (ki, yi) = 0, i = 1, 2, i.e., the birth rate of prey species becomes zero when the
level of fear is significantly high.

(iv) limyi→∞ f (ki, yi) = 0, i = 1, 2, i.e., when the number of predators is large, the birth rate of
prey species tends to zero.

(v)
∂

∂ki
f (ki, yi) = − yi

(1 + kiyi)2 < 0, i = 1, 2, i.e., the birth rate of prey decreases due to

increase of the level of fear.
(vi)

∂

∂yi
f (ki, yi) = − ki

(1 + kiyi)2 < 0, i = 1, 2, i.e., the birth rate of prey decreases due to

increase of the predator.

The fear factor is mainly applied to the birth rate because empirical field studies show
that the mere presence of predators forces anti-predator behaviour that significantly reduces
reproduction [23]. Predation process follows Holling type II response function. The model (1)
is transformed to ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dx1

dt
= x1

(︃
r1

1 + k1y1
− p1 − a11x1 − a12x2 −

b1y1

1 + m1x1

)︃
,

dx2

dt
= x2

(︃
r2

1 + k2y2
− p2 − a21x1 − a22x2 −

b2y2

1 + m2x2

)︃
,

dy1

dt
= y1

(︃
−c1 +

d1b1x1

1 + m1x1

)︃
,

dy2

dt
= y2

(︃
−c2 +

d2b2x2

1 + m2x2

)︃
.

(2)

with xi(0) = xi0 > 0 and yi(0) = yi0 > 0, i = 1, 2.

Here r1 and r2 are the birth rate of two competing prey, respectively, while p1 and p2 denote
its death rate. ki, i = 1, 2, are the level of fear and mi, i = 1, 2, are the constant handling time for
each prey captured. Throughout this paper, we assume that ri > pi, i = 1, 2.

3 Positivity and boundedness of solutions

For model validity, we first show positivity and boundedness of solutions of system (2). The
first result concerns positivity.

Lemma 3.1. All solutions (x1(t), x2(t), y1(t), y2(t)) of system (2) with initial values

(x10, x20, y10, y20) ∈ R4
+

remains positive for all t > 0.
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Proof. The positivity of x1(t), x2(t), y1(t), and y2(t) can be confirmed by the equations

x1(t) = x10 exp
{︃∫︂ t

0

[︃
r1

1 + k1y1(s)
− p1 − a11x1(s)− a12x2(s)−

b1y1(s)
1 + m1x1(s)

]︃
ds
}︃

,

x2(t) = x20 exp
{︃∫︂ t

0

[︃
r2

1 + k2y2(s)
− p2 − a21x1(s)− a22x2(s)−

b2y2(s)
1 + m2x2(s)

]︃
ds
}︃

,

y1(t) = y10 exp
{︃∫︂ t)

0

[︃
−c1 +

d1b1x1(s)
1 + m1x1(s)

]︃
ds
}︃

,

y2(t) = y20 exp
{︃∫︂ t

0

[︃
−c2 +

d2b2x2(s)
1 + m2x2(s)

]︃
ds
}︃

.

with x10, x20, y10, y20 > 0. As x10 > 0, then x1(t) > 0 for all t > 0. The same argument is valid for
component x2(t), y1(t) and y2(t). Hence the interior of R4

+ is an invariant set of system (2).

Lemma 3.2. All the solutions of system (2) will remain in the region

D =

{︃
(x1, x2, y1, y2) ∈ R4

+ : 0 ≤ x1 + x2 +
y1

d1
+

y2

d2
≤ M

}︃
,

where

M =
(r1 − p1 + λ)2

4a11
+

(r2 − p2 + λ)2

4a22
,

as t → ∞ for all positive initial values

(x10, x20, y10, y20) ∈ R4
+,

and λ < min{c1, c2}.

Proof. Let us choose the function

Q(t) = x1 + x2 +
y1

d1
+

y2

d2
.

The time derivative along a solution of (2) is

dQ(t)
dt

= x1

(︃
r1

1 + k1y1
− p1 − a11x1 − a12x2

)︃
+ x2

(︃
r2

1 + k2y2
− p2 − a21x1 − a22x2

)︃
− c1y1

d1
− c2y2

d2
.

For each λ > 0, the following inequality is satisfied:

dQ
dt

+ λQ ≤ x1

(︃
r1

1 + k1y1
− p1 − a11x1 + λ

)︃
+ x2

(︃
r2

1 + k2y2
− p2 − a22x2 + λ

)︃
− (λ − c1)y1

d1
− (λ − c2)y2

d2
. (3)

Now choose λ such that λ < min{c1, c2}. Thus (3) can be written as

dQ
dt

+ λQ ≤ (r1 − p1 + λ)2

4a11
+

(r2 − p2 + λ)2

4a22
.

By using the comparison theorem [2], we get

0 ≤ Q(x1(t), x2(t), y1(t), y2(t)) ≤
(r1 − p1 + λ)2

4a11
+

(r2 − p2 + λ)2

4a22
+

Q(x10, x20, y10, y20)

eλt .

