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Abstract

The Selkov system is a classical model for autocatalytic biochemical reactions such as glycolysis and
exhibits complex spatio-temporal patterns including self-excitation, oscillations, and spatial chaos. In
this paper, we consider stochastic p-Laplacian reversible Selkov lattice systems defined on the integer
set Z, which possess two pairs of oppositely signed nonlinear terms and whose nonlinear couplings
can grow polynomially with any order g4 > 1, the inherent structure of the system precludes the
possibility of any unidirectional dissipative influence arising from the interaction between the two
coupled equations, thereby obstructing the emergence of a dominant energy-dissipation mechanism
along a single directional pathway. In particular, our focus is on studying the asymptotic properties
of the (7, ¢") as the noise intensity v — 0 for the systems. Based on the well-posedness and the
convergence of the solutions of the controlled system associated with the considered system, by the
weak convergence method, we establish the large deviation principle in C([0, T], £ x ¢?) for such infinite
dimensional system. One of the advantages of the weak convergence method that does not rely on
uniform exponential probability estimates of solutions. Moreover, a stopping time technique is used
to prove ,lylil’(l) (), — 21, ¢, — ¢2r) = 0 in probability in order to overcome the difficulty caused by

the local monotonicity of the nonlinear and diffusion terms. Compared to the classical case of cubic
nonlinearity, our results are not only more general in scope but also demonstrate a higher degree of
novelty.
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1 Introduction

The Selkov system provides a simplified model for certain autocatalytic biochemical and
chemical reactions. It has been shown [1, 27, 38, 46] that the system generates complex and
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irregular spatio-temporal patterns, including self-excitation, self-oscillations, self-replicating
spikes, labyrinthine structures, and spatial chaos in one- and two-dimensional settings. The
non-reversible Selkov system [55], similar to the Brusselator [37, 53], Gray—Scott [19, 20, 54],
and Schnackenberg models [56], was proposed by Selkov [40, 41, 43] to represent the glycolysis
process, whereby living cells obtain energy through the breakdown of sugars. These systems
serve as prototypes for cubic-autocatalytic reactions, including the chlorite-iodide-malonic
acid (CIMA) reaction and various enzyme and kinase-mediated processes in biochemistry
and physiology [18, 30, 40, 41], such as the phosphofructokinase reaction involving macro-
molecules ATP, ADP, and AMP. The reversible cubic-autocatalytic Selkov system is derived
from the following reaction:

P
mee 6+2m~3ap, T = B,

ko ko k3

where k; are rate constants of respective reactions. Although nonzero reverse reaction rates are
involved, they are often neglected for simplicity. In this model, the concentrations of 2 and B
are treated as constants, while those of B and & are considered unknown functions of time ¢
and space x.

In this paper, we will investigate the large deviation principle (LDP) of the following
stochastic p-Laplacian reversible Selkov lattice systems defined on the integer set Z and the
coupling terms have a polynomial growth of any order g > 1:

(] (1) = (= (AP(©)i — arp] () + ba($])21(5)9] (5) — ba(9])211(5) ) ds

+ fri(s d5+ﬁz hyci(t) + 00k (9] (£)))dWi(t), >0,

d/ (t) = ( do(AP(1))i — a29p] (s) — br(9])*(s)¢] () + bz(lP?)Zq“(s)) ds g
+ fo,i(s)ds + ﬁz (i (£) + 0,0 (97 (£)))dWi (£), > 0.
with initie;I data
$/(0) = ¢oi, ¢ (0) = ¢, )
wherei € Z, ¢ = ($i)icz, ¢ = (¢i)icz € 12,0 < v < 1, p > 1. dy, do, a1, az, by, by are

positive constants, f1(f) = ( fll( ))zez and f2(t) = (f2i(t))icz € ¢* are time dependent random
sequences. 0; : R — R be a family of locally Lipschitz continuous functions, uniformly in k,
such that for each s € R and k € IN, there exists a constant « > 0 satisfying the inequality

10k (s)| < (1 +s]). )

{Wi }ken is a sequence of independent two-sided real-valued standard Wiener processes on
a complete filtered probability space (Q), F, { F;}>0,P). The discrete p-Laplace operator is
defined by

(Ap(t))i = i(t) — Pia (D72 (Wi(t) — Yia () = [Piea () — 9i(E) P2 (iea (£) — i(t)).

As one knows, a LDS has many applications in fluid dynamics, chemistry, and neural net-
works; see [3,7, 24, 44]. The p-Laplace LDS (1) is the space-discretization of the corresponding
p-Laplace partial differential equation (defined on the real line), while the dynamics of the (de-
terministic or stochastic) p-Laplace PDE was studied in [8, 14, 16, 17, 25, 28, 29, 32, 33, 34, 45, 49].
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As one kind of lattice systems, the existence and stability of invariant/periodic measures of
the reversible Selkov lattice systems driven by white noise have been discussed by Wang, see
[51]. For stochastic lattice reversible Selkov equations driven by additive noises, the existence
of random attractors was discussed by Li [31]. Uniform attractor for Selkov lattice systems was
studied by Jia and Zhao. In the latest study, Wang et al in [50] studied upper semi-continuity
of numerical attractors for deterministic and random lattice reversible Selkov systems. The
deterministic reversible Selkov equations have been extensively studied with respect to the
existence, regularity, and stability of global attractors (see [57, 59]). Numerous researchers
have also explored the existence and robustness of random attractors in stochastic reversible
Gray-Scott systems (see [21, 22, 23, 58]).

It is well known that the large deviation principle (LDP) provides an important tool for
studying the asymptotic behavior of stochastic systems as the noise y — 0. There are two main
methods to establish the LDP. One is the classical method based on time discretization and
uniform exponential probability estimates; see, for example, [9, 15, 26, 39, 42]. The other is the
weak convergence method developed in [4, 6, 13], which is based on variational representations
of positive functionals of infinite-dimensional Brownian motions. It is worth noting that the
weak convergence method does not require exponential-type probability estimates and avoids
the complexity of time discretization.

The LDP for finite-dimensional stochastic differential equations has been thoroughly studied
in [2, 35]. However, results for infinite-dimensional stochastic lattice systems remain very scarce.
To the best of our knowledge, only a few works, including [11, 12, 47], have addressed this
problem. In this paper, we apply the weak convergence method to establish the LDP for a
stochastic reversible Selkov lattice system described by (1)—(2), see [13, 15]. Compared to the
models considered in [12, 47], the system (1)—(2) is a p-Laplacian lattice system, where the
coupled terms may grow polynomially with any order 4 > 1. The structure prevents the
interaction between the two equations from exhibiting a unidirectional dissipative effect. As a
result, more delicate analysis is required. Specifically, see the proof of Theorem 3.1.

It is also important to remark that the LDP for a class of stochastic partial differential
equations satisfying a local monotonicity condition was established in [36]. In particular, the
diffusion term in [36] is assumed to be Holder continuous in time. In contrast, we do not impose
such continuity assumptions here. Therefore, the results of [36] cannot be directly applied to
our results.

The rest of this paper is organized as follows. In Section 2, we first discuss the assumptions
on the nonlinear terms in system (1)-(2) and the well-posedness of this system, and then review
some basic concepts and results of the weak convergence theory for the LDP. In Section 3,4,5
we prove the solution family {(¢7,¢")} of (1)-(2) satisfies the LDP by the weak convergence
method.

2 Preliminaries

2.1 Well-posedness of stochastic p-Laplacian reversible Selkov lattice systems

In this section, some useful preliminaries and assumptions are given. Let £ := {¢ = (¢)icz :
Yicz |$i]" < 400} for r > 1. The norm of ¢" is denoted by || - ||;. The norm and inner product
of ¢% are written as || - || and (-, -), respectively.

