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Abstract

In this study, we address the simultaneous recovery of the source term and the initial value in a time-
fractional diffusion equation, a problem inherently characterized by its ill-posed nature. To overcome
this challenge, we propose a hybrid regularization method, offering robust solutions and providing
precise estimations for both the source term and the initial value.
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1 Introduction

In this paper, we consider the fractional diffusion equation as follows

,

cuD} (1 +kL)0(x, t) + Lo0(x, t) = F(x)G(t), x€D,te(bT],0<a<1,b>1,
6(x,b) = A(x), x €D,

f(x,t) =0, x€dD,t e (bT, (1)
G(X,t()) = B(x), x €D, ty € (b, T],

6(x, T) =C(x), xeD,

where C(x) is the terminal data, where 0 < G; < G(t) < G,,and culDj, is the Caputo-
Hadamard fractional derivative of the order a defined by,

1 t N\ —&
D000 t) = gy [, (log ) Yo(u2)dz 0<a<, @
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where Y = t%,r(x) is a Gamma function. For s > 1 is a constant, £ is the second-order
differential operator and L° is the fractional-order differential operator with the domain H =
L?((0,7),R), and satisfy

L£0(x) = -0 (x) + e8P (m—x), 0<x<m,
£39(x) = =) (x) +e0®) (m—x), 0<x<m (3)

It is accessible to prove that £, L® are self-adjoint operators. For all |¢] < 1,&¢ € R, nonlocal
problem (1.3) has the following eigenvalues, see [12] for the solution procedure

A1 = (1—€)(2k+1)2,k € N, Ay = (1+€)(2k)%, k € N¥, (4)

and the corresponding system of eigenfunctions

eom1(x) = \/Esin((Zm +1)x),meN, eyp(x)= \/zsin(me),m € N*, (5)

where N represents a group of natural number and IN* represents a group of positive integers.

Fractional derivatives extend the classical concept of differentiation by allowing for non-
integer, or ”“fractional,” orders of differentiation. Unlike integer-order derivatives, which
measure the instantaneous rate of change of a function at a specific point, fractional derivatives
account for a memory effect, meaning they depend not only on the function’s current value
but also on its entire history over an interval. This memory-dependent characteristic enables
fractional derivatives to more accurately represent complex systems, particularly in fields
where memory and hereditary effects are critical. Several formulations exist to define fractional
derivatives, with the Riemann-Liouville, Caputo, and Griinwald-Letnikov derivatives being
among the most widely used. Each definition has distinct advantages and is chosen based on
the specific needs of the application. For example, the Caputo derivative is often preferred in
physical contexts, as it facilitates the incorporation of initial conditions more straightforwardly.

The Caputo-Hadamard derivative represents a hybrid form of fractional derivatives, inte-
grating features from both the Caputo and Hadamard approaches. As a component of fractional
calculus—a mathematical domain that generalizes the concept of derivatives to non-integer
orders—it has attracted considerable interest due to its ability to address functions with growth
characteristics and initial condition requirements that traditional integer-order derivatives
cannot adequately handle. This derivative proves particularly effective in modeling systems
characterized by fractional-order dynamics and specific boundary conditions, especially when
the processes involved are influenced by prior states or exhibit non-local behavior. Distinct
from the Caputo and Riemann-Liouville derivatives, the Caputo-Hadamard derivative employs
a logarithmic scaling akin to the Hadamard derivative, as opposed to the power-law scaling
typically used in other fractional derivatives. Such a feature makes it especially suitable for
problems where the domain of the function exhibits scale-invariance or follows a logarithmic
framework.

Applications of the Caputo-Hadamard derivative span diverse fields, including physics,
engineering, and biology, where it is instrumental in describing phenomena such as popula-
tion dynamics, heat conduction in heterogeneous materials, and certain types of anomalous
diffusion. Its similarity to the Caputo derivative enables the convenient incorporation of initial
conditions, which is advantageous for solving fractional differential equations in practical
scenarios. By capturing complex behaviors influenced by memory and specific growth patterns,
the Caputo-Hadamard derivative has emerged as a valuable tool in the expanding discipline of
fractional calculus, see in [5, 16, 25].
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Fractional derivatives in time are commonly employed to model particle sticking and trap-
ping phenomena. When fractional derivatives are applied to the spatial diffusion term, they
capture the long-range power-law jump behavior of moving particles in space. As a result, such
equations are particularly effective in simulating complex transport and diffusion mechanisms.
These types of inverse problems have garnered significant attention in the research community.
For example, Dou and Hon [3] studied a backward problem involving space-time fractional
diffusion equations and introduced a fundamental kernel-based method. Feng et al. [4] investi-
gated numerical approaches for both forward and backward problems of time-space fractional
diffusion equations, proposing the QBV method, also known as the non-local boundary value
method, for the backward problem. Additionally, Wang et al. [19] developed a fractional
Tikhonov regularization method for solving time-space fractional backward heat equations,
although their work was limited to the a priori case. For further methods addressing such
problems, see references [7, 8, 10, 23].

Extensive research has been conducted on the inverse problems associated with time-
fractional diffusion equations, resulting in the development of numerous methodologies. For
instance, Yang et al. [17] employed a quasi-reversibility regularization technique to recover the
initial value of a fractional time diffusion equation with an inhomogeneous source. Wang et
al. [15] applied the Tikhonov regularization method to address the initial value problem for
time-fractional diffusion equations within general bounded domains. Liu et al. [6] utilized the
strong maximum principle for fractional diffusion equations to solve an inverse source problem.
Similarly, Ismailov [26] adopted the eigenfunction expansion method to address an inverse
source problem in a time-fractional diffusion equation with nonlocal boundary conditions.
Zhang [22] proposed the truncated method to identify an unknown source in a time-fractional
diffusion equation, while Xiong [13] introduced an optimal regularization approach for an
inverse heat conduction problem related to time-fractional diffusion equations. Additional
findings concerning homogeneous backward problems can be found in [14, 18, 21, 24]. Liu et
al. [20] also investigated a time-backward problem for one-dimensional time-fractional partial
differential equations, introducing a quasi-reversibility method to solve the issue. Wei et al. [2]
explored an inverse time-dependent source problem for a time-fractional diffusion equation.
Furthermore, Cheng et al. [9] examined a time-fractional inverse diffusion problem under
Holder-type source conditions and proposed an optimal regularization method. Additional
advancements, including finite element methods, uniqueness and existence analyses, and finite
difference methods, are detailed in references [1, 11].

In this study, we propose a hybrid regularization method to effectively address the simul-
taneous recovery of the source term and initial value in a time-fractional diffusion equation.
When the source term F(x) and the initial value A (x) are known, we can figure out 6(x, t) by
boundary conditions, this is the direct problem. But now F(x) and .A(x) are unknown and need
to be determined. We want to identify both the source term F(x) and the initial value A(x) by
using the data B(x) and the final data C(x). In fact, the measurements are noise-contaminated
inevitably, we remark the measurements with errors as B°(x) and C*(x) and satisfy

IB° =Bl <e [C°=Cl,<¢ (6)

Our manuscript is structured to guide the reader through a progressive exploration of
the key concepts and results. Section 2 lays the foundational groundwork by introducing the
necessary preliminaries for our study. In Section 3, we address the resolution of Problem (1)
and establish the result of conditional stability. Moving forward, Section 4 delves into the
development of a hybrid regularization method. Section 5 focuses on presenting convergent
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error estimations associated with source terms, while Section 6 concludes with a detailed

examination of the convergent error estimations for the initial value.

2 Preliminaries and inverse source problem

Before we introduce the main results of our works, some preliminary materials are given. Let
us recall the spectral problem for the fractional Laplace operator on the bounded domain D as

follows

em(x) x € 9D,Vm € N,

where the sequence of positive eigenvalues { A, }nenN satisfy

{( A @u(x) = Ayen(x), x€D¥meN,

MEM< <A, Soo,

whose corresponding set of real eigenfunctions {ey, }men is orthogonal and complete.

Definition 2.1. The Hilbert scale space HY, (¢ > 0) defined by
H = {pel?: 2 A% 1| (@ eamin)|” + 2 Aal(grean) ! < o0},

H? is shown to be a Hilbert space.

max { | F e, [ Al } <O, o >0,

(7)

(8)

©)

where O > 0 is a constant. The conditional stability of problem (1) in the following theorem 3.1.

Lemma 2.2. If A > O, then the following equation holds

dt klsP—

1) Celog t Bk+v—1 (k)
/C e=18 ¢ (log(t/c)) Eg) (£ (log(t/0))") 5 = T

m
where Eg;) (y) = ;;mE g,y (y). The Lemma 2.2 means that the Laplace transformation of
E\ BT t\py . klsP™7
(logg> Eﬁﬁ(:l:)\(logg) ) is W

Re(s) > [A|7,

Lemma 2.3. For 0 < a« < 1,z > 0, we have 0 < E,1(—z) < 1. Moreover, E,1(—z) is completely

monotonic, that is,

n
()" Ear(~2) > 0,220,

Lemma 2.4. Assume that 0 < ag < a1 < 1. Then, there exist constants Z+ > 0, depending only on

wo, a1 such that for all « € [wo, a1], we obtain

zZ. 1 A |

— < E <
Ti—wi—x = )

STa-—wi-x * <0

Lemma 2.5. [12] Forany 0 < & < 1,t > 0, thereis 0 < E,1 < 1. Additionally, E,1(—t) is a strict

decreasing function, that is

LA .
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Lemma 2.6. [12] For the constants o > 0,y > 0,and 0 < Ay < ¢, we have

1*‘7< Ci7’, 0<o<1,
Cyy, o>1

where C; = 2170" (1 — 0)177,Cy = AL 7.

Lemma 2.7. [12] For any Ay, > Ay > 0, and s > 1, then there exist positive constants Z1 and Z,
depending only on «, to, A1, such that

Zl A5 o\« ZZ
< — - m — < —
a1 < B (1, (osg)") < 55
Z_ _ Zy
where 2y = 14T (1—a) 15— (log P )* 22 = 14T (14+a)k ! (log )

Proof. Forall0 < a < 1,tp € (b, T],s > 1and A,, > A1 > 0, we have

AS t() o« Z+
Ex1l — T—(log—)" ) <
M( 1+k)\m( gb)>_1+F(1+D¢)1+kA (log )"
< Z+ = ?31' (10)
14 T(1+ a)du (log y® Al
)\S t() 14 Z_
Exr( — " (log — >
“’1< l+k)\m( gb) ) 1+T(1—a >1+kA (10g )
> z > == = f}l.
1+T(1- oc) (log 0ya AT T(1 - tx) (log 0y Ay
This Lemma is proven. O

Lemma 2.8. [12] Forany Ay, > A1 > 0,5 > 1, then there exist positive constants Z3 and Z4 depending
only on o, T, Ay, such that

Z T ® Z4
_ zZ_ Z,
where 25 = 1+r(17a)1%1(10gg)a'z4 T+T(1+a)k T(log 1)*"
Proof. This Lemma is proven similar to Lemma 2.7. O

Lemma 2.9. Assume that there exist positive constants Gi, G such that G; < |Q ‘ < GVt € [0,T).

%> , we have

Let choose € € (O, 1

9 < 1g:(] < P61, ).

Here, G¢ is the measured data of G.
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Lemma 2.10. [5] For any A3, that satisfies 0 < A < A5, s > 1, and py, = (1 +kAy,) "}, there isa
positive number Zs that depends on a, b, T, and Ay such that

Zsr

Toa . Tiay . .d
ot —ﬂm/ (log—)"" Exa( — Ay (log < Z

;) )G(z) = <

= 17
z AT

(11)

where Z51 = GiCr = G1(1 — Ex1( — k1A (log %)“)), and (18) holds if we substitute T = to,
then we will replace Zs T = Zs4,. We have

Z54 fo foya—1 to dz gZ

o < [ (10g )" Eua(— N (108 3))60(2) T < 15
Lemma 2.11. We assume that (12) holds, for any Aj, that satisfies 0 < A} < ... < A}, there is a
normal number dependent on «, T, to, A3, and there is a positive number Z;,i = 6,15 such that

Ze AS to T Z7
555 = B — - )P m/ (T, < ,
s E ,1( T3 kA, (log b) >y \ X2 (T,2)G(z)dz < Az and

Zg A to a Zg
22 < Eun (= o ) Y [ Xilto, 020 < 2, (12)

whereby Z6 = 2125,]", Z7 = Zzgz, Zg = 2325,1‘0 and Zg = 2492, then we get
Z10 Z11

)\25 7 = y“(b tO/T X g) =~ /\25 125—27 (13)
where 219 = Z¢ — 29, 211 = Z7 — Zs, with Y5, (b, to, T, X, G) is defined in (17). From (13), it gives
Z1n Z13
2252 < V(b to, T, X, G°) < 2252

whereby Z1p = 421G1Cr — Z4P(G1, Ga), and Z13 = Z,P(G1, G2) — Z234G1Cy,. And finally, we have

Z14 315

whereby Z15 = Z, — Z3Cy,, and Z14 = Z1Cr — Z4. From the estimate (14), we have conclude

(14)

(24) < sohrraias < (32)

Lemma 2.12. Fors > 1, for any AS, that satisfies 0 < A < A3, and py = (14 kAy) L, we have

T
XX(T,z)G4(z)dz
4G12Z,Cr < le{ < Z,P(G1,G2)
Ziz — Yu(bt, T, X,G8)  — 21 ’
fo
m | X(to,z)G5(z)dz
iz, _ ZP(61,9).
Zi3 — Vu(bto, T, X,G%) Z1

whereby
¢ T
V30,10, T, ,G%) = (Eaa (= Ny (10g ) )pim [ X3 (T,2)G" (2)d2

~ B~ A (log ) pow [ (10, 2)G (2)ez).
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Proof. Using Lemma 2.10, Lemma 2.11 and simple transformations. O

Lemma 2.13. For any Aj, > A > 0, we have assume that B < B < B,and C < C < C, and then
there exist positive constants Z14, Z17, Z1g and Zi9 such that

Z16

319
)\S 1 — ’

)\S
(15)

< (B, ew)m /bT X8(T,2)G(z)dz < 2 Zis

< oars (e em>ym/ X8 (t0,2)G(2)dz <

where Z16 = BZs1, Z17 = GoBB, Z15 = C 254y, Z19 = GoC. And from (15), we have a corollary

BCT
)\S Ns—1 —

Q

B t
< (B, em>Vm/b Xn(T,z)dz < /\?1 iscui < (C, €m>ﬂm/0/¥;ﬁ(tozz)d2 <

AT
Proof. Using the Lemmas 2.10, 2.11 and the boundedness of the functions B and C. O

3 THE SOLUTION, THE ILL-POSED ANALYSIS,
AND THE RESULT OF CONDITIONAL STABILITY

The solution of problem (1) is obtained by using the separated variable method, the Laplace
transformation, and the inverse Laplace transformation of Mittag-Leffler function

0(x,t) = Y (61(t), eams1)eame1(x) + Y (02(t), e2m)eam(x),
m=0 m=1
Z <A1,€2m+1>€2m+1 + Z <A2,€2m>€2m
—0 m=1
=Y (F1eoms1)eams1(x) + Z (Fa, eom Yeom(x).
m=0 m=1
One has
IS ) toa
00, = Y- (Ean (= Mnspznen (108 )") (Aveanin)
m=0
t t a—1 s t Q dZ
+ <~7:1,€2m+1>ﬂzm+1/ (log*) Eau( — Apy1pom+1(log 2) )Q(Z)? eom+1(x)
+ Z ( /\ZmVZM(log b> )<-’42162m>
t t a—1 s t ® dZ
+<fz,ezm>yzm/b (logg) Ewa( — ASytiom (log ;) )Q(Z)Z)ezm(x), (16)
Letting t = tg, we have
0 . tO N
B(x)=)_ (Ea,l ( — A tom+1 (log ?) )<A1/€2m+1>
m=0

t

fo toyva— s o d
+<]:1/‘32m+1>V2m+1/b (108*0) 1Ew,w(_/\2m+1ﬂzm+1(108;0) )g(z)zz>€zm+1(x)

# 3 (Ear (= Aapnn 105 ) (Anen)

+ (Fyeanpan [ (1082 Eua (= Agutin (105 )1 0)E Jean(r),
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Next, letting t = T, one has

[e) T .
x) = Z (Ew,l ( - A§m+1P‘2m+1(108 5) )<-’41/62m+1>

m=0

T ta— t dz
+<-7:1,€2m+1>V2m+1/b (log 2) 1Ea,a(—/\§m+1#2m+1(10g ) )g( )z )€2m+1(x)

o T a
= 3 (Bua (= At (o5 3)) Az o)
m=1
T tya— t d
4 (Fesnian [ (108 2)" Eua (= Mtz (108 1)) 9(2) Jean ().
Here, by denoting

a _1 f a—1 _— E “
Xm(t,Z)—Z(Ing) E(X,IX( )\mym<10gz) >’

to\a T
Vb to, T, %,G) = Eux (= Aupin (log ) )ym/b X2(T,2)G(2)dz
fo

— Ear(~ A (log ) in [ Kilto, G0z (17)
b

Combining (16) to (17), one has
Alx) =

to
(B1, eom1 P‘2m+1fX2m+1(T 2)G(z)dz  (C1,eams1)Homs1 [ Xiyyq(to,2)G(2)dz
_ b
< y2m+1(b tO'T X, g) ygm—i—l(b/ to, T, X, g) >82m+1( )

fo
o /(B2 eom)om fXZm (T,2)G(z)dz  {(Ca,eom)pom | X5, (to,2)G(2)dz
_ b
L ( Vi, 6ho T, %,0) 3,0, T, X,G) )ez’”(x)‘ (49
F(x) =
i (Cr,eom+1)Ea1 (— ASpyq pomr1 (log 2)%) B (B, e2ms1)Ea1 (= A3y 1 Hams1 (log £)°) eams1 (x)
m=0 ygm_‘_l(b/ tU/ T/ X/g) y§m+1(bl tO/ T/ X/g) "
N Z (Coram) Eun (= Astiom(l0g §)7)  (Boeam)Eea (= Asytiom(log §)7)
V& (b,t, T, X,G) V& (b,t, T, X,G) 2m )

(19)
Now, using some memorized notation (18) and (19), we obtain
A=T B+ T, 10+ T3 1B+ I, G,
F=T7"C+ Ty Bi+ Ts5'Co+ Ty Ba,

where J;(i = 1,2,3,4,11,22,33,44) are self-adjoint operators. When m — oo, then Ay 11, Apyy —
oo, from the above Lemmas, it yields that J; — oo(i = 1,2,3,4,11,22,33,44), thus problem (1)
is non-well-posed.
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Theorem 3.1. Suppose the priori bound condition (9) holds, then we have
17|, < V22,7 07 (Z%A_ZqHCH% + 2. BIR) T,
1Al < Z{ (I1Bl5 + [IC]3) > w0 O,

( —

where T,q =s—1> 0, Z{; =2\, o gf-

Proof. Using (19) and Holder inequality, we obtain

IFIE=Y |<f1,€2m+1>‘2+ ) ‘<.7:2,€2m>{2
m=0 m=1

® ® 2
_ i <<lef«’2m+1>’5a,1(—A§m+1ﬂ2m+1(log§?) ) (Bueams1)Eai (= Ay p2mr1 (log 7) ))

ygm—l—l(b’ tO, T/ XI g) ygm_;'_l(b/ tO/ T/ X/ g)
o a 2
N Z (Coeam)Eui (= Asutