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Abstract

This paper presents a mathematical model examining the dynamics of a linked predator-prey system that
incorporates fear. Here, each predator consumes on one prey only and the preys compete. The nature
of predation is of Holling type II. The principal results explore various aspects, including positivity,
boundedness, local and global stability of the coexistence equilibrium point, uniform persistence and
Hopf bifurcation. The numerical simulations support the theoretical findings, offering practical insights
into the model’s behaviour.
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1 Introduction

Mathematical models are developed to investigate the interconnection between species and their
habitats. In particular, predator-prey interaction has received much attention from researchers
for its universal existence. The conventional studies centered on direct effects, namely, direct
killing. This idea has been changed due to an experimental observation [23] on song-sparrows,
which shows that the mere presence of predators may reduce offspring production remarkably.
It was noted that there was a 40% reduction in the number of offspring produced by mature
song-sparrows when there was no direct killing in the experimental layout. This phenomenon
proves the anti-predator defence of the prey. To avoid predator attack, prey choose different anti-
predator policies, for example, producing fewer offspring or departing from the nest, which in
turn reduces the reproduction success of the prey and ultimately diminishes the entire biomass
of prey. Motivated by the above fact, Wang et al. [21] analyzed a predator-prey model that
includes the fear effect. They obtained the criteria for local and global stability of feasible steady
states and Hopf bifurcation. In [22], the authors probed the influence of fear on a predator-prey
model considering stage structure for prey. The impact of fear is examined in a three-species
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food chain model [16]. Rahi and Naji [18] analyzed a model incorporating fear, refuge, and
additional food in a predator-prey system with infection in the predator. They remarked that
refuge and additional food stabilize the system, whereas fear shows opposite effects. The role
of fear and harvesting is investigated in a four-species food web model [19]. They found a
stabilizing effect of fear in the system. Mukherjee [12] discussed the fear effect in the prey-
predator system in the presence of a competitor for the prey. He showed that an increasing
amount of fear reduces the predator density at the coexistence equilibrium point and also
derived the condition for uniform persistence and Hopf bifurcation. There are several works
available on this issue [1, 4, 5, 11, 13, 14, 24]. These studies are confined to two-dimensional
predator-prey models which cannot provide an actual picture and lots of complicated dynamics
can emerge in three or more interacting population systems [10, 20].

Thus, the main aim in this study is the role of fear on two predator-prey pairs linked by inter-
specific competition, where two predators are specialists in nature and their foraging activity
depends on the availability and behaviour of the selected prey. Changes in prey behaviour due
to fear can affect each predator, potentially leading to shifts in predator-prey interactions. The
fear effect can have both stabilizing and destabilizing effects on the system. In some cases, fear
can promote coexistence by reducing the competitive pressure between the prey species. There
is another possibility of oscillation or even extinction of certain species.

The paper is structured as follows. In Section 2, we propose our model. The positivity and
boundedness of solutions of the model are shown in Section 3. We demonstrate some dynamic
properties of model (2) in Section 4. The uniform persistence criterion is derived in Section 5.
Global stability analysis is carried out in Section 6. Hopf bifurcation is discussed in Section 7.
Verification of analytical results through numerical simulations is presented in Section 8. A
brief discussion concludes the paper in Section 9.

The novelty of this paper is the introduction of fear into a two-predator-prey pair connected
by an interspecific competition system. Here, each predator feeds only one prey, and the
predation process follows Holling type II response function, which has a significant implication
for understanding ecological interactions.

2 Formation of model

In [7], the author investigated the following linked predator-prey system where each predator
feeds on one prey only:

dxq
dt
dxz

= x1(Ry — an1x1 — anxz — biya),

o X2 (Ry — anx1 — anxa — bay2),
@

d
% = y1(—c1 +dibix1),
d
% = yz(—CZ + dzblxz).

with x,‘(O) = xj0 > 0and yi(O) =yjp > 0, i=1,2.

Here the variables x; and x; denote the densities of two competing prey population at time
t, respectively, while y; and y, denote that of predator. Ry and R; are the intrinsic growth rates
of the two prey species, respectively. a;; represents the intra-specific competition among the
prey species i. 4;; measures the action of species j upon the growth rate of species i. by and b,
stand for the per capita predator consumption rate. d; and d, are the conversion rates of prey
biomass to predator biomass. c; and c; are the mortality rates of the two predator, respectively.
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Now, we consider the fear effect on the birth rate of both the prey species. In presence of
predator, the birth rate of prey r;, i = 1,2, is multiplied by a factor

B 1
1 —I—kiyi’

f(ki,yi) i=1,2,

where k;, i = 1,2, is the level of fear. The function f(k;,y;), i = 1,2, has the following properties:

(i) f(0,y;)) =1,i=1,2,1i.e., in the absence of fear, there is no change of prey species birth
rate.

(i) f(k;,0) =1,i=1,2,1i.e., in the absence of predation, the birth rate of prey species is not
affected.

(iii) limy, e f(ki,yi) = 0,i = 1,2, i.e., the birth rate of prey species becomes zero when the
level of fear is significantly high.

(iv) limy, eo f (ki,yi) =0,i=1,2,i.e.,, when the number of predators is large, the birth rate of
prey species tends to zero.

d . Yi . . .

(v) o fki,yi) = AT kw2 < 0,i = 1,2, i.e, the birth rate of prey decreases due to

increase of the level of fear.

(vi) a—yl fki,y;) = —W < 0,i = 1,2, i.e., the birth rate of prey decreases due to

increase of the predator.

The fear factor is mainly applied to the birth rate because empirical field studies show
that the mere presence of predators forces anti-predator behaviour that significantly reduces
reproduction [23]. Predation process follows Holling type II response function. The model (1)
is transformed to

dx1 . 1 b1y1
— — X1 —p1—anxy —apXa ——— |,

dt 1+ kl]/l 1+ nmixq

@:x 2 g —a x—ibzy2

at 2 1+ kay2 P2 —axnxy 22X2 1+ moxy )’ o
dyn

e+ d1b1X1
dt N ! 1—|—m1x1 !

dyy dabyx;
dt_y2< C2+1—|—ﬂ’ng2)'

with Xi(O) =xj0>0 and yl(O) = VYip > 0,i=1,2.

Here r1 and r; are the birth rate of two competing prey, respectively, while p; and p, denote
its death rate. k;, i = 1,2, are the level of fear and m;, i = 1, 2, are the constant handling time for
each prey captured. Throughout this paper, we assume thatr; > p;, i = 1,2.

3 Positivity and boundedness of solutions

For model validity, we first show positivity and boundedness of solutions of system (2). The
first result concerns positivity.

Lemma 3.1. All solutions (x1(t), x2(t), y1(t), y2(t)) of system (2) with initial values
(x10, X20, Y10, ¥20) € RE

remains positive for all t > 0.
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Proof. The positivity of x1(f), x2

tr 2]
X1(t) = X10 €Xp /O W

t -
XZ<t) = Xpp €Xp /() T (s n kzyz (S) — p2

t)
yl(t) = Yo exp {/0 [—Cl +

t
ya(t) = yaoexp {/0 —c +

1 + mzxz( )

o~ P () - () -
—ayx1(s) —

d1b1x1(s)
1—ir:11;1(s)]ds}

) 1)

(), y1(t), and y2 () can be confirmed by the equations

by (s)
1 +1m11x1(s)} ds} !

baya(s)
axpxa(s) — 1+2mzzxz(s)} ds} ,

with x19, X20, Y10, Y20 > 0. As x19 > 0, then x1(¢) > 0 forall t > 0. The same argument is valid for
component x3(t), y1(t) and y»(t). Hence the interior of R% is an invariant set of system (2). [

Lemma 3.2. All the solutions of system (2) will remain in the region

D= {(x1,xz,y1,yz) € IR

0<x+ot+ L2 opmb)
4L

where ) X
Mo =p ) (n—pptd)

4ayq 4ary

as t — oo for all positive initial values
(x10, X20, Y10, ¥20) € RE,
and A < min{cy, ¢ }.
Proof. Let us choose the function
Y2

Q()—X1+X2+ + =.

The time derivative along a solution of (2) is

00 _, (1

dt 1+k1y1
_an el
dq dy

For each A > 0, the following inequality is satisfied:

dQ r
dt +)\Q_ <1_|_k1y1—pl—a]1x1+/\>+x2<
A=)y A=)y
dq dy '

—p1— a11X1 — ﬂlzx2> + x2 <

dp

[
———— — Py — A21X1 — ANX
1+k2y2 p2 21X1 22 2>

2
— 2 —apxtA
14ky, F?27 ™07 )

©)

Now choose A such that A < min{cy, ¢2}. Thus (3) can be written as

dQ (n=—p1+A)?  (2=p2+A)°
< .
dt +/\Q 4011 + 46122
By using the comparison theorem [2], we get
— 2 _ 2
0 < QU1 (1), x2(t),ya (1), ya(t)) < L= Pt AS | (o= po b A7, Qo xa0, Yo o),
4a1y 4ax e

Taking limit when t — oo, we have 0 < Q(t) < M. Hence system (2) is bounded. O
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4 Existence of equilibria and stability analysis

Evidently, system (2) has eight non-negative equilibrium points. The population free equilib-
rium point is
Ey = (0,0,0,0).

The predator free equilibrium points are

E, = (rl_p1,0,0,0>, E, = <0, rz_pz,o,o).

a1 a2

Here Ej always exists. E; and E; exist by the assumption.