Taking limit when t → ∞, we have 0 < Q(t) ≤ M. Hence system (2) is bounded.
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4 Existence of equilibria and stability analysis

Evidently, system (2) has eight non-negative equilibrium points. The population free equilib-
rium point is

E0 = (0, 0, 0, 0).

The predator free equilibrium points are

E1 =

(︃
r1 − p1

a11
, 0, 0, 0

)︃
, E2 =

(︃
0,

r2 − p2

a22
, 0, 0

)︃
.

Here E0 always exists. E1 and E2 exist by the assumption.

If either
a11

a21
>

r1 − p1

r2 − p2
>

a12

a22
or

a11

a21
<

r1 − p1

r2 − p2
<

a12

a22
,

then there exists an unique equilibrium point

E12(x̄1, x̄2, 0, 0)

in the x1-x2 plane where

x̄1 =
(r1 − p1)a22 − (r2 − p2)a12

a11a22 − a12a21
and x̄2 =

(r2 − p2)a11 − (r1 − p1)a21

a11a22 − a12a21
.

There exists an equilibrium point

E13(x̂1, 0, ŷ1, 0)

in the x1-y1 plane where

x̂1 =
c1

d1b1 − c1m1

and ŷ1 is the positive root of the equation

b1k1y2
1 + {b1 + k1(1 + m1 x̂1)(p1 + a11 x̂1)}y1 + (1 + m1 x̂1)(p1 − r1 + a11 x̂1) = 0

provided that d1b1 > c1m1 and r1 > p1 + a11 x̂1.

There exists an equilibrium point

E24(0, x̃2, 0, ỹ2)

in the x2-y2 plane where

x̃2 =
c2

d2b2 − c2m2

and ỹ2 is the positive root of the equation

b2k2y2
2 + {b2 + k2(1 + m2 x̃2)(p2 + a22 x̃2)}y2 + (1 + m2 x̃2)(p2 − r2 + a22 x̃2) = 0

provided that d2b2 > c2m2 and r2 > p2 + a22 x̃2.

There exists an equilibrium point

E123(x́1, x́2, ý1, 0)

in the x1-x2-y1 surface where

x́1 =
c1

d1b1 − c1m1
, x́2 =

r2 − p2 − a21 x́1

a22
,
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and ý1 is the positive root of the equation

b1k1y2
1 + {b1 + k1(1 + m1 x́1)(p1 + a11 x́1 + a12 x́2)}y1 + (1 + m1 x́1)(p1 − r1 + a11 x́1 + a12 x́2) = 0

provided that d1b1 > c1m1, r2 > p2 + a21 x́1 and r1 > p1 + a11 x́1 + a12 x́2.

There exists an equilibrium point

E124(x̀1, x̀2, 0, ỳ2)

in the x1-x2-y2 surface where

x̀2 =
c2

d2b2 − c2m2
, x̀1 =

r1 − p1 − a12 x̀2

a11
,

and ỳ2 is the positive root of the equation

b2k2y2
2 + {b2 + k2(1 + m2 x̀2)(p2 + a21 x̀1 + a22 x̀2)}y2 + (1 + m2 x̀2)(p2 − r2 + a21 x̀1 + a22 x̀2) = 0

provided that d2b2 > c2m2, r1 > p1 + a12 x̀2 and r2 > p2 + a21 x̀1 + a22 x̀2.

Now we examine the existence of coexistence equilibrium point

E∗(x∗1 , x∗2 , y∗1 , y∗2).

Clearly,

x∗1 =
c1

d1b1 − c1m1
and x∗2 =

c2

d2b2 − c2m2
. (4)

y∗1 is the positive root of the equation

b1k1y2
1 + {b1 + k1(1 + m1x∗1)(p1 + a11x∗1 + a12x∗2)}y1 + (1 + m1x∗1)(p1 − r1 + a11x∗1 + a12x∗2) = 0

and y∗2 is the positive root of the equation

b2k2y2
2 + {b2 + k2(1 + m2x∗2)(p2 + a21x∗1 + a22x∗2)}y2 + (1 + m2x∗2)(p2 − r2 + a21x∗1 + a22x∗2) = 0.

From the above analysis, we have the following lemma.

Lemma 4.1. If dibi > cimi, i = 1, 2, r1 > p1 + a11x∗1 + a12x∗2 and r2 > p2 + a21x∗1 + a22x∗2 where x∗1
and x∗2 are defined by (4), then E∗ exists and is unique.

Stability analysis

The local stability properties of the equilibrium points can be examined through the Jacobian
matrix around the each equilibrium point. Clearly, E0 is unstable.

E1 is locally stable if

a11(r2 − p2)− a21(r1 − p1) < 0 and − c1 +
d1b1(r1 − p1)

a11 + m1(r1 − p1)
< 0.

E2 is locally stable if

a22(r1 − p1)− a12(r2 − p2) < 0 and − c2 +
d2b2(r2 − p2)

a22 + m2(r2 − p2)
< 0.

E12 is locally stable if

a11a22 > a12a21 and − ci +
dibi x̄i

1 + mi x̄i
for i = 1, 2.

https://ejamjournal.com/
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E13 is locally stable if

a11 >
b1m1ŷ1

(1 + m1 x̂1)2 and r2 < p2 + a21 x̂1.

E24 is locally stable if

a22 >
b2m2ỹ2

(1 + m2 x̃2)2 and r1 < p1 + a12 x̃2.

and h + σȳ > cqx̄
1+nx̄ . E3 is locally stable if

βx̂ + µẑ >
qx̂ẑn

(1 + nx̂)2 and d + ρẑ >
bpx̂

1 + mx̂
.

E123 is locally stable if

a11a22 > a12a21 and c2 >
d2b2 x́2

1 + m2 x́2
.

E124 is locally stable if

a11a22 > a12a21 and c1 >
d1b1 x̀1

1 + m1 x̀1
.

To discuss the nature of the coexistence equilibrium point E∗, we find out the characteristic
equation at E∗ which is given below:

λ4 + a1λ3 + a2λ2 + a3λ + a4 = 0. (5)

where

a1 = x∗1

(︃
a11 −

b1m1y∗1
(1 + m1x∗1)2

)︃
+ x∗2

(︃
a22 −

b2m2y∗2
(1 + m2x∗2)2

)︃
,

a2 = x∗1 x∗2

(︃
a11 −

b1m1y∗1
(1 + m1x∗1)2

)︃(︃
a22 −

b2m2y∗2
(1 + m2x∗2)2

)︃
+

x∗1y∗1d1b1

(1 + m1x∗1)2

{︃
r1k1

(1 + k1y∗1)2 +
b1

1 + m1x∗1

}︃
+

x∗2y∗2d2b2

(1 + m2x∗2)2

{︃
r2k2

(1 + k2y∗2)2 +
b2

1 + m2x∗2

}︃
+ a12a21x∗1 x∗2 ,

a3 =
x∗1 x∗2y∗1d1b1

(1 + m1x∗1)2

{︃
r1k1

(1 + k1y∗1)2 +
b1

1 + m1x∗1

}︃{︃
a22 −

b2m2y∗2
(1 + m2x∗2)2

}︃
+

x∗1 x∗2y∗2d2b2

(1 + m2x∗2)2

{︃
r2k2

(1 + k2y∗)2 +
b2

1 + m2x∗2

}︃{︃
a11 −

b1m1y∗1
(1 + m1x∗1)2

}︃
,

a4 =
x∗1 x∗2y∗1y∗2d1d2b1b2

(1 + m1x∗1)2(1 + m2x∗2)2

{︃
r1k1

(1 + k1y∗1)2 +
b1

1 + m1x∗1

}︃{︃
r2k2

(1 + k2y∗2)2 +
b2

1 + m2x∗2

}︃
.

From Routh Hurwitz criterion, we can say that

E∗ = (x∗1 , x∗2 , y∗1 , y∗2)

is locally asymptotically stable if the following conditions are satisfied:

a1 > 0, a3 > 0, a4 > 0, and a1a2a3 > a2
3 + a2

1a4. (6)
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5 Uniform persistence

If there exists a compact set

K ⊂ G = {(x1, x2, y1, y2) : xi, yi > 0, i = 1, 2}

where all solutions of system (2) lie, then system (2) is said to be uniformly persistent.

We now state a result guaranteeing uniform persistence of system (2).

Theorem 5.1. Suppose E12, E13, E24, E123 and E124 exist. Further suppose that there there are no closed
orbits around the boundary equilibrium points. If

r1 > p1 + max
{︃

a12(r2 − p2)

a22
, a12 x̃2

}︃
,

r2 > p2 + max
{︃

a21(r1 − p1)

a11
, a21 x̂1

}︃
,

−ci +
dibi x̄i

1 + mi x̄i
> 0, i = 1, 2,

−c2 +
d2b2 x́2

1 + m2 x́2
> 0 and − c1 +

d1b1 x̀1

1 + m1 x̀1
> 0,

then system (2) is uniformly persistent.

Proof. We now prove the theorem along the lines discussed in [6]. Let us take the average
Lyapunov function in the form

ρ(x) = xα1
1 xα2

2 yβ1
1 yβ2

2 , αi, βi > 0, i = 1, 2.

In the interior of R4
+, one has

1
ρ(x)

dρ(x)
dt

= h(x)

=
α1

x1

dx1

dt
+

α2

x2

dx2

dt
+

β1

y1

dy1

dt
+

β2

y2

dy2

dt

= α1

(︃
r1

1 + k1y1
− p1 − a11x1 − a12x2 −

b1y1

1 + m1x1

)︃
+ α2

(︃
r2

1 + k2y2
− p2 − a21x1 − a22x2 −

b2y2

1 + m2x2

)︃
+ β1

(︃
−c1 +

d1b1x1

1 + m1x1

)︃
+ β2

(︃
−c2 +

d2b2x2

1 + m2x2

)︃
.