Firstly, defining linear and bounded operators B, B* from ¢? to ¢? as follows

(BY)i = i1 — i, (B*¢)i =i — i1, forallp = (¢;)icz € (%
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Thus, we have (By, ¢) = (¢, B*¢) . Define the discrete p-Laplace operator

(Ap): = (B ((I(BY)I"2(BY)i),z) )
By [10, 48], A : £> — (? is locally Lipschitz continuous and monotonous. Therefore, we have

1(Ag) — (AP)|| < Cliy — ¢,

(A(y) — A(@),y —¢) 20, forally,¢ € (% 4)
We also define the operators F : 2 x (> — (> and G : (> — (> by F(¢,¢) = (l[Jin([)i)iEz and
G(y) = " Diez for y,¢ € 2.

IE (1, 1) — F(2, ¢2) I < cr(n) (11 — @2l + |1 — ¢21?),
[(F(1, ¢1) — F(2, ¢2), 1 — P2)| < ca(n) (|| — 92l |> + [l — ¢2[|?),
[(F(¢1,¢1) — F(2, ¢2), 1 — ¢2)| < c1(n) (11 — 92> + llp1 — ¢21?), ®)

i

and

IG() — G(9)|I> < ca(m) |y — ¢,
(G(p1) — G(2), 1 — P2)| < ca(m)[lp1 — 2%,
(G(p1) — G(92), 1 — P2)| < ca(n) ([ — 2l* + |1 — ¢21I), (6)

where ¢, , Y1, Y2, p1, ¢2 € CPand [[y[| < n, (|91 < n, (g2l < n, (o]l <, M)l < 1, (g2l < 15
see [51] for the proof.

Let & : 2 — 2 by 0k(¢) = (6,:0%(¥i))iez and oy : €2 — (2 is also locally Lipschitz
continuous. For any k € IN, there exist & > 0, C¢(n) > 0 such that

ﬁ o) — ax(2) I < Celm) 11 — 92 )
and
:21 loe@)IP < 2215171+ 9P, ®)
where |6]2:= ¥ ¥ |6u? < co. In addition,
keN i€Z
[ E(LAOR < LRI + £ ()R] dt < o, v eR, T >0 ©)

Let H = {y = (1/1]');.";1 ) Bh [j|* < oo} be a Hilbert space. For each k € N, define
e = (exj)ies

1, j=k
®IT\ 0, j#K

Consequently, {¢; : k € IN} forms an orthonormal basis of H. Let I denote the identity operator
on H, and consider W to be a cylindrical Wiener process in H with covariance operator I,
represented as

W(t) = ) Wi(t)e, teRY,
keN
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where the series converges in L2(Q; C([0, T]; U)) for any T > 0. Here, U is a larger separable
Hilbert space such that the embedding H < U is Hilbert-Schmidt. For any ¢ € ¢>and t > 0,
define o(t, ) : H — (> by

o(t,9)(z) = Y ((t) +ox(¥)) zx, Yz = (zk);2; € H. (10)

kelN

Based on equation (8) and (9), we conclude that o (¢, ) is well-defined. What is more, this
operator is Hilbert-Schmidt, and it satisfies the inequality

lo(t, )Ml < llot Pl @e) = <Z |k (t) + ox( )Hz> < 0o, (11)

kelN

where L(H; ¢?) denotes the space of bounded linear operators from H to ¢2, with norm || -
| L(r;2), and Lo (H; ¢2) refers to the space of Hilbert-Schmidt operators from H to #2, with norm

I Ly 02)-
By (10), the system (1)-(2) can be rewritten as

dy (1) = (—di AY" — a1 (s) + bu ()2 ()97 (1) = ba($") 2 () + fu(t) ) ol
VAT (D)AWL, >0,

(12)
A7 (1) = (—d2Ag™ — axg” (1) = b (") M ()7 (1) + ba (9741 (1) + fat) ) dt
{ + /o (t,¢7(t))dWi(t), t>0.
with initial conditions
(¥7(0),97(0)) = (o, o) € €2 x 2. (13)

An (?-valued F;-adapted stochastic process (y7(t),¢7(t)) with t € [0,0) is called a solution to
problem (12)-(13) if (¢7,¢7) € L*(Q; C([0, T]; £2 x ¢?)) for any T > 0, and for IP-almost surely
w e Q),

o+ [ (~0Ay7(5) — my () + b9 (5) — b))+ i(5)) s
+ V7 / o(s,§7) dWi(s), P-as.,

b0+ [ (—aAP7(5) — 0297 (5) — b (97T + bayTIS) + o)) s
T / 5,¢7) dWi(s), P-as.

(14)
where t > 0 and (¢, ¢9) € ¢ x ¢2. Under assumptions (7)-(9), the existence and uniqueness of
solutions to system (12)-(13) can be proved, see [51, 52].

2.2 Weak convergence method for large deviations

In this subsection, we recall some basic concepts and results of the weak convergence theory for
the large deviation principle, which can be found in [4, 13, 47].

Let (Q), F,IP) be a complete probability space, { F; }+>0 is a standard filtration. Suppose H is
a separable Hilbert space, {W(t) }+>0 is a cylindrical Wiener process with identity covariance
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operator in H with respect to (Q, F, { F;}+>0, P), which means that there exists a separable
Hilbert space U such that the embedding H — U is Hilbert-Schmidt and W(t) takes values in
u.

Let € be a Polish space, T > 0. For every v > 0,let G7 : C([0, T],U) — £ be a measurable
map, and denote by
X7 = G"(W). (15)

We study the large deviation principle of X7 as v — 0. Given N € R™, denote by

Sn = {z € L*(0,T;H) : /OT z(t)]|3 dt < N}. (16)

Then Sy is a Polish space endowed with the weak topology. Let A be the space of all H-
valued stochastic processes z which are progressively measurable with respect to {Fi},c(o,1

and fo |z(#)]|3 dt < oo, P-almost surely. Denote by
Ay ={z € A:z(w) € Sy for almostall w € O} . (17)

Definition 2.1. A function [ : £ — [0, 0) is called a rate function on & if it is lower semi-
continuous in £. A rate function I on £ is said to be a good rate function on & if for every
0 < C < oo, thelevel set {x € £ : I(x) < C} is a compact subset of .

Definition 2.2. (Large Deviation Principle) The family { X"} is said to satisfy the large deviation
principle in £ with a rate function I : £ — [0, o) if for every Borel subset B of &,

—inf I(x) < 11m1nf’yln]P(X7 € B) <limsupyInP(X” € B) < — inf I(x),
xeB° 7—0 1—0 x€B

where B° and B are the interior and closure of B in &, respectively.

In order to investigate the LDP of { X7} in Polish space £ by the weak convergence method,
we need to recall the concept of Laplace principle of { X7} as below.

Definition 2.3. (Laplace Principle) The family { X"} is said to satisfy the Laplace principle in £
with a rate function I : £ — [0, ) if and only if for every bounded and continuous function
J: & =R,

lim InE [67%]()&)} = - ;relg {J(x) +1(x)}.

¥—0

The following result shows the equivalence of large deviation principle and Laplace princi-
ple in Polish space, which can be found in [13].

Proposition 2.4. The family { X7} satisfies the large deviation principle in a Polish space € with a rate
function 1, if and only if { X"} satisfies the Laplace principle in € with the same rate function.

In view of this equivalence, it is sufficient to verify the Laplace principle of X7. To this
end, we need the following conditions for the family G7: there exists a measurable map
GY: C([0,T],U) — & such that

(i) Forevery N < oo, the set {G° ([, z(t)dt : z € Sy) } is a compact subset of €.
(i) If N < oo and {z7} C Ay such that {z"} converges in distribution to z as Sy-valued

random variables, then G7"(W + e~ 2 Jo 27 (t)dt) converges in distribution to G° ( [, z(t)dt).
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Define [ : £ — [0, 00) by, for every x € &,

1 T T
I(x) = inf{/ |z(t)||3,dt : z € L*(0, T; H) such that G7 (/ z(t)dt) = x}, (18)
2 Jo 0

with the convention that the infimum over an empty set is taken to be co. Under (i) and (ii), the
following proposition can be obtained (see [5]), which is useful for establishing the LDP.

Proposition 2.5. If G7 satisfies (i)-(ii), then the family {X"} as given by (15) satisfies the Laplace
principle in € with rate function I as defined by (18).

3 Large deviation of stochastic p-Laplacian reversible Selkov Lattice Systems

In this section, we aim to establish the large deviation principle for the stochastic p-Laplacian
reversible Selkov lattice systems (12)—(13). The proof is based on the equivalence between the
large deviation principle and the Laplace principle and the main result of this paper is stated as
follows.

Theorem 3.1. Suppose that (i)-(ii) hold, and (Y7, ¢7) is the solution of (12)-(13). Then the family
{(p",¢")}, as v — 0, satisfies the large deviation principle in C([0, T], L? x L?), with the good rate
function given by

T
1) =inf {5 [ I=(6) sz € L20,TH), (v 92) = o 19

where ¢ € C([0,T], (2 x (2), (2, ¢-) is the solution of (21)-(22) given below. As usual, the infimum
of the empty set is taken to be co.

Remark 3.2. Since (7, ¢7) is the unique solution of (1)-(2), it follows that there exists a Borel
measurable map G : C([0,T],U) — C([0, T], ¢* x £?) such that

(97, ¢7) = GY(W), P-almost surely. (20)

In order to obtain Theorem 3.1, we just need to show that G (see (20)) and G° (see (46))
satisfy condition (i) and (ii) with rate function I in (19) based on Propositions 2.4 and 2.5.

The rest of the paper is to prove Theorem 3.1.
3.1 The controlled p-Laplacian reversible Selkov lattice system

Firstly, we investigate a deterministic control system corresponding to (12), which is important
for establishing the large deviation principle of (¢?,¢7) as v — 0. For a given control z €
LZ(O, T; H), consider the controlled system:

dl/;zt(f) = — Ay AY.(t) — agtpo () + by ()2 (D)= () — ba ()27 (E) + fu(F)
+o(t 9:(2))z(t), o
(m;t(t) = — dy Ao (t) — ar (t) — br(Y2)*1 (1) Pz (t) + ba (=) (t) + fa(t)
\ +o(t, ¢:(t))z(t),

with initial data

2(0),¢2(0)) = (o, o) € £* x £, (22)
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Definition 3.3. For any T > 0 and (yo, ¢0) € > x 02, (., ¢.) € C([0, T], £? x £?) is called a
solution of (21)-(22), if for all t € [0, T],

o+ [ (—hAp(5) —a(5) + 01 H()9:(6) — ba ) () + A1)

—|—/05,1/st z(s)ds
(23)

o+ [ (~82Agels) — 12g2(s) = b9 E)=(5) + balpe 1T () + (o)) s

n /0 o (s, 2 (s))z(s) ds

We first prove the existence and uniqueness of solutions to (21)-(22).

Lemma 3.4. Suppose that (7)-(9) hold. Then for every z € L*(0, T; H), system (21)-(22) has a unique
solution (., ¢.) € C([0, T, 2 x £2).

Furthermore, for each ny > 0 and ny > 0, there exists C = C(ny,np, T) > 0 such that for

any (o1, o), (Yo, Po2) € € x 2 with [l V o]l V lIoa ]l V |0zl < 11, and any z1,z2 €
L2(0, T; H) with || 211 20,101y V 122/l 20,7501 < 12, the solutions (2, ¢z,) and (,, ¢z, ) of (21)~(22)
with initial values (Yo, Po1) and (Yo, Poy), respectively, satisfy

(s = Pers b1 — 02) [ 0,12y < € (01 = o2l + o = o2l + 121 = 2212 0 1)
(24)

and
1z, @20 120,11 2x02) < C- (25)

Proof. Givenz € L2(0,T; H), we first prove the well-posedness of system (21)-(22). By dropping
the subscript z, system (21)-(22) can be written as

Ohﬁ(f) = — di A () — amp(£) + br () ((£) = ba()*7T (1) + fu(t)
+o(t,p(t))z(t)
= G(ty,¢), (26)
d(ﬁgt) = — da Ap(t) — axp(t) — ba () (1)p(t) + ba () (1) + fa(t)
+o(t,¢(t))z(t)
= G(t, ¢, ¢)
with initial data
((0),$(0)) = (o, o) € £ x 12 @)

Since z € L2(0, T; H), by (4)-(6) and (11) we deduce that for every R > 0, there exists a constant
C; = Ci(n) > Osuch thatforall t € [0, T] and ¢, ¢ € 2 with ||g|| < n, ||¢| <n,

IG(t, ¢, 0) |1 <6(d2]| Apl® +aill]l® + B E(, ¢)I1* + BN G () I* + [ ()|
+ oI, 1,0 12(D11F)
<6(16dZH¢II2 +L11||¢7H2 +bicr(n) ([911* + 1911*) + be2(m) l91* + L A2 (1))

+6(2 Z el T 0,2y + 402 18112 (1 + Nl l12) llz(8) I3
k=1
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<Cr (L+ AGI+ ¢l + l19l1?) +C <1+ Y Ikl o,rmy + HIIJH2> I2(£) 13-
k=1
(28)
Similarly, by (11), we have

IG(t, ¢, ¢) 1> <6(d3]|Agl* + a3l @l1* + B IIF (9, ) |I* + BIG W) > + | f2(1) 1P
+ 1ot )T, a1, 12(8) )

<Ci (L+ IO+ ll* + 191?) + G <1+ > WllZe o, mym) + H4>H2> Iz(8) 1

By (7) and (5)-(6), we obtain that there exists C; = Cy(n) > 0 such that for all t € [0, T] and
Y192, 91,92 € C with (||| < n ([l <, n]l < n ]l 2]l < m,

IG(t, 1, ¢1) — G(t, 2, ¢2)|?
=[| — Ady (1 — ¥2) + b (F(¢1, 1) — F(¢2,$2)) — b2(G(¢1) — G(¢2))
—a1(P1 — P2) + (o (t, 1) — o (t,92))z(1)|?

SS(I\A% — Ao ||> + b1 || F (1, ¢1) — F(yp2, ) |1 + b2 |G (1) — G(92) I + an |1 — 2|
ot pr) = ot ) I, 120 )
<C(1+ lz®)13) (Igr — w21* + l1 — ¢211?) -
Similarly,
IG(t, 91, ¢1) — G(t, 2, ¢0)|?
=|| = Adz(¢p1 — ¢2) — bi(F(p1, 1) — F(2,¢2)) + b2(G(¢1) — G(¢2))
—ax(p1 — ¢2) + (o (t, 1) — o (t, )z () ||?
<Co(1+ lz()113) (lpr — w2* + llg1 — P211%) - (29)

From (28)-(29), it follows that for each (g, ¢g) € ¢> x (2, system (26)-(27) has a unique local
maximal solution (i, ¢) € C([0, To], ¢* x £2), where 0 < Ty < T. Next we will prove that this
solution is actually defined on the entire interval [0, T] by the uniform estimates of solutions.