If either
a11 rn —p1 a2 a11 " —p1 a2
az1 2 — p2 ax az1 2 — p2 ax

then there exists an unique equilibrium point
ElZ(fli X‘Z/ 0/ O)
in the x1-x, plane where

% = (71 - P1)f122 - (1’2 - Pz)ﬂlz and Ty = (72 - Pz)ﬂll - (7’1 - Pl)a21‘

a11az2 — a124z1 a11az2 — a12dz1

There exists an equilibrium point

E13(%1,0,71,0)

in the x;-y; plane where
1

S -
diby — cymy

and 7 is the positive root of the equation
b]kly% + {b1 -+ kl(l + mp%l)(pl + 1111321)}]/1 + (1 + mlﬁl)(pl -1+ 11113?1) =0

provided that d1by > cymy and rqy > py + ann 1.

There exists an equilibrium point

E»4(0,%2,0,72)

in the x2-1» plane where
2

~ daby — comy

X2
and 7, is the positive root of the equation
bakoy3 + {ba + ko (1 + ma%a) (p2 + an®a) yy2 + (1 + maXp) (p2 — 12 + an®s) =0

pI‘OVided that doby > comy and 7 > P2 + axnis.

There exists an equilibrium point

E123(%1, %2,91,0)
in the x1-x2-1; surface where
. 1 . Ta—p2—anXg
X1 Xp=—""""—,

= v
diby — cymy a2
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and ¥ is the positive root of the equation
bikiyt + {b1 + k1 (1 +my%1) (p1 + an®1 + anta) by + (1 + myy) (p1 — r1 + andy + apptz) =0
provided that d1by > cymy, ro > po + an Xy and 1 > p1 + a1 % + apXs.
There exists an equilibrium point
E124(X1, %2,0,72)
in the x1-x2-1> surface where

o) r— p1— apxs

daby — comy’ a1 ’

N

X2

and 1, is the positive root of the equation
bakoys + {ba + ka(1 + maka) (p2 + am#1 + anxa) }yz + (1 + maxa) (p2 — r2 + a1 ¥y + anxy) =0
provided that doby > comyp, 11 > p1 + apXz and rp > po + ax X1 + axnxs.
Now we examine the existence of coexistence equilibrium point
E*(x1, 22,91, 42)-
Clearly,

C1 2
Xf= and X = — (4)
diby — cymy dyby — comy

Y] is the positive root of the equation

bikiyt + {b1 + k1 (1 + mixi) (p1 + anxi + annxs) by + (1 + mixi) (pr — r1 + anxi + apxi) =0
and y; is the positive root of the equation

bakays + {ba + ko (1 + max3) (p2 + anxi + axnx3) y2 + (1+max3) (p2 — 12 + anxi + axnx3) = 0.
From the above analysis, we have the following lemma.

Lemma 4.1. Ifd;b; > c¢;m;, i = 1,2, 11 > p1 + anxj + appx; and ro > pr + ax xi + axpx; where xj
and x; are defined by (4), then E* exists and is unique.

Stability analysis

The local stability properties of the equilibrium points can be examined through the Jacobian
matrix around the each equilibrium point. Clearly, Ey is unstable.

E; is locally stable if
dibi(r1 — p1)

— — - <0 d — < 0.
a11(r2 — p2) — azn(r1 — p1) an €1+ I F—
E; is locally stable if
doby (19 —
a22(1’1 — pl) — 5112(1’2 — ]92) <0 and —Cy + 2 2( 2 Pz) < 0.

Ay + my(r2 — p2)

E1 is locally stable if

dibi%i fori=1,2

a11dz2 > Aa12da»1 and —C; m
iXi


https://ejamjournal.com/

The effect of fear on two predator-prey pairs ... Debasis Mukherjee | 7

Ei3 is locally stable if

bymij

i d .
ArmznE ¢ T2spran

a >

Ey4 is locally stable if

bymo > s
ayp > ————2=— and r < p1 + apxs.
22 (1+ 1272 1< P11 a12X2
and h + oy > 11”75?. Ej is locally stable if
. R qxin R bpx
—_— d d .
ﬁx+yz>(1+m€)2 an +pz>1+1m2
E1p3 is locally stable if
drby X
aa > apay  and o >
1+ mpxy
E124 is locally stable if
di1b2
apax > a1 and c1 > Lxl
1+ mixq

To discuss the nature of the coexistence equilibrium point E*, we find out the characteristic
equation at E* which is given below:

A+ ;A% + A%+ a3A 4+ a4 = 0. (5)
where
) bimiy; ) . ( bamays )
a=xilapg————)+x lap— —"""=—-],
o ( A mag2) TR ()2
‘o bimyy] ) < bamay; )
=x1% 41— | |02 — 57—
2 142 < 11 (1+m1x){)2 22 (1+m2x;)2
xfyi‘dlbl { lel bl }
(1 +mx})? L (L+kyp)? - 14 maxg
x§y§d2b2 Tzkz bz -
(1+ myx;)2 { At kays)? 14 mp T 2020 %2

. :x;x;y;dlm{ nkk b }{a _ bmy; }
T A ma)2 A+ kD)2 T+mx [ U7 (14 maxg)?

n xjx3y5dabo { roko n by } {011 B bymyy; }
(14+mox})? | (14 koy*)? 1+ moxj (14+mix;)2 J”’

Xi‘x;y{y;dldzblbz { r1k1 4 bl } { Tzkz + bz }
(T mxp)?2(1+mxz)? | (1 +kyp)?  T+mxg [ | (T+key3)?  14+moxs [

ag =

From Routh Hurwitz criterion, we can say that
E" = (21,22, 41,12)
is locally asymptotically stable if the following conditions are satisfied:

a >0, as >0, ag >0, and ai1axas > EI% + 0%514. (6)
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5 Uniform persistence
If there exists a compact set
Kc G={(x1,x,y1,y2) : x;,y; >0,i=1,2}

where all solutions of system (2) lie, then system (2) is said to be uniformly persistent.

We now state a result guaranteeing uniform persistence of system (2).

Theorem 5.1. Suppose E1y, E13, Eaa, E123 and Eqp4 exist. Further suppose that there there are no closed
orbits around the boundary equilibrium points. If

ar(ry —
r > p1 +max{12(;pz),€l12fz},
2

as (r1 — R

an
d;b;%; .
— (g q . . = O/ = 1/2/
¢ + 1+ mix; > 1
dzbz.'fZ d]bl.i’l
_ e ] d _
C2+1+m2322 > an C1+1—|—m15cl

then system (2) is uniformly persistent.

Proof. We now prove the theorem along the lines discussed in [6]. Let us take the average
Lyapunov function in the form

o(x) = xxdyPyl o i>0,i=1,2.
In the interior of IRi, one has

1 dp(x) _
o) ar

_ndn  mdo  fidp | Badys
X1 dt X2 dt 1 dt Y2 dt

= <r1 — P1 — a11X1 — dipXz — blyl)
1+ klyl 1+ mixq

) boys
+ory | ——— —pp —ar X1 —aApxy — —————
2<1 k2y2 p2 21X1 22X2 >

1+ moxo
di1b1x dabyxy
+‘Bl< Cl+1+m1x1 +'BZ CZ+1+m2x2 '

We have to show hi(x) > 0 forall x € ]Ri, for a suitable choice of w;, B; > 0,1 = 1,2, to prove
uniform persistence of system (2). Thus it is reasonable to check the following inequalities to
the boundary steady states Eo, E1, Ep, E12, E13, E4, E123 and Eqo4:

Eo :ai(r1 — p1) +az(r2 — p2) — Bic1 — Baca, )
Ei:ap (7’2 —p2— L121(1’1—]91)> — Baca + B1 (—C1 + by (r1 = p1) > p (8)

a1 ap +m (1’1 - pl)

' o an(r—p2)) B daba(r2 — p2)
E> i oq <7’1 p1 . > ,B]Cl + ,52 ( cy + i+ mz(f’z — pz) , 9)
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) d1b1% doby %y
Eip: 1 (—C1 -+ 15 mie n m1f1> + B2 (—Cz + Tt mz )’ (10)
Ei3:ao(r2 — p2 — ant1) — Paca, (11)
Eos :a1(r1 — p1 — a1n¥a) — Paca, (12)
dorbyXo
Eqi>3 : — —, 13
123 52( C2+1+m2922 (13)
dib1xq
E1o4: — — . 14
124 ﬁl( C1+1—|—m13‘cl> (14)

Positivity of (7)—(14) follow by the assumptions of the theorem along with the specific choice of
a1 and ay. O

Remark 5.2. System (2) is uniformly persistent under the assumptions of Theorem 5.1. Now
we conclude that there exist a time T such that

n —p1
71

x1(t), x2(t), y1(t), y2(t) > ¢, 0<c< -

fort > T.

6 Global stability

We have already mentioned the the condition for local stability of the positive equilibrium
point. Our main investigation in this section whether this positive equilibrium point is globally
stable or not. To find a positive answer, we generally find a Lyapunov function. Sometimes it is
very difficult to prescribe a suitable Lyapunov function. To overcome this situation, we use the
technique developed in [8] and is stated below.

Let H C IR" be an open set and G € C!. Consider the system

ax
T G(X). (15)
Using the method explained in [8], it is sufficient to established that the second compound
equation

oGl
= 0 (X, Xo))U() (16)

with respect to a solution X(f, Xo) of system (15) is equi-uniformly stable, namely, for each
Xo € D, system (16) is uniformly asymptotically stable and the exponential decay rate is
uniform for Xy in each compact subset of H where H C IR" is an open connected set. Here %

is the second additive compound matrix of the Jacobian matrix g—g. Itis an

my ("
2 2
matrix and then (16) is a linear system of dimension (5) (see [3, 8]). For a general 4 x 4 matrix

mi1 Mz mMiz Mg
Mp1 Mgy M3 My
mgyp  Mmzp MM33 134
My Mgy Mgz 14y
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its compound matrix M2 is

mi1 + Mmoo M23 24 —my3 —Mmi4
msp miy + msz3 M3 mip 0
M2 — L) M43 mi1 + Mag 0 1M1z
—ms3y ma1 0 Mmoo + Mm33 M3y
—My 0 Moy mMy3 Moy + Mgy
0 —Mmy msy —Myp M3p

17)

M33 + Myy

We now use the following proposition to prove the global stability of the positive equilibrium

point of system (2).

Proposition 6.1. Let H C R" be simply connected region. Suppose that system (16) is equi-uniformly

asymptotically stable. Then

(i) H contains no simple closed invariant curves including periodic orbits, homoclinic orbits, hetero-

clinic cycles;

(ii) each semi-orbit in H converges to a single equilibrium point.

In particular, if H is positively invariant and contains an unique equilibrium X*, then X* is globally

asymptotically stable in H.

By choosing an appropriate Lyapunov function, we can show equi-uniform asymptotic
stability of system (16). Suppose there exists a function V(U ) such that dV (U) /dt ;) is negative
definite and V and dV (U)/dt ;6) are independent of Xo.

We require the following hypothesis to examine the global stability of the interior equilib-

rium point E*:

(H;) : There exist positive numbers o, 1, «, B,y such that

C130 | C140 C24 C314 C354
11+ —+ 022+J, — + 33+ —— + 3,
« B B o Y
max cuB | cpf Y C63  Co4 <0
—— + —— +cay +cgef, —C53+0Cs5, — + — +Cep
o « « B

(Hy) : Suppose all the assumptions of Theorem 5.1 be hold.

We denote

and
X1 (
X2

G(X) =
and by (17),
oGL

0X

X = (x1,%2,y1,42)"

_n p ayx a1pxy 7171%
— P1 —a11xX1 — apxz —
1+ ki 14 mixq
2 p a1 X anX bzyz
T — pP2—anXy —apXy — ——
1+ kayo 1+ myx;
dib1xq
1l —ca+—
Y 1+ myx;
d2b2X2
2| o+ ——
Y 1+ moxs
ni1p N1z N3 N4 Ni5 Nie
Np1 N2 MN23 MNp4 M35 Mg
_ | a1 M32 M3z N34 M35 N3e
Ng1 Mgy N43 Tgq N45 N4e
Nns1 Nsp MNs53 M54 Ns5  Hse
Ne1 MNe2 Ne3 MNes  Ne5  Nee

)
)

(18)
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where
ni = o p1 — 2a11x1 — a1pX2 — b
1+ kl]/l (1 —+ m1x1)2
2 boys
4+ — Py —2a0Xy — Ay X — —————,
1+ kayz p2 22X2 21X1 e
npp =0,

n3 = —X rak; + bz
13— 2 (1 + kaZ)Z 1+ MmoXo !

Ny =X riks + b
4= (1 + k1y1)2 1+ mx !

nis =0, ni =0, ny =0,
Ny = o p1 — 2a11x1 — a1pX2 — SV 1 _Aibiv
1—|—k1]/1 (1+m1x1)2 1—|—TI’I1X1,
ny3 =0, Ny4 = —a12X1, nys =0, 126 =0,
daboyn
Ny = — 9= nsp =0,
71+ mpxy)? 32
n33 = o p1 — 2a11x1 — a12X2 — b %) _2baxz
1 +k1y1 (1 —|—M1X1)2 1 —|—m2x2'
nz =0, n3s = —axi,
e — { r1ky N by }
36— 1 (1 =+ k1y1>2 1+ mi1Xx1 !
dibi1yy
g = —————5, Mg = —ax1X2, ngz =0,
41 (T myx, )2 4 21X2 43
53 boy» d1byxq
Mgy = ———— — Po — 240Xy — A1X] — ————5 —C] + ———,
44 1+ kay p2 22X2 21X1 (1 T m2x2)2 1 1+ mix
nys = 0,
Hae — x { rzkz + bz }
=" (1+koy2)?2  1+maxa )’
ns1 =0, ns, =0, ns3 = —a21X2, nsy =0,
1+ kayo 2 (1 + mZx2)2 1+ moxy”
nse =0, ner =0, nex =0,
dibiy; dabryn
N3 = ———————, Mgy = ——————, ngs = 0,
63 (1 + M1X1)2 64 (1 + m2x2)2 65
g = —C1 — Co + d1b1x1 dzbzXz
66— 1 2 1+mx; 1+ moxy
The second compound system is
dul
dr ui
duz
AL 2] 12
3 G
i | = %% | (19)
ar 4
diig Ug
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where
dug _ " okt — aexy — — LY P 2ayxs —anx
it 1+k1y1 P 11X1 12X2 (1+m1x1)2 1—|—k2y2 p2 22X2 21X1
bay } { r2ko by } { rikq by }
- U] — X + uz +x + Uy,
(14 maxp)? b2 (1+koy2)?>  1+moxy 3 (1+ky1)?>  1+mx *
du r b dibix
7: = {1;{ — p1— 24111 — anxy — 17y12 —C 111} Uz — az1X1Us,
+ ki (14 mixq) 14+ myxy
duz  daboy

At (T ) {rl—P — 243131 —a xz—blyl—cﬁdzbm}u
At~ (14 maxy)? " T+ky; HA e (1+myxq)? 1+ mpxs

— apX1Us — X riks + b u
124145 1 (1+k1y1)2 1+m1X1 67

% = —ﬂul — a1 XouUp + {72 — p2 — 2apXx2 —axxy — % -0
dt (1 + T}’I1X1)2 1+ k2y2 (1 + T’I12X2)2
dib1xq } { r2ko by }
+ o uUs+x + Ug,
1+mx 4 2 (1 + k2y2)2 1+ moxs 6
du5 14 b2y2 dzbzXz }
—— = —da1XoU3 + — P2 —2ap0x) —aynx1 — 5 —C + ——
it 21X2U3 {1 F oy p2 22X2 21X1 1+ moxr)? 277 T oo
dug _ _dibypy o dobayp o dibi dabexs )
dt (1 + m1x1)7~ 3 (1 + mZXZ)Z 4 ! 1+mx; 1+myxs
where
X(t) = (x1(8), x2(t), y1.(£), y2 (1) "
is an arbitrary solution of system (2) with
(x10(8), %20(8), y20(£), y20(£)) " € RY.
Set
W(U) = max{c|u|, y{uzl, a|us|, Blual, v|us|, [ue|},
where o, 1,a, B,y > 0 are constants.
The straight forward calculations yield the following inequalities:
ar cizoalu c140B|u
EU|u1| < cnofug| + 130813 + i 4’,
B
d* Co41] Blua]
z < el o1
gplu2] < coanluz| + 5
da+ caroalu o35y |u
E(x!uﬂ < ca1oafu| + caza|us| + Caya|us| + caei|ug|,
dart ca10B|u c u
—pPlual < uoplin]  canpla + caaBlus| + caoPluel,
v 1
dar cszoy|us
Z < 227 TS0
dt7’u5| < \ + cs5y|us),
+ ceatt|us| | ceaPlua]
N u6| < 06 + B +C(,6]u6|.
where d /dt stands for the right hand derivative and
bic bac

—Pp1— 2(111C — ad12C —

" 2
= —py—2 — S
M=y kic (1+mM)? 1 + kac p2 = Sim€ = anc (1+myM)?’
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13 = —¢ rak2 + b2
B (1+kodoM)2 " 1+ myM [’

B r1ky by
614_M<(1—|—klc)2 + 1+m1c>/

=1Ly 2 C—L—a c—c +@
2= 1 ke p1 11 1+ mM)? 12 L —
C24 = —a12€C,
- d3byM
T (1 + mac)?
1 b1C d2b2
= —p1—2 _——— — ==
33 1+ ke p1 — 2a1c¢ 1+ mM)2 c2+ "
€35 = —a12€C,
C36 = —C rik. + by
6 (1+kdM?2 " 1T+mM/[’
it — — Cdlbl
41 — (1+m1M)2,
Cap = —4a21€,
=2y ayc—2a C—L—C +@
44 = 1+ kyc p2 21 22 (1 + maM)? 1 my
raka by
=M ,
€16 ((1 ke 17 mzc>
€53 = —4a21¢,
55 = — 2 py—ayc—2a C—L—C +@
55 = 1+ kyc p2 21 22 1+ myM)2 2 p—
bd2M
C63 = 7= 5/
(1+myc)?
s — — Cdzbz
T A+ meM)?
diby  dyb
Cop = —C1 + - 4 22,
mq ny
Therefore,
a+
SIWU() < LW (),
where
€130 €140 c c310 C3500
o+ 2 sz+ﬂ, I togs+ 2 4 s,
o p p o g
L = max cuf | caf 0 C63 | Cod
—+—— tcutocoep, —cs3tcoss, — + — +Ces
o n « « B

Thus under hypothesis (H;) and (Hy), there exists a positive constant ¢ such that L < —§ < 0
and thus
W(U(t)) < W(U(s))exp(—d(t—s)), t>s>0.

This confirms the equi-uniform asymptotic stability of the second compound system (19) and
by Proposition 6.1, it follows that the coexistence equilibrium point E* is globally stable. From
above analysis, we state the global stability result below.
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Theorem 6.2. If the hypothesis (Hy ) and (Hy) hold then system (2) has no non-trivial periodic solutions.
Furthermore, the coexistence equilibrium point E* is globally stable in R .

7 Hopf bifurcating periodic solutions

Define
flka) = a1(ka)az(ka)az(ks) — a3 (kz)as(kz) — a3(ka).

Theorem 7.1. Assume that i}
bimyj

=12
(1+ mjx})?

a; >
Further assume that there exist ky = k3 such that
(i) f(k3) =0,  (ii) f'(k3) >0,

then the positive equilibrium point E* is unstable when ko < kj but is stable when ko > k3 and a Hopf
bifurcation of periodic solutions appears at ko = k.

Proof. The result will be proved along the lines in [17], we note that f(k;) is monotonic increas-
ing in the neighbourhood of k, = kj. As a;(kp) > 0,i =1,-...,4, f(k2) < 0 when k, < k* then E*
becomes unstable. Again, f(k2) > 0 when k, > kj then E* becomes stable. Applying a result in
[9], we can establish Hopf bifurcation. O

Similarly, one can show bifurcation taking k; as a bifurcation parameter.
8 Verification of analytical results

In this section, we give some observations on analytical findings through numerical. The
parameters are hypothetically chosen to understand the fundamental structure and possible
behaviours in the absence of, or prior to obtaining, real world data. In particular, we show the
effect of fear on population dynamics.

Example 8.1. Supposer; = 10,70 =9,p1 =1, p2 =05,a11 = 15,410 =1,a29 = 05,a»n =1,
k] = 1,k2 :Z,Cl = 1,C2 = 1,b1 :Z,bz :4,d1 = 1,d2 = 1,m1 = 1,17’12 = 3. Then all
the conditions of Theorem 7.1 are satisfied. There exists a limit cycle around (1,1,1.15,1) (see
Fig. 1).

Example 8.2. Supposer; = 10,70 =9, p1 =1, p2 =05,a11 = 15,410 =1, a2 = 05,a»n =1,
ki =1,k =25c1=1,c0=1,b1 =2, bpb =4,dy =1,d, =1, m;y =1, my = 3. Then the
inequalities in (6) are satisfied. Increasing value of k; stabilizes the system (see Fig. 2).

Example 8.3. Supposer; = 10,72 =9, p1 =1, p2 =05,a11 =1, a1p = 18,421 =1, a2 =1,
k] = 1, kz = 0, 1 = 1, Cy = 1, bl = 2, bz = 4:, dl = 1, dz = 1, mp = 0.01, Mo = 0.02. Then the
inequalities in (6) are satisfied. When k, = 0, stable behaviour is observed (see Fig. 3).

Example 8.4. Supposer; = 10,72 =9, p1 =1, p2 =05,a11 =1, a12 = 1.8, a1 = 1, a2 =1,
ki=1,ky=12,c1=1,¢c0=1,01 =2,bpb =4,d1 =1,d, =1, m = 0.01, my, = 0.02. When k; is
increased from 0 to 1.2 limit cycle appears (see Fig. 4).

Example 8.5. Supposer; =10, =9, p1 =1,p2 =0.5,a11 =2,a10 = 1,42 =05, a2 =25,
k1 = 1,k2 :2,C1 = 1,C2 = 1,b1 :2,b2 :4,d1 = 1,d2 = 1,1’]’11 = 1,1’”2 = 0.2. We now
choose c = 4 and A = 0.01. With the above choice of parameters we obtain ¢y = —41.3222,
c13 = —3.63, c14 = 26.263, cp = —18.0236, coy = —4, c31 = 21.456, c33 = 3.9764, c35 = —4,
C36 — —3.3057, C41 = —0.023, Cqp = —2, Cq4 = —21.2986, Cq6 = 42.48, C53 = —2, C55 = —3.2986,
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ce3 = 1.3904, ces = —0.7986, cs = 21. The positive numbers ¢ = 0.036, 7 = 1, « = 1.3904,
B = 0.036, v = 0.005 are such that

L = max{—15.153, —129.1347, —279.3199, —19.8647, —0.1833} < 0.

Then all the conditions of Theorem 6.2 are satisfied. So the equilibrium point (1,0.2631,1.227,0.6215)
is globally asymptotically stable (see Fig. 5).

Example 8.6. Supposer; = 10,7, =9,p1 =1, p2 = 0.5,a11 = 0.05, a1 = 1.8, a1 = 1, a0 = 0.1,
k1=08k =1,c1=1,co0=1,b1 =35,bb =4,d1 =1,d>, =1, m; = 0.01, my = 0.02. Then the
inequalities in (6) are not satisfied and hence the equilibrium point (0.0511,0.4753, 0.3795, 0.6988)
lose its stability and showing chaotic type behaviour (see Fig. 6).

@) (b)

Populations

|1\ \‘JM/M/\/M
AR

) , ,
LT (VAR VRRRRYIVAR VAR ARV VAR N
W

0.8 0.5 y y y y
0.5 1 1.5 2 25 o 20 40 60 80 100
x Time

Figure 1: Phase portrait along with time series plots of system (2) with parameter values r; = 10,1, =9,
pP1 = 1, p2 = 0.5,a11 = 1.5,a12 = 1,6121 = 0.5,6122 = 1,k1 = 1,k2 =2,C1 = 1,(:2 = 1,b1 = 2,b2 :4,
di =1,dy =1, m =1, my = 3 and initial points (1,1,1,1) and (25,1,1,1,1).

(a)

Populations

o 0.5 1 1.5 2 25 “o 20 40 60 80 100
Xy Time

Figure 2: Phase portrait along with time series plots of system (2) with parameter values r; = 10,7, =9,
p1 = 1, p2 = 0.5, ai = 1.5, aip = 1, ar) = 0.5, ary = 1, kl = 1, kz = 2.5, 1 = 1, Cr = 1, bl = 2, bz = 4,
di =1,dp =1, my =1, my = 3 and initial points (1,1,1,1) and (2.5,1,1,1,1).



16 | Electron. ]. Appl. Math. 2025, Vol. 3, No. 4
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Figure 3: Phase portrait along with time series plots of system (2) with parameter values r; = 10,1, =9,
pr=1p2=05an=Lap=18an=Lan =1k =Lk =0c0=1c=1bh=20p=4
diy =1,dy =1, my =0.01, my = 0.02 and initial points (1,1,1,1) and (2.5,1,1,1,1).
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Figure 4: Phase portrait along with time series plots of system (2) with parameter values r; = 10,1, =9,
pr=1,p2=05a1 =1ap=18,a01 =L,an =1, k1 =1Lk =12,c1=1,c0=1,b; =2,by =4,
di =1,dy =1, my =0.01, my = 0.02 and initial points (1,1,1,1) and (2.5,1,1,1,1).

(a) (b)

1.35 2
13} 1.8
1.6
1.25
1.4
1.2 — 2 1.2
S
=T 1.15 5 4
2
£
1.1 0.8
0.6
1.05
0.4
M 0.2
0.95 o
0.8 1 1.2 1.4 1.6 1.8 2 2.2 2.4 2.6 o] 20 40 60 80 100

Xy Time

Figure 5: Phase portrait along with time series plots of system (2) with parameter values r; = 10,7, =9,
pP1 = 11192 = 0.5,ﬂ1] :2,012 = 1/a21 = 0'5/a22 = 2'5/k1 = 1/k2 :2/C1 = 1102 = 1/b1 = 2/b2 :4/
di=1,dp =1, m; =1, my = 0.2 and initial points (1,1,1,1) and (2.5,1,1,1,1).
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Figure 6: Phase portrait along with time series plots of system (2) with parameter values r; = 10,1, =9,
pP1 = 1, p2 = 05, agn = 005, aip = 18, ar) = 1, ayy — 01, kl = 08, k2 = 1, 1 = 1, Cr = 1, bl = 35,
by =4,d1 =1,d, =1, m; = 0.01, mpy = 0.02 and initial points (1,1,1,1) and (2.5,1,1,1,1).

9 Discussion

In modelling predator-prey interaction, the term “fear” is an important factor that develops due
to the presence of a predator. It leads to complex behaviour of the system. Several aspects of
fear in two-species predator-prey systems are widely investigated. But for four species systems,
the effect of fear is not addressed so far. In this work, we have considered the effect of fear on
two prey-predator pairs linked by interspecific competition. In [7], the author analysed the
same type of system without fear and obtained the conditions for permanence. Mukherjee [15]
generalized the model studied in [7] and derived the condition for uniform persistence and
global stability of the interior equilibrium point.

To justify the model’s validity, we have examined the positivity and boundedness of the
system. The existence condition of all the boundary equilibria and the coexistence equilibrium
point are provided. The stability characteristics of these equilibria are presented. Uniform
persistence of the system is shown by constructing a suitable average Lyapunov function. A
geometric criterion is applied in our system to find the global stability of the interior equilibrium
point. We have studied the Hopf bifurcation of our system. The fear factor k; is considered as a
bifurcation parameter. The choice of this parameter is quite arbitrary; one can also choose the
other parameter also for obtain such behaviour. This phenomenon occurs when the two prey
species are in coexistence. Fig. 2 supports this observation. But in case of bistability, opposite
behaviour holds (see Fig. 3). Furthermore, we found chaotic behaviour (see Fig. 6). Another
feature of the fear factor is the decrease of predator density at the equilibrium level as long as
the fear factor is increased.

The principal difference between our work and the other recent studies is the inclusion of
fear on the birth rate of both the prey species. In this case, predators may also modify prey
population dynamics by changing the prey’s interactions with the other species. Thus, the
species’ coexistence depends not only on the predation but also on the interspecific competition
between the prey species. This term enriches the dynamics of the system and makes the model
more realistic than the existing model. We have observed oscillatory behaviour in the system,
which is not found in previous work. The global stability and bifurcation results are new
compared to the references [7, 15]. Furthermore, the existence conditions are changed due
to the presence of fear. Hopf branching mechanism in our fear-based predator-prey model
is structurally different from previous, simpler fear-based or classic models. Earlier models
often showed that fear simply stabilizes a system; modern fear-based models incorporate
complexities that change the fundamental nature of the bifurcation and even exhibit chaotic
dynamics.
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