We have to show h(x) > 0 for all x ∈ R4
+, for a suitable choice of αi, βi > 0, i = 1, 2, to prove

uniform persistence of system (2). Thus it is reasonable to check the following inequalities to
the boundary steady states E0, E1, E2, E12, E13, E24, E123 and E124:

E0 : α1(r1 − p1) + α2(r2 − p2)− β1c1 − β2c2, (7)

E1 : α2

(︃
r2 − p2 −

a21(r1 − p1)

a11

)︃
− β2c2 + β1

(︃
−c1 +

d1b1(r1 − p1)

a11 + m1(r1 − p1)

)︃
, (8)

E2 : α1

(︃
r1 − p1 −

a12(r2 − p2)

a22

)︃
− β1c1 + β2

(︃
−c2 +

d2b2(r2 − p2)

a22 + m2(r2 − p2)

)︃
, (9)

https://ejamjournal.com/
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E12 : β1

(︃
−c1 +

d1b1 x̄1

1 + m1 x̄1

)︃
+ β2

(︃
−c2 +

d2b2 x̄2

1 + m2 x̄

)︃
, (10)

E13 : α2(r2 − p2 − a21 x̂1)− β2c2, (11)
E24 : α1(r1 − p1 − a12 x̃2)− β1c1, (12)

E123 : β2

(︃
−c2 +

d2b2 x́2

1 + m2 x́2

)︃
, (13)

E124 : β1

(︃
−c1 +

d1b1 x̀1

1 + m1 x̀1

)︃
. (14)

Positivity of (7)–(14) follow by the assumptions of the theorem along with the specific choice of
α1 and α2.

Remark 5.2. System (2) is uniformly persistent under the assumptions of Theorem 5.1. Now
we conclude that there exist a time T such that

x1(t), x2(t), y1(t), y2(t) > c, 0 < c <
r1 − p1

a11
,

for t > T.

6 Global stability

We have already mentioned the the condition for local stability of the positive equilibrium
point. Our main investigation in this section whether this positive equilibrium point is globally
stable or not. To find a positive answer, we generally find a Lyapunov function. Sometimes it is
very difficult to prescribe a suitable Lyapunov function. To overcome this situation, we use the
technique developed in [8] and is stated below.

Let H ⊂ Rn be an open set and G ∈ C1. Consider the system

dX
dt

= G(X). (15)

Using the method explained in [8], it is sufficient to established that the second compound
equation

dU
dt

=
∂G[2]

∂X
(X(t, X0))U(t) (16)

with respect to a solution X(t, X0) of system (15) is equi-uniformly stable, namely, for each
X0 ∈ D, system (16) is uniformly asymptotically stable and the exponential decay rate is
uniform for X0 in each compact subset of H where H ⊂ Rn is an open connected set. Here ∂G[2]

∂X
is the second additive compound matrix of the Jacobian matrix ∂G

∂X . It is an(︃
n
2

)︃
×

(︃
n
2

)︃
matrix and then (16) is a linear system of dimension (n

2) (see [3, 8]). For a general 4 × 4 matrix

M =

⎛⎜⎜⎝
m11 m12 m13 m14
m21 m22 m23 m24
m31 m32 m33 m34
m41 m42 m43 m44

⎞⎟⎟⎠ ,
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its compound matrix M[2] is

M[2] =

⎛⎜⎜⎜⎜⎜⎜⎝

m11 + m22 m23 m24 −m13 −m14 0
m32 m11 + m33 m34 m12 0 −m14
m42 m43 m11 + m44 0 m12 m13
−m31 m21 0 m22 + m33 m34 −m24
−m41 0 m21 m43 m22 + m44 m23

0 −m41 m31 −m42 m32 m33 + m44

⎞⎟⎟⎟⎟⎟⎟⎠ . (17)

We now use the following proposition to prove the global stability of the positive equilibrium
point of system (2).

Proposition 6.1. Let H ⊂ Rn be simply connected region. Suppose that system (16) is equi-uniformly
asymptotically stable. Then

(i) H contains no simple closed invariant curves including periodic orbits, homoclinic orbits, hetero-
clinic cycles;

(ii) each semi-orbit in H converges to a single equilibrium point.

In particular, if H is positively invariant and contains an unique equilibrium X∗, then X∗ is globally
asymptotically stable in H.

By choosing an appropriate Lyapunov function, we can show equi-uniform asymptotic
stability of system (16). Suppose there exists a function V(U) such that dV(U)/dt(16) is negative
definite and V and dV(U)/dt(16) are independent of X0.

We require the following hypothesis to examine the global stability of the interior equilib-
rium point E∗:

(H1) : There exist positive numbers σ, η, α, β, γ such that

max

⎧⎪⎪⎨⎪⎪⎩
c11 +

c13σ

α
+

c14σ

β
, c22 +

c24η

β
,

c31α

σ
+ c33 +

c35α

γ
+ c36α,

c41β

σ
+

c42β

η
+ c44 + c46β,

γ

α
c53 + c55,

c63

α
+

c64

β
+ c66

⎫⎪⎪⎬⎪⎪⎭ < 0.

(H2) : Suppose all the assumptions of Theorem 5.1 be hold.