By (26) we have for all t € (0, Tp),

S IOl

= —dllAp(®)]* + (f1(D), w(1) —arllp(B) 1 + br (F(g(t), ¢ (1)), ¥ (1)) — ba(G (9 (1)), (1))
+ (ot (8)z(8), ¥ (1)),

and

A POl

== || Ap(t) >+ (f2(t), 9(t)) — aallp(t) > — br(F (), (1)), 4(1)) + b2(G( (1)), p(1))
+{a(t0(1))z(1), o(1),

which imply that

d
77 (eI + llo )11
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< =2C([pO117 + eI +2{f1(1), ¥ (1)) +2(f2(t), ¢ (1)) + 2 (t, p(1)z(t), (1))

+2(a(t, ¢(1))z2(t), ¢(#))-

For the third and the fourth term on the right-hand side of (30), we have

2((8), 9(1)) < IAGI+ g,

and

2(f2(),¢() < 2D+ e ()1

For the last two terms on the right-hand side of (30), by (8) and (11), we have

2[(o(t,y(8))z(t), p(£))]
<llo(t I, |20 17 + ()]

<2||z(t) 1% ﬁ\lhk (O + 4?12 (1 + [l () [Pz 1 + 9 (5)]1%,

similarly,

2[(o(t, ¢(t))z(t), ¢(1))]
<2||z(t ”HZ [k (8)]17 4+ 40 [ 8]1* (1 + (O 1217 + g ()]
By (30)-(34), we get for all t € (0, Tp),
d
T (1> + llo()11%)
<2(C+ClI8lPllz() 1) (eI + le®P) + IAE I+ 200117
+2 (4042\!5\\2 +2) Hhk(t)H2> [HGI
k=1
= a()([p®1 + lp(B)17) + b(t).
Then by Gronwall’s lemma, we obtain that for all t € [0, Tp],
t to
()2 + ()1 < elo "% (o> + [[pol?) +/O el 1 p(s) ds.
In addition, notice that

T
/0 a(t)dt < 2CT +2C||6PIIz(1)113, 0.r.0) = a0 < o0,

and

/O " (bt

T 00
S/O (llfl(f)ll2 +LOI1P+2 Y 1L, o e +80¢2H5||2> 12(8) 1220, 7.0/
k=1

=by < 0.

(30)

(3I)

(32)

(33)

(34)

(35)

(36)
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It then follows from (36) that

[ (DI + eI < e (llpol|* + ligpol*) +e™bo < co. (37)

By (9) and (37), we infer that for each n; > 0 and ny > 0, there exists C3 = C3(n1,n2,T) > 0
such that for any (1o, ¢o) € €2 x €2 with ||| < ny and ||¢o|| < 11, and for any z € L2(0, T; H)
with ||z[| 12(,1;r) < 112, the solution (¢, ¢) satisfies

lp(®)I1Z+ llp()|? < Cs, ¥t € [0, To), (38)

which implies that Ty = T and hence the solution (¢, ¢) of (26)-(27) is defined on the entire
interval [0, T]. Next, we prove (24) and (25). Let z1, z, be given in L2(0, T; H), and denote by

(1/11, 4)1) = <l/)Z1I 4’21) and (1/22, 472) = (lpzzl 4722)' (39)

Suppose that [[o.1]| V [zl V gl V l¢o2ll < 11, |21l c2(0,1;m) |V |22 20,71y < 2. Then by
(38), we know that

lpr (D1 + g (D] < G5, Ve [0,T],
which implies (25).
By (26) we have

o) — ()P

= —di(Ap1(t) — Aa(t), P1(t) — (b)) + br(F(¢1(t), p1(t)) — F(¢a(t), d2(t)), 1(t) — 2(t))
— 0o (G(¢1) — G(¢2), 1 — P2) — an||gp1 — o
+ (ot 1(t))z1(t) — o(t, a(t))za(t), P1(t) — Pa(t)), (40)

and

> o)~ a0

= —da(AP1(t) — Apa(t), p1(t) — 2(t)) — ba(F(Pa (), p1(t)) — F(pa(t), 2(t)), P1(t) — ¢2(t))
+m@wn—awxﬁ—@%wﬂﬁ—@w
+ (o (t, ¢1(t))z1(t) — o (t, p2(t))za(t), ¢1(t) — pa(t))- (41)

Then by (4)-(6), (40)-(41) we have

L (96— O + 11(6) — (1))
<2C ([41() ~ () P+ [2(8) ~ ¢a()?)
20t (0)21(1) - ot a(B)z2(0), 1(8) — 9a()
F2(0t, ()21 — ot a(E)2a(0), a(8) — ga(0)). @)

For the third term on the right-hand side of (42), by (11) and (25), we know there exist C4 =
Cy(nq,n2,T) > 0and Cs = Cs(n1,nz, T) > 0 such that forall ¢ € [0, T],

2{a(t, r(1)z1(t) — o (£, a(t))22(t), P1(t) — a(t))

< 2[|o(t, pr(£))z1 () — ot Y2 ()22 (D) || - [[$2(8) — (8]

<2/ (e(t,91(t) — o (t, 2(8)) 22 ()| - [ga (8) — ( )l
+ llo(t, $a(8)) (20 () — z2()) | - l9pr (£) — ()H
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<2[lo(t, p1(£)) = o (t, Y2 () |y, |20 () [ 1 11 (8) = pa(B)
+ 2|l (t 2 () 1y (1,2) 120 (8) = 22 (D) [ 1l () = pa (D) ]

o 1/2
<2 ((Z ||hk”%°°(0,T;£2)
k=1

X ||z1(t) — z2(8) | 1 ll91(£) — P2 (8] + Callza (B) 1|91 (£) — o (£) |12
< Callzi ()l llwr (1) — a2 ()| +2Cs]lz (£) — za(8) | 1l a (£) — 2 ()
< (14 Cyllza(B) 1) [lp1(t) — 2 (B)[I* + CEllza (1) — z2(t) || -

Similarly, there exist C4 = C4(ny,n2,T) > 0 and Cs = Cs(nq,n2,T) > 0 such that for all
te[0,T],

+V2all0]| (1 + lliz(t)z)”z)

2o (t, 1())z1(t) — o (t, 2(t))z2(t), p1(t) — P2(t))
<1+ Callzi(B) ) 11 () — (D)1 + CEllza () — za(8) 13- (43)
It follows from (42)-(43) that for all ¢ € [0, T,

& (n() = 9O + 91(6) — 9a0)P)

<(Co + Crllze(t) 1) (Ilpr (1) = 2 ()17 + [lpa (1) — (1) ]1?)
+2C |z (t) — z2(t)|1& (44)

By Gronwall’s lemma, we obtain that
[1(8) = P2 () 1> + Nl (£) — a2 ()|
<eh (€A NS (o1 — 002 + [[por — doall?)

b
+2C§/ el (Co+ Gz Mmdr| 2, (s) — zp(s) ||3ds
0

§6C6T+C7ﬁ“zluL2(0,T;H) (||1~IJO,1 _ 1}00’2H2 + ||¢O,] _ ¢012||2)
1 2C3S TV I 0|2y — 2, 220,70 (45)
Then (24) follows from (45) immediately. O]

Based on Lemma 3.4, we can define G° : C([0,T],U) — C([0, T], ¢* x ¢?) by, for every
gecC(o,1,U),

§(F) = (2, ), ifé= fotz(t)dt for some z € L2(0,T; H), (46)
(0,0),  otherwise,

where (¢, ¢,) is the solution of (21)-(22) corresponding to the control term z.

4 Proof of the condition (i)

In this subsection, we will show that the condition (i) is fulfilled. Firstly we prove the following
lemma about continuity in weak-strong topology.

Lemma 4.1. Suppose that (7)-(9) hold. For fixed (&,&) € L*(0,T; (> x (?), define an operator
T : L*(0,T; H) — C([0, T}, ¢* x £?) by

T(z)(t) = (/Ot(T(S,C(s))z(s)ds,/Ota(s,f(s))z(s)ds> , foranyz € L*(0,T;H).  (47)
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Then the operator T is continuous from the weak topology of L?(0, T; H) to the strong topology of
C([0, T], €% x ¢2).

Proof. At first we verify that the operator 7 : L?(0, T; H) — C([0, T}, £*> x £2) is well defined. In
fact, for every z € L2%(0,T; H), by (9) we have

[ (ot 6)2s) P + llo(s,8(5))2(6)?) s
< [ (16,2 126+ 105, BN g 2G5 ) s

T [}
=) (Z Il o + 201011+ H¢<s>u2>) I2(6) s
k=1
T 00 )
w2, (E el o 1) + 207101 (1 + ||c<s>||2>> () I13:ds
k=1

00 00 T
<2 <Z Hthzm(O,T;EZ) +) ||hk||2oo(0,T;f2)> /0 1z(s) | Fds
k=1 k=1

_ T
407817 (2 4+ 18m o) + 1603 omi)) [ 126
T
:C1/0 12(s)|[2ds < oo, (48)

where C; is a positive constant, which implies that 7 (z) as given by (47) belongs to C([0, T], £? x
¢?) for all z € L?(0, T; H). Itis clear that 7 : L?>(0, T; H) — C([0, T], ¢*> x £?) is linear. On the
other hand, by (47) we have for every z € L2(0, T; H),

1T (@) () 72xee z/ot (o (s, &(s))z(s) 1> + lle (s, &(s))z(s)||?) ds
<t /Ot (Il (s, &(s))z(s)||* + [lo (s, &(s))z(s)||?) ds, (49)

which along with (48) shows that

T -
1T @I 0,17, ST/O (llr(s, &(s))z() 1% + llo (s, 5(5))z(5) |1?) ds
<CiT|zlI2(0 7.1 (50)

Thus 7 : L?(0,T; H) — C([0,T],¢* x £2) is bounded and hence continuous. Since 7 :
L%(0,T; H) — C([0, T], > x ¢2) is linear and continuous in the strong topology, we can deduce
that if z, — z weakly in L?(0, T; H), then T (z,) — 7 (z) in L?(0, T; H), then T (z,) — T (z)
weakly in C([0, T], £? x ¢?). Next, by using Ascoli-Arzela theorem, we will prove actually
that 7 (z,) converges strongly in C([0, T], £*> x £?). Indeed, from (48) and the boundedness of
{z4}_, in L2(0, T; H), it follows that the sequence {7 (z,)}*_, is equicontinuous on [0, T]. It
remains to show that for every t € [0, T], the set {7 (z,)(t) : n € Z.} is totally bounded in
% x £2. To do that, we need to prove the set {7 (z,)(t) : n € Z. } is totally bounded in ¢? x £2.

For every i € Z,lete; = (0;;)jcz, where

1 —i
0ij =19, e
" 0, i#].
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Then {(e;,0), (0,¢;) }i jez is an orthonormal basis of (2 x (2. Givenm € Z,, let P, : {* —
|

span{e; : |i| < m} be the projection operator and Q, = I — Py. Define Py £2~ X 02 —
span{(¢;,0), (0,¢)) : |i| < m,|jl < m) by Pu(},¢) = (Putp, Pug). Let O = I — Py Then
Qu(,¢) = (Qu, Quep). Given t € [0,T], since o(t,&(t)), o(t,&(t)) : H — ¢? are Hilbert-

Schmidt, we have

Jim [1Qn (e (8, &) T, 112 = O
Jim_ 1 Qu(@(t, 8T = O

Then we get that

lim [|Qu (o (s,&(s)), 0 (5, S ()T, (11, 202)85 = O,

m—00

which, together with the dominated convergence theorem, implies that for every t € [0, T},

lim / 1 (0(5,E(5)), (5, &) 12, 1122y = O. (51)

m—00

It follows from (47) that

D=

17 (z0) (D)l sz < Ot zn(8) |2 + o (s, £(s))zn(s)|1?) * d

[ lets.es))
s/of (Ha(s,g’(s))lhz ) 1zn(s) [ + [l (s, E(s ))||L2(H,£2)||zn(s)|\H) ds
< (/ (s)) :

tH‘T(S' L2H€2> (/ [[zn (s HHdS>
e ([ 1ots 2D e ) ([ Ttolias) ©)

Similarly, for every m € Z, we have
1QnT (z0) () 2x ez
t ~
S/O 1Qu(o(s, &(5))zn(s)), 0 (5,6(5))zn(s) | ds

S(/OtHQm(U(s,C(sm La(H,2) ) (/ 1z (s HHds)
(L 10 I ds> ([ 1aats ||Hds) | )

Since {z, }*_, is bounded in L2(0, T; H), it follows from (11), and (52)-(53) that there exists
G >0 1ndependent of n,m € Z such thatforanyn € Z,

lo(s, ¢ (s

1T (zn) ()22 < Ca, (54)

and forany n,m € Z,

1Qm T (z0) (£) l12 12

<G |( [ lonte >>||L2Hezds) + ([ 1Qutets ) >>|\L2H@z>ds)2]. (55)
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By (51) and (55), we find that for every > 0, there exists my € Z such that foralln € Z_
and m > my,

1O T () ()l < 37 (56)

By (54) we know that {5y, (T (z.(t)))}5, is bounded in a (4mg + 2)-dimensional space, and
hence precompact. Therefore, { Py, (T (z4(t)))}5_; has a finite open cover of radius §7, which
along with (56), shows that the sequence {7 (z,)(t)}{>_; has a finite open cover of radius 7.
Therefore, {7 (z,) ()}, is totally bounded and hence precompact in £2 x (2.

By Ascoli-Arzela theorem, there exists a subsequence {z,, }{° ; of {2z, }>_; such that 7 (z,,) —
T (z) strongly in C([0, T], ¢* x £?). Moreover, by a contradiction argument, we find that the
entire sequence T(z,) — T(z) strongly in C([0, T], ¢> x £?). This completes the proof. O

Based on Lemma 4.1, we will further prove the strong continuity of solution of control
system (21)-(22) with respect to control in weak topology.

Lemma 4.2. Suppose that (7)-(9) hold. Let z,z, € L*(0, T; H) forall n € Z., and (2, ¢z), ({2, $=,)
be the solutions of (21)-(22) corresponding to the controls z and z,, respectively. If z, — z weakly in
L%(0,T; H), then (., ¢2,) — (P2, ¢.) strongly in C([0, T], £? x £?).

Proof. Suppose z, — z weakly in L*(0, T; H). Then {z,}%°_, is bounded in L?(0, T; H). Similar

n=

to (48), we find that there exists C; = C1(T) > 0 such that

OiggT{<!!¢zn(t>\!2+rr¢zn(t>!|2>V<H¢z<t>H2+Hcpz(t)HZ)}scl, forall neZ,. (57)

By (21)-(22) we have

d
= () = :(0)

= —di (A, (1) = A (1)) + b1 (F(§2, (1), ¢z, () = F(=(8), 92(£))) — a1z, (1) — = (1))
— b2 (G(¥2,) = G(¢2)) + (£ 9, (1)) 2a(t) — o (8, 92(8))2(t)), (58)

and
2 (@ ()~ 0:(1)
= s (A, (6) = Aga(6)) — by (F(pay (1), 2, (1) — F((8),9:(6))) — aa(, (8) — ()

+b2 (G(¢z,) = G(2)) + (0 (£, ¢, (1))z (8) — o (£, ¢=(8))2(1)) - (59)
By (5)-(6), (7)-(9) and (57) we get foralln € Z,
| 00— 90| < C2 0 e + L)), )
and
|2 0.0 = 90| < a1+ lan(Ol + 1201 )

where C; = C(T) > 01is a constant independent of n. Similar to (40)-(41), by (58)-(59) and
discrete p-Laplace operator A, F(¢, ¢), G() satisfy the locally Lipschitz condition we have

(1) = )P+ 2, () — (1))
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<2C(||1Pz (1) = ()17 + [19=, () — 9=(1)[*)
+2(0(t ¢z, (1) 2 () — (b, = (£))2(1), ¢, (1) — 2 (1))

I

2{0(t, ¢z, (£))zn(t) — 0 (t, $=(4))2(t), ¢, (£) = P=(1)) . (62)

I

For the second term on the right-hand side of (62), we have

Lo =2{a(t, 2, (£))zn(t) — (£, =(£))2(8), 2, () = =(t))
=2(( (£, 2, () — o (t, ¥=(£)))2n(t), P2, () = =(t))
+ 20 (t, =) (za () = 2(£)), ¢z, (1) — (1))

=:I11 + Iip. (63)
By (7) and (57) we know that

Ly <2|jo(t, ¢z, (1)) = o (6, () |1, (1,02) 120 () 12|, () — 9= (8]
<Cs 0111z (#) [l () — p=(8) 17, (64)

where C3 = C3(T) > 0is a constant independent of n € Z.,. Foreachn € Z and t € [0, T], set
t
Pu(t) = [ o(s, () (za(s) = 2(6)ds. (65)
Since z, — z weakly in L?(0, T; H), by Lemma 4.1 we have
Pn — 0in C([0,T], *) as n — oo. (66)

By (60) we have

s =2 ( 55n(0) 90— 9:(0))

_th( n(t), ¥z, (£) — 9=(t)) —2<q’5n(t),jt(lpzn(t) —1Pz(t))>
SZ;t( (), P2, (8) — (1)) +2Co (1 + [|za (D) |2 + 12(E) | 1) 1@ (B)])- 7)

It follows from (63)-(64) and (67) that

L < 2G|6][][zn (8) | [l (£) —1/Jz(f)Hz+2;lt( n (), s, (£) — (1))
+2C (L 2o (O)[m + [12(O)[1) [@a(B)]]- (68)

Foreachn € Z, and t € [0, T], set
t
Fu(t) = [ (s, :()) (zals) = 2(5))ds. (©9)

Similar to (66), we obtain

@n — 0in C([0,T],1%), as n — co. (70)
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And similar to (68), we have

I < 2G|l [lzu(t) [ 1llp=, () — = (1) 1* + 22(%0)/%(0 — (1))
+2C (1+ 2ol + [12(O)][1) @ (D)]]- (71)

where C,, C3 are constants as above.
It follows from (62), (68) and (71) that

(190 (6) = 9O + 19, () — -0 )
< (C+ 205110 ) = =) + (C-+ ol Ol )~ ()
F20 (a9, (6) — 4-(0) + 2.5 (9u(8) 4, () — 9:(0)

+ @Calu(8) |+ 2Cal () (1 + 0 (8) 1 + 1=(6) 1) 7

Since ¢, (0) = 9o, ¢z, (0) = ¢, integrating (72) on (0, t), we have

=, (8) = = ()17 + 1=, (1) — = ()|

< /Ot (C+2C3 )10l lzn ()l l1=, (5) — () 1> + C +2Cs 16 ]| llzn () |2 l1p=, (5) — ¢=(5)]1?) ds
+2(@n (), ¥z, (8) = $=()) + 2 (Pu(t), P2, (£) — p=(8))
+ /Ot CCol|@n ()l +2Coll@n(s) 1)) (1 + [lza () |1 + [12(s) [ 1) ds. (73)

For the third and fourth terms on the right-hand side of (73), we have

~ ~ 1
2(@u(t), 2, (8) = (D) < 201@u(D)1E(0,10) + 5 1120 (1) = (DI, (74)

and

- - 1
20 (1), 20 (6) = $:(6)) < 20 G0 () 0, + 19, (5) — (D) 75)

For the last term on the right-hand side of (73), we obtain

[ CClIu( +2Ca () ) (14 12a(5) 1 + 125 1) ds
< <2C2T%H¢HHC([O,T],ZZ) +2C2T%H¢HHC([O,T],£2)) <T% + l|znll 20, ;m) + HZHLZ(O,T;H)) . (76)
By (73)-(76) we have for all t € [0, T],
2, (8) = @ (B) 2+ 19, () — () 2
< [ (U8 (19, 05) = =) P + ey () = 95} 1) ) s
+ (2C T gullcgom e +2CTH Gl cqon,e)) (T2 + Izl 2o mm + I2le0nm)
+2 (H@H% (o], t ||(P7n||%:([o,ﬂ,42))

= [ a9) (1, (5) = 9 + 1, (5) = 0-(5) ) ds + 77)
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By (77) and Gronwall’s lemma we obtain, for all t € [0, T},

1920 (5) = 9o (I + (19, (£) — @ (£)[[* < buelo o). (3.60)

Note that the integral of

! 1
| a()ds < T3] 221200 78)

Since {z,}%_; is bounded in L2(0, T; H), by (77)-(78) we know there exists constant Cy =
C4(T) > 0 independent of n € Z such that for any ¢ € [0, T],

[z, () = ()17 + [, (1) — (1) |2
<C4 (H(IA’nHé([o,T],ﬁ) 1@l o,m2) + 1Pnlleqo,e) + Wn”(:([O,T],@Z)) : (79)

It follows from (66), (70) and (79) that

sup ([19z,(s) = 9= ()17 + 19z, (s) = ¢=(s)[1*) =0 as m— oo,

0<s<T

which concludes the proof. ]

The following lemma confirms that condition (i) is satisfied.

Lemma 4.3. Suppose that (7)-(9) hold. Then for every N < oo, the set

_ {go (/O'z(t)dt> z € SN}, (80)

is a compact subset of C([0, T], ¢ x £?), where Sy is the set as defined by (16).

Proof. By (46) and (80) we find that

T
Ky = {(¢2,¢:) :z € Sn} = {(wz,cpz) :z€ L*(0,T; H),/O z(t)||Fdt < N}, (81)

where (1, ¢.) is the solution of (21)-(22). Let {(¢-,,¢-,)} C Ky. Then z, € L?(0,T; H) and
fo |zn(t)]|3,dt < N, which means there exists z € Sy and a subsequence {z,, }{* ; such that
zy, — z weakly in L2(0, T; H). Then by Lemma 4.2 we find that (¥ P2,,) — ($z, ¢2) strongly
in C([0, T], £? x £?), as desired. O

In the subsection, we will verify the condition (ii). For this purpose we first obtain the
property of the measurable map G7 in the following lemma.

Lemma 4.4. Suppose that (7)-(9) hold, and z € Ay for some N < oo, where Ay is the set as defined by
(7). If (92, ¢F) = GT (W + /7 [, z(t) dt), then (2, $Y) is the unique solution of the system.

dyl (t) = (1A (t) — arp] () + b1 F (91, ¢7) — baG (92 (1)) dt

+ A(t)dt+ ot gl (£)dW () + o (t, 9l (1))z(t) dt, >0,
do? (t) = (daAgY (t) — az? (t) — by F (92, ¢7) + bG (92 (1)) dt

+ fo(t)dt + /o (t, 2 (1)) dWi(t) + o (t, ¢ (t))z(t) dt, >0,

(82)
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with initial data

(¥2(0),¢2(0)) = (Yo, o) € > x 17, (83)

Furthermore, for each n > 0 there exists C = C(n, T, N) > 0 such that for any (o, o) € €% x > with
lloll < nand ||¢go|| < nand for any z € Ay, the solution (7, ¢J) satisfies for all y € (0,1)

E [H(lpgfq)g)l‘?j([o,ﬂ,@xgzﬂ S C (84)

Proof. By Girsanov’s theorem, we deduce that (u),v)) is the unique solution of (82)-(83). Next
we show (84). From (82)-(83) and It'o formula, it follows that for all t € [0, T|, P-almost surely,

921 = Il — 241 [ (Ay2(5),92()ds + 201 [ (F(92(),92(6)), 42(5))ds
— by [ G, 4T (s —201 [ 19265)1Pds+2 [ (i) 92 (5)ds
+2 [ 05,9252 92 () +7 [ 10692 10,5
4207 [ (95), 05,9 ()W), 5)
and
I9(0) 12 =l — 24 [ {AGI(5), 47(5))ds 2oy [ (F(92(),97()), 47()ds
420y [ (G50, 92())ds 202 [ 192(5) s +2 [ (fa(s) 07 ()
+2 [0(5,976)2(6), 47 Nds + 7 [ 06,9710,
+207 [ (92(6),0(5,97 ()M, (86)
Tt follows from (85) and (86) that

ball 2 (1) 2 + b g2 (1)
<o ol + Bllgoll + i bs [ 1u(6)IPds + a3y [ 1fa(s) s

[ ot 92(s >>||L2ngds+v/ (s, 92 ()1, 1
+2 [ (05,97(9))2(), 92(5))s +2 [ {0(5,97(5))2(5), ¥1(5))ds
+207 [ 2(5),00,92(5))W(s +2f/ (97(), 05,97 (s))dW(s),  (87)

note that

babi (F(,¢), ) — b3(G(9), ) — b3 (F(, §), §) + bab1 (G(), ) < O.

Since z € Ay, by (11) we obtain

2 [ (o(s, 92 (5))2(s), 92 5)) ds
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t
<2 [N, 42 () a2 |206) 1l 7 5)]| s
t 1/2 1/2
<2 ([ 1e(s, 92D e 0 P s ) ([ 16 s)
. 1/2
<ot sup [92(6)1| ([ 15 206D gy )
0<s<t
1
<3 sup ()P + 4N [ (s, 97 (5Dl sy
0<s<t 0
1 o0
<5 sup 97 (5)|P +8NT X g2 oz, + 16Na?[3]2T
0<s<t =
t
+ 16N [ 14 (s)] ds, (88)
and
z/| 75,92 (5))2(s), 41 (5)) | ds
1 sup 97 ()| + 8NT Y [el2e g 1.0) + 16N [T
0<s<t k=1
+16Na2]a]? [ 92 (5)]as. ®9)

Similarly, for all € € (0,1) we have

t o t
7 /0 (52 () ey d5 < 2T 1 Wil + 0% OIPT + 402 0] | 192 )]s, ©0)

'Y/ lo(s, 92 (s 21,0y 48 < 2TZ 7217 (0,T;2) + 42 (|81 T + 406 / 192 (s)[|%ds. (91)

For the last two terms of (87), by the Burkholder-Davis-Gundy inequality, (90) and (91), we get

fory € (0,1),

2 /7E

sup [ (), a0y, ¢2<r>>dw<r>>]

0<s<t /0

¢ 1/2
<6 ([ 192t 42061 e,

1/2
sup [92(6)1 ([ 1o 4D, 5,05 ]
0<s<t

+36E [/Ot lo(s, 2 ()17 02 }

<6E

sup |2 (s)]*

0<s<t

1
<-E
4

1 © t
<3 E sup (W4 727 1 el + 14402 0PT + 1440701 | [ 9125,

0<s<t k=1

and similarly,

2,7E

sup / G2 (), o (r, 07 (1)) dW(r))]

0<s<t /0
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(=] t
< sup [02(6) [P+ 727 X [l + 14402 0P+ 18402 0P | [ g0

0<s<t k=1

92)

By (87)-(92), we find that there exists a positive number C independent of such that for all
te[0,T],

sup (92 (O] + 192 ()]?)

0<s<t

t
SCT+C/ E
0

Sup (2 (N1* + H4>Z(f)!|2)] ds

t [e]
+2C/0 <l; Hthzm(O,T,-gz) +lfa(s)]| + ||f2(5)”> ds (93)

Applying Gronwall’s lemma and (9) we have for all t € [0, T],

sup (]| (s)[|* + ||<PZ(S)||2)] < Gre, 94)

0<s<t

where C; > 0,C; > 0.
Then (84) follows from (94) for t = T.

In the following lemma, we verify the condition (ii)

Lemma 4.5. Suppose that (7)-(9) hold, and {z7} C Ay for some N < oo. If {z7} converges
in distribution to z as Sy-valued random variables, then G7 (W +2 fo zV(t dt) converges to

GO (fy z(t)dt) in C([0, T], €2 x £?) in distribution.

Proof. Let (1;7;’7,4);) = g7 (W + ’y*% fo Z7(t) dt). Then by Lemma 4.4 we see that (tp;,(p;)is
the solution of the system

Al (t) = (1 AYZ (1) — aryl () + biF(pl, ¢2,) — bG (gl (1)) dt

AW A+ ol (0) AW +olbyl ()20 d t>0,
dol, (t) = (d2AP), (t) — axd (t) — biF (¢, ¢),) + b2G () (1)) dt
+ fo(t) dt+ /yo(t, ¢ (8) AW(E) + o (t, ¢ ()27 (t) dt, >0,
with initial data
(92,(0),¢%,(0)) = (o, o) € £* x {2, (96)

Let (¢., ¢.) = G° ([, z(t)dt). Then (¢, ¢.) is the solution of (21)-(22). Now we only need
to prove that (¢, ¢),) converges to (¢, ¢-) in C([0, T], ¢? x £?) in distribution as 7 — 0.
To that end, we first establish the convergence of (Y, — (o1, ¢, — ¢pzr) with (Yor, o) =

GO ([, 27 (t) dt).
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By (21)-(22) we have

dlpgt(t) = — d1 Ao (£) — a1 () + by (p20) 2 (£)pzr () — ba ()77 (1) + fu(E)

+o(t, ()27 (1), o
dq)gt(t) = — dayAdzr (1) — a2z (t) — by (=) (£) e (£) + b2 (9= ) 71 (1) + fa(t)

o (t, ¢ (1))27(1).

t

with initial data

(1= (0), ¢4 (0)) = (o, o) € > x L%, (98)

By (95)-(98) we have for any ¢ > 0,

(& (9200 — (1) =~ A (92 (8) — (1)) by (ECP2 (6, 67 (1)) — Pl (1), (1))

—m (¢z7(t) EUZW( )) —b ( (11027) - G(¢27))
+ (ot 92, (0)7(8) ~ o(t, 9= (0)Z1(1)
Vol gl () AW(e),
(@10~ (1)) = —daA ($7,(8) — s (1) — by (92, (8) 2 (1)) — E(r (1), 91 (1)
— @ (¢zv( ) — ¢Z7(t)) + b2 ( (4)27) - (4’27))
(o095 ()70 ol g (D)2(0)
VAot ¢h () AW (),

(99)
with initial data
$2(0) = ¢21(0) =0, ¢%,(0) — ¢=1(0) = 0. (100)
By (99)-(100) and It6’s formula, we have
dllyl (1) — = (1) |
:_2d1<A(¢ZW( ) = = (1), 92 () — P (1)) it
+2b1 (F(y2 (1), 4737( ) = E(@zr (1), o (1)), 92 () — Yo (1)) dt
—262(G (P2 (1)) — Gz (1)), 1 (1) — Wz (1)) dt — 241 || @2, (£) — ()|t
+2(a(t 5 ()27 (1) — o (t, = (£)27 (1), Y10 (1) — Yo (1)) dt
+llo(t, 2 (DT, 2 91
+2v/7 (P24 (5) — o (), o (L1 (1)) AW (), (101)
and
d||ph (8) — = (1) ||
= — 22 (A(PL (1) — P (1)), 92 (1) — Par (1)) dt
—2by (F(p2 (1), 92 (1)) — F(zr (t), o (1)), 91 (1) — pan (1)) it
+262(G(91 (1)) — G(yz1 (1)), @1 (£) — P (£)) dt — 2a2]|¢7, (t) — ¢p=n (1) | dt

+2(a(t, 92 (1)z1(t) — o(t, ¢z (1) 22(t), 92 (1) — P (1)) dt
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+llo(t, oL (O)IIL, 11,y B + 237 (@L (1) = e (1), 0 (£, @1 (1)) AW

By (5)-(6) and (101)-(102) we have

2 (£) = 9 (D12 + 192 (1) — P (1) |12
<C/ (2 (s) = IPV(S)HZ"’||¢Zv(s)_¢27(5)”2) ds
+2(a(t, 92 (1)27(8) — (£, (1)27(8), Y2 () — P (£)) dit
+7H<7<f Pl ()
< (t ¢z7(t)
(£ ¢ (1)

)z7

) g
)z1(t) = o (t, @ (£))2a(t), §1: (£) — P (1)) dt
) )

+7lle(t, ‘szt HZ (H,2) dt—|—2\/><4727(t —¢n(t), 0 (tr‘f’;(t))

For a fixed M > 0, define a stopping time

v {inf{t 2 0: [y OV 9L (D)l = M} AT,

too if {t >0 [[pZ ()] VI¢h(H)]| = M} = @.

By (103)-(104) we have, forall t € [0, T],

sup ([92(sATY) = s (AT + 192 (s ATT) = g (s AT ?)

0<s<t

<C [ (1936~ 9 9P+ 192(5) — 9 (9]?) s

42 / W (o(t, 92, (5))27(s) — o (t, 1(5))27(5), 2 (5) — Pr(5) ) ds

tATY
w1 [ 1o 92 E) e ds

+2./7 sup /0 e (2 (r) — (1), o (5, 97, (1)) AW(r)

0<s<t

22 [ (o, (50)2(5) — o920 (5))27(5), 1 (5) — s ()

EATY
Sl L OTAON TAMAEE

SATY
+2./7 sup / <¢27 r _4’27(7)/0(”/‘?;(7)» dW(r)
0<s<t |/0
5
::2z:.h.
j=1

‘Lz H,02) dt“‘z\f@/’z (t) l/JZV( ) (tfllj;(t))

(£).

) AW (#)

) aw(n

Next, we estimate each term on the right-hand side of (105). For the first term

L<C t sup ([|g2 (r ATT) =97 (r AT+ (92, (r ATY) = ur (r ATT)|1?) ds

0 o<r<t

By Lemma 3.4, there exists C; = C;(N) such that IP-almost surely,

sup sup ([[¢zr(t)]| + ¢ (B)]]) < Co.
v€(0,1] t€[0,T)

(102)

(103)

(104)

(105)

(106)

(107)
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By (7), (104) and (107), there exists C; = C2(N, M) > 0 such that

b= /Mﬂ ler(t, %( 5))z7(s) — o (t, = (s))27 () | 192 (5) — = (s) || ds
<C2H<5||/ IIZ” $)lrll9 (s) = an (5) |12 ds

<ol [ 1)l sup 19,0 A7) = ger o A 7). (108)

0<r<s

Similarly, we have

Iy < C2H5||/ 127 ()]s sup [1¢2 (r ATT) =z (r AT ds. (109)

0<r<s

It follows from (105)-(106), (108) and (109) that for all ¢ € [0, T], IP-almost surely,

sup (|| (s AT") = (AT P+ [¢h (s ATT) — ¢ (s ATT)?)

0<s<t

< C/ sup ([|g2 (r ATT) = par (r AT 2+ (192 (r ATY) = ¢ (r AT7)|2) ds

0<r<s

+ Gl [ 176l sup 93 A7) = garlr A )]s
0<r<s

+C2|5||/ 127 ()l sup (|92 (r ATT) = ¢pur (r AT7) | Pdls

0<r<s

TATY ” ”
£ [ 1ol 90 )y

b [ ot 92 60 I

vy sup | [ ) g (0,004 ) aW )
0<s<t |/0

vy sup | [77 (T0) — 9 (), 00,92 (1)) AW
0<s<t |40

Moreover, we get

sup ([92(sATY) = s (s AT)P + 192 (s ATT) = ar (s AT ?)

0<s<t

t
< / (C+Callolllz7()) sup (92 (r AT) = o (r AT 2 + |9 (r ATY) = @ (r AT7)|2) ds

0<r<s

TATY
Sl R L ORI AMREE

b [ ot 9 60

SATY

+2,/7 sup (Wl (r) — Y (r), 0 (s, 9 (r))dW(r))

0<s<t /0
SATY

+ Z\f'y sup A <¢Zw(”) — Qv (r),o(s, ¢;’7(r))dW(r)>.

0<s<t
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By Gronwall’s lemma, we obtain

sup ([92(sATY) = s (SAT)Z + 19 (s ATT) = r (s A T)?)

0<s<t
< e (CHCa 311127 (5) 1) ds,

1.1
CT+C,T2N2 H(SH)
Se( b

=:Czb, (110)
where
b=y [ ol O s+ [ o 90 DIy
#2y7 sup | "4 0) = (1), 005, ()W)
27 sup | | 0 = 0 (), 0l DAV ). (1)
By (11) we have

TATY ” 5

7 [ 1oL O, e ds
TATY 5 5 5

< (2L I gy + 407+ 14 )P ) s

<29T Y (s )02 + 4702 (|8]PT(1 + M?). (112)
k=1

Similarly, we have

e 2 2 2 2
7/ lor(s, @2 (S)NIT, (11285 < 27TZ 1Bk ()L 0,2y + 4 [1FT (1 + M7). (113)

Thus
lim yCs /T/\T7 (s, 92, ()|I7 1y 2yds = 0, P-almost surely. (114)
¥—0 0 2(H,2)
and
TATY
1715(1) 7C3/ o (s, ¢, (s ))HL2 p,2)ds =0,  P-almost surely. (115)

By (107), (114)-(115) and Doob’s inequality, we get

[ )~ (0,082, aw ()

2
( sup >
0<s<t
TATY 2
<o (7 190~ 9o 6Pl 92 6)) )

TATY
< 4y(M+C,)’E (/0 o (s, 9L, (s)) |\%2(H,132)d5>
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<8y(M+ C1)*TE <Z (|72 (s HLw (0,T;Ly) +2"‘2H‘5|| (1+ M2)> (116)
k=1
and similarly,
SATY 2
E Sup VN2 (r) = 4>zv(r)||HU(S@%(V))IIdW(r)]
<8y(M+Cy)? (Znhk ||L000TL2 +2a%0]? (1+M2)> (117)
Thus we have
SATY 2
lim (sup [ 20 L (7) s (1), 005, 4T, (1)) W () ) =0, ()
=0 0<s<t /0
and
SATY 2
lim E (sup / T ACAGL )~ (1), 05,1, (1)) () ) =0, (119
70 0<s<t /0

By (110)-(119), we obtain

lim sup (|9 (s ATY) — o (s A T[> + [|9L (s ATT) — ar(s AT?)||?) =0, in probability.
1700<s<t

(120)
On the other hand, by (84), (104) and Chebyshev’s inequality, we have foralle € (0,1),
P(z" <T) =P ( sup (¢ (O)lla v o2 (B)l) = M)
0<I<T
1 2 C4
<32 | sup (W4 O+ gkl )] =, (121)

where Cy = C4(T,N) > 0.
From (121), one has that for all n > 0,

P (112, = =0, 9% = ¢e)llcomimy > 1)
<p ( sup (97 (1) = o (DI + 92, (£) — gr (1)]2) > 2,7 = T)

0<t<T

+P ( sup ([[92(t) — = ()P + 192 (1) — g (D7) > 1%, 77 < T>

0<t<T

<P ( sup (92 (EATY) = g (EAT) P+ (192 (EATY) = par (EATT]) > 772> + % (122)
0<t<T

First taking the limit as v — 0, and then as M — oo, we get from (120) that

lin}] (¥, — o1, @Y, — ¢) =0, in C([0, T], * x £*) in probability. (123)
T



60 | Electron. J. Appl. Math. 2025, Vol. 3, No. 3

Since {z"} converges in distribution to z as Sy-valued random elements, by Skorokhod’s
theorem, there exists a probability space (Q), F,P) and Sy-valued random variables 27 and
Zon (Q, F,P) such that {27} converges to Z almost surely in Sy which is equipped with the
weak topology, where Z7 and Z have the same distribution laws as z7 and z, respectively. It then
follows from Lemma 4.2 that

(Pz1, psr) — (Ps,¢5), in C([0,T], > x £%) in distribution.
which implies

(P21, ) — (o, ¢2), in C([0,T], > x £%) in distribution. (124)
Then by (123) and (124), we have

(L, L) = (¢, ¢2), in C([0,T], £* x £?) in distribution, (125)
as desired. O

Now we show the proof of the main result of this paper.

Proof. From Lemmas 4.3 and 4.5, it follows that the conditions (i) and (ii) are fulfilled for the
measurable map G in (20) and G° in (46) with the rate function I given by (19). Therefore,
the family {(¢7,¢"7)} satisfies the Laplace principle in C([0, T}, ¢* x ¢?) with rate function I by
Proposition 2.5. Then by Proposition 2.4, we know that { (7, $7)} satisfies the large deviation
principle in space C([0, T], £2 x ¢*) with the same rate function, which concludes the proof. [J
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