We denote
X = (x1, x2, y1, y2)

T

and

G(X) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

x1

(︃
r1

1 + k1y1
− p1 − a11x1 − a12x2 −

b1y1

1 + m1x1

)︃
x2

(︃
r2

1 + k2y2
− p2 − a21x1 − a22x2 −

b2y2

1 + m2x2

)︃
y1

(︃
−c1 +

d1b1x1

1 + m1x1

)︃
y2

(︃
−c2 +

d2b2x2

1 + m2x2

)︃

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

and by (17),

∂G[2]

∂X
=

⎛⎜⎜⎜⎜⎜⎜⎝

n11 n12 n13 n14 n15 n16
n21 n22 n23 n24 n25 n26
n31 n32 n33 n34 n35 n36
n41 n42 n43 m44 n45 n46
n51 n52 n53 n54 n55 n56
n61 n62 n63 n64 n65 n66

⎞⎟⎟⎟⎟⎟⎟⎠ . (18)

https://ejamjournal.com/
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where

n11 =
r1

1 + k1y1
− p1 − 2a11x1 − a12x2 −

b1y1

(1 + m1x1)2

+
r2

1 + k2y2
− p2 − 2a22x2 − a21x1 −

b2y2

(1 + m2x2)2 ,

n12 = 0,

n13 = −x2

{︃
r2k2

(1 + k2y2)2 +
b2

1 + m2x2

}︃
,

n14 = x1

{︃
r1k1

(1 + k1y1)2 +
b1

1 + m1x1

}︃
,

n15 = 0, n16 = 0, n21 = 0,

n22 =
r1

1 + k1y1
− p1 − 2a11x1 − a12x2 −

b1y1

(1 + m1x1)2 − c1 +
d1b1x1

1 + m1x1
,

n23 = 0, n24 = −a12x1, n25 = 0, n26 = 0,

n31 =
d2b2y2

(1 + m2x2)2 , n32 = 0,

n33 =
r1

1 + k1y1
− p1 − 2a11x1 − a12x2 −

b1y1

(1 + m1x1)2 − c2 +
d2b2x2

1 + m2x2
,

n34 = 0, n35 = −a12x1,

n36 = −x1

{︃
r1k1

(1 + k1y1)2 +
b1

1 + m1x1

}︃
,

n41 = − d1b1y1

(1 + m1x1)2 , n42 = −a21x2, n43 = 0,

n44 =
r2

1 + k2y2
− p2 − 2a22x2 − a21x1 −

b2y2

(1 + m2x2)2 − c1 +
d1b1x1

1 + m1x1
,

n45 = 0,

n46 = x2

{︃
r2k2

(1 + k2y2)2 +
b2

1 + m2x2

}︃
,

n51 = 0, n52 = 0, n53 = −a21x2, n54 = 0,

n55 =
r2

1 + k2y2
− p2 − 2a22x2 − a21x1 −

b2y2

(1 + m2x2)2 − c2 +
d2b2x2

1 + m2x2
,

n56 = 0, n61 = 0, n62 = 0,

n63 =
d1b1y1

(1 + m1x1)2 , n64 = − d2b2y2

(1 + m2x2)2 , n65 = 0,

n66 = −c1 − c2 +
d1b1x1

1 + m1x1
+

d2b2x2

1 + m2x2
.

The second compound system is⎛⎜⎜⎜⎜⎜⎜⎜⎝

du1
dt

du2
dt

du3
dt

du4
dt

du5
dt

du6
dt

⎞⎟⎟⎟⎟⎟⎟⎟⎠
=

∂G[2]

∂X

⎛⎜⎜⎜⎜⎜⎜⎝

u1
u2
u3
u4
u5
u6

⎞⎟⎟⎟⎟⎟⎟⎠ . (19)
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where

du1

dt
=

{︃
r1

1 + k1y1
− p1 − 2a11x1 − a12x2 −

b1y1

(1 + m1x1)2 +
r2

1 + k2y2
− p2 − 2a22x2 − a21x1

− b2y2

(1 + m2x2)2

}︃
u1 − x2

{︃
r2k2

(1 + k2y2)2 +
b2

1 + m2x2

}︃
u3 + x1

{︃
r1k1

(1 + k1y1)2 +
b1

1 + m1x1

}︃
u4,

du2

dt
=

{︃
r1

1 + k1y1
− p1 − 2a11x1 − a12x2 −

b1y1

(1 + m1x1)2 − c1 +
d1b1x1

1 + m1x1

}︃
u2 − a21x1u4,

du3

dt
=

d2b2y2

(1 + m2x2)2 u1 +

{︃
r1

1 + k1y1
− p1 − 2a11x1 − a12x2 −

b1y1

(1 + m1x1)2 − c2 +
d2b2x2

1 + m2x2

}︃
u3

− a12x1u5 − x1

{︃
r1k1

(1 + k1y1)2 +
b1

1 + m1x1

}︃
u6,

du4

dt
= − d1b1y1

(1 + m1x1)2 u1 − a21x2u2 +

{︃
r2

1 + k2y2
− p2 − 2a22x2 − a21x1 −

b2y2

(1 + m2x2)2 − c1

+
d1b1x1

1 + m1x1

}︃
u4 + x2

{︃
r2k2

(1 + k2y2)2 +
b2

1 + m2x2

}︃
u6,

du5

dt
= −a21x2u3 +

{︃
r2

1 + k2y2
− p2 − 2a22x2 − a21x1 −

b2y2

(1 + m2x2)2 − c2 +
d2b2x2

1 + m2x2

}︃
u5,

du6

dt
=

d1b1y1

(1 + m1x1)2 u3 −
d2b2y2

(1 + m2x2)2 u4 −
(︃

c1 −
d1b1x1

1 + m1x1
− d2b2x2

1 + m2x2

)︃
u6.

where
X(t) = (x1(t), x2(t), y1(t), y2(t))T

is an arbitrary solution of system (2) with

(x10(t), x20(t), y10(t), y20(t))T ∈ R4
+.

Set
W(U) = max{σ|u1|, η|u2|, α|u3|, β|u4|, γ|u5|, |u6|},

where σ, η, α, β, γ > 0 are constants.

The straight forward calculations yield the following inequalities:

d+

dt
σ|u1| ≤ c11σ|u1|+

c13σα|u3|
α

+
c14σβ|u4|

β
,

d+

dt
η|u2| ≤ c22η|u2|+

c24ηβ|u4|
β

,

d+

dt
α|u3| ≤

c31σα|u1|
σ

+ c33α|u3|+
c35γα|u5|

γ
+ c36α|u6|,

d+

dt
β|u4| ≤

c41σβ|u1|
σ

+
c42ηβ|u2|

η
+ c44β|u4|+ c46β|u6|,

d+

dt
γ|u5| ≤

c53αγ|u3|
α

+ c55γ|u5|,

d+

dt
|u6| ≤

c63α|u3|
α

+
c64β|u4|

β
+ c66|u6|.

where d+/dt stands for the right hand derivative and

c11 =
r1

1 + k1c
− p1 − 2a11c − a12c − b1c

(1 + m1M)2 +
r2

1 + k2c
− p2 − 2a22c − a21c − b2c

(1 + m2M)2 ,

https://ejamjournal.com/
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c13 = −c
{︃

r2k2

(1 + k2d2M)2 +
b2

1 + m2M

}︃
,

c14 = M
(︃

r1k1

(1 + k1c)2 +
b1

1 + m1c

)︃
,

c22 =
r1

1 + k1c
− p1 − 2a11c − b1c

(1 + m1M)2 − a12c − c1 +
d1b1

m1
,

c24 = −a12c,

c31 =
d2

2b2M
(1 + m2c)2 ,

c33 =
r1

1 + k1c
− p1 − 2a11c − b1c

(1 + m1M)2 − c2 +
d2b2

m2
,

c35 = −a12c,

c36 = −c
{︃

r1k1

(1 + k1d1M)2 +
b1

1 + m1M

}︃
,

c41 = − cd1b1

(1 + m1M)2 ,

c42 = −a21c,

c44 =
r2

1 + k2c
− p2 − a21c − 2a22c − b2c

(1 + m2M)2 − c1 +
d1b1

m1
,

c46 = M
(︃

r2k2

(1 + k2c)2 +
b2

1 + m2c

)︃
,

c53 = −a21c,

c55 =
r2

1 + k2c
− p2 − a21c − 2a22c − d2c

(1 + m2M)2 − c2 +
d2b2

m2
,

c63 =
bd2

1M
(1 + m1c)2 ,

c64 = − cd2b2

(1 + m2M)2 ,

c66 = −c1 +
d1b1

m1
+

d2b2

m2
.

Therefore,
d+

dt
W(U(t)) ≤ LW(U(t)),

where

L = max

⎧⎪⎪⎨⎪⎪⎩
c11 +

c13σ

α
+

c14σ

β
, c22 +

c24η

β
,

c31α

σ
+ c33 +

c35α

γ
+ c36α,

c41β

σ
+

c42β

η
+ c44 + c46β,

γ

α
c53 + c55,

c63

α
+

c64

β
+ c66

⎫⎪⎪⎬⎪⎪⎭ .

Thus under hypothesis (H1) and (H2), there exists a positive constant δ such that L ≤ −δ < 0
and thus

W(U(t)) ≤ W(U(s)) exp(−δ(t − s)), t ≥ s > 0.

This confirms the equi-uniform asymptotic stability of the second compound system (19) and
by Proposition 6.1, it follows that the coexistence equilibrium point E∗ is globally stable. From
above analysis, we state the global stability result below.
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Theorem 6.2. If the hypothesis (H1) and (H2) hold then system (2) has no non-trivial periodic solutions.
Furthermore, the coexistence equilibrium point E∗ is globally stable in R+

4 .

7 Hopf bifurcating periodic solutions

Define
f (k2) = a1(k2)a2(k2)a3(k3)− a2

1(k2)a4(k2)− a2
3(k2).

Theorem 7.1. Assume that
aii >

b1m1y∗1
(1 + mix∗i )

2 , i = 1, 2.

Further assume that there exist k2 = k∗2 such that

(i) f (k∗2) = 0, (ii) f ′(k∗2) > 0,

then the positive equilibrium point E∗ is unstable when k2 < k∗2 but is stable when k2 > k∗2 and a Hopf
bifurcation of periodic solutions appears at k2 = k∗2.

Proof. The result will be proved along the lines in [17], we note that f (k2) is monotonic increas-
ing in the neighbourhood of k2 = k∗2. As ai(k2) > 0, i = 1, ·..., 4, f (k2) < 0 when k2 < k∗ then E∗

becomes unstable. Again, f (k2) > 0 when k2 > k∗2 then E∗ becomes stable. Applying a result in
[9], we can establish Hopf bifurcation.

Similarly, one can show bifurcation taking k1 as a bifurcation parameter.

8 Verification of analytical results

In this section, we give some observations on analytical findings through numerical. The
parameters are hypothetically chosen to understand the fundamental structure and possible
behaviours in the absence of, or prior to obtaining, real world data. In particular, we show the
effect of fear on population dynamics.

Example 8.1. Suppose r1 = 10, r2 = 9, p1 = 1, p2 = 0.5, a11 = 1.5, a12 = 1, a21 = 0.5, a22 = 1,
k1 = 1, k2 = 2, c1 = 1, c2 = 1, b1 = 2, b2 = 4, d1 = 1, d2 = 1, m1 = 1, m2 = 3. Then all
the conditions of Theorem 7.1 are satisfied. There exists a limit cycle around (1, 1, 1.15, 1) (see
Fig. 1).

Example 8.2. Suppose r1 = 10, r2 = 9, p1 = 1, p2 = 0.5, a11 = 1.5, a12 = 1, a21 = 0.5, a22 = 1,
k1 = 1, k2 = 2.5, c1 = 1, c2 = 1, b1 = 2, b2 = 4, d1 = 1, d2 = 1, m1 = 1, m2 = 3. Then the
inequalities in (6) are satisfied. Increasing value of k2 stabilizes the system (see Fig. 2).

Example 8.3. Suppose r1 = 10, r2 = 9, p1 = 1, p2 = 0.5, a11 = 1, a12 = 1.8, a21 = 1, a22 = 1,
k1 = 1, k2 = 0, c1 = 1, c2 = 1, b1 = 2, b2 = 4, d1 = 1, d2 = 1, m1 = 0.01, m2 = 0.02. Then the
inequalities in (6) are satisfied. When k2 = 0, stable behaviour is observed (see Fig. 3).

Example 8.4. Suppose r1 = 10, r2 = 9, p1 = 1, p2 = 0.5, a11 = 1, a12 = 1.8, a21 = 1, a22 = 1,
k1 = 1, k2 = 1.2, c1 = 1, c2 = 1, b1 = 2, b2 = 4, d1 = 1, d2 = 1, m1 = 0.01, m2 = 0.02. When k2 is
increased from 0 to 1.2 limit cycle appears (see Fig. 4).

Example 8.5. Suppose r1 = 10, r2 = 9, p1 = 1, p2 = 0.5, a11 = 2, a12 = 1, a21 = 0.5, a22 = 2.5,
k1 = 1, k2 = 2, c1 = 1, c2 = 1, b1 = 2, b2 = 4, d1 = 1, d2 = 1, m1 = 1, m2 = 0.2. We now
choose c = 4 and λ = 0.01. With the above choice of parameters we obtain c11 = −41.3222,
c13 = −3.63, c14 = 26.263, c22 = −18.0236, c24 = −4, c31 = 21.456, c33 = 3.9764, c35 = −4,
c36 = −3.3057, c41 = −0.023, c42 = −2, c44 = −21.2986, c46 = 42.48, c53 = −2, c55 = −3.2986,

https://ejamjournal.com/
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c63 = 1.3904, c64 = −0.7986, c66 = 21. The positive numbers σ = 0.036, η = 1, α = 1.3904,
β = 0.036, γ = 0.005 are such that

L = max{−15.153,−129.1347,−279.3199,−19.8647,−0.1833} < 0.

Then all the conditions of Theorem 6.2 are satisfied. So the equilibrium point (1, 0.2631, 1.227, 0.6215)
is globally asymptotically stable (see Fig. 5).

Example 8.6. Suppose r1 = 10, r2 = 9, p1 = 1, p2 = 0.5, a11 = 0.05, a12 = 1.8, a21 = 1, a22 = 0.1,
k1 = 0.8, k2 = 1, c1 = 1, c2 = 1, b1 = 3.5, b2 = 4, d1 = 1, d2 = 1, m1 = 0.01, m2 = 0.02. Then the
inequalities in (6) are not satisfied and hence the equilibrium point (0.0511, 0.4753, 0.3795, 0.6988)
lose its stability and showing chaotic type behaviour (see Fig. 6).
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Figure 1: Phase portrait along with time series plots of system (2) with parameter values r1 = 10, r2 = 9,
p1 = 1, p2 = 0.5, a11 = 1.5, a12 = 1, a21 = 0.5, a22 = 1, k1 = 1, k2 = 2, c1 = 1, c2 = 1, b1 = 2, b2 = 4,
d1 = 1, d2 = 1, m1 = 1, m2 = 3 and initial points (1, 1, 1, 1) and (2.5, 1, 1, 1, 1).
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Figure 2: Phase portrait along with time series plots of system (2) with parameter values r1 = 10, r2 = 9,
p1 = 1, p2 = 0.5, a11 = 1.5, a12 = 1, a21 = 0.5, a22 = 1, k1 = 1, k2 = 2.5, c1 = 1, c2 = 1, b1 = 2, b2 = 4,
d1 = 1, d2 = 1, m1 = 1, m2 = 3 and initial points (1, 1, 1, 1) and (2.5, 1, 1, 1, 1).
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Figure 3: Phase portrait along with time series plots of system (2) with parameter values r1 = 10, r2 = 9,
p1 = 1, p2 = 0.5, a11 = 1, a12 = 1.8, a21 = 1, a22 = 1, k1 = 1, k2 = 0, c1 = 1, c2 = 1, b1 = 2, b2 = 4,
d1 = 1, d2 = 1, m1 = 0.01, m2 = 0.02 and initial points (1, 1, 1, 1) and (2.5, 1, 1, 1, 1).
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Figure 4: Phase portrait along with time series plots of system (2) with parameter values r1 = 10, r2 = 9,
p1 = 1, p2 = 0.5, a11 = 1, a12 = 1.8, a21 = 1, a22 = 1, k1 = 1, k2 = 1.2, c1 = 1, c2 = 1, b1 = 2, b2 = 4,
d1 = 1, d2 = 1, m1 = 0.01, m2 = 0.02 and initial points (1, 1, 1, 1) and (2.5, 1, 1, 1, 1).
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Figure 5: Phase portrait along with time series plots of system (2) with parameter values r1 = 10, r2 = 9,
p1 = 1, p2 = 0.5, a11 = 2, a12 = 1, a21 = 0.5, a22 = 2.5, k1 = 1, k2 = 2, c1 = 1, c2 = 1, b1 = 2, b2 = 4,
d1 = 1, d2 = 1, m1 = 1, m2 = 0.2 and initial points (1, 1, 1, 1) and (2.5, 1, 1, 1, 1).
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Figure 6: Phase portrait along with time series plots of system (2) with parameter values r1 = 10, r2 = 9,
p1 = 1, p2 = 0.5, a11 = 0.05, a12 = 1.8, a21 = 1, a22 = 0.1, k1 = 0.8, k2 = 1, c1 = 1, c2 = 1, b1 = 3.5,
b2 = 4, d1 = 1, d2 = 1, m1 = 0.01, m2 = 0.02 and initial points (1, 1, 1, 1) and (2.5, 1, 1, 1, 1).

9 Discussion

In modelling predator-prey interaction, the term “fear” is an important factor that develops due
to the presence of a predator. It leads to complex behaviour of the system. Several aspects of
fear in two-species predator-prey systems are widely investigated. But for four species systems,
the effect of fear is not addressed so far. In this work, we have considered the effect of fear on
two prey-predator pairs linked by interspecific competition. In [7], the author analysed the
same type of system without fear and obtained the conditions for permanence. Mukherjee [15]
generalized the model studied in [7] and derived the condition for uniform persistence and
global stability of the interior equilibrium point.

To justify the model’s validity, we have examined the positivity and boundedness of the
system. The existence condition of all the boundary equilibria and the coexistence equilibrium
point are provided. The stability characteristics of these equilibria are presented. Uniform
persistence of the system is shown by constructing a suitable average Lyapunov function. A
geometric criterion is applied in our system to find the global stability of the interior equilibrium
point. We have studied the Hopf bifurcation of our system. The fear factor k2 is considered as a
bifurcation parameter. The choice of this parameter is quite arbitrary; one can also choose the
other parameter also for obtain such behaviour. This phenomenon occurs when the two prey
species are in coexistence. Fig. 2 supports this observation. But in case of bistability, opposite
behaviour holds (see Fig. 3). Furthermore, we found chaotic behaviour (see Fig. 6). Another
feature of the fear factor is the decrease of predator density at the equilibrium level as long as
the fear factor is increased.

The principal difference between our work and the other recent studies is the inclusion of
fear on the birth rate of both the prey species. In this case, predators may also modify prey
population dynamics by changing the prey’s interactions with the other species. Thus, the
species’ coexistence depends not only on the predation but also on the interspecific competition
between the prey species. This term enriches the dynamics of the system and makes the model
more realistic than the existing model. We have observed oscillatory behaviour in the system,
which is not found in previous work. The global stability and bifurcation results are new
compared to the references [7, 15]. Furthermore, the existence conditions are changed due
to the presence of fear. Hopf branching mechanism in our fear-based predator-prey model
is structurally different from previous, simpler fear-based or classic models. Earlier models
often showed that fear simply stabilizes a system; modern fear-based models incorporate
complexities that change the fundamental nature of the bifurcation and even exhibit chaotic
dynamics.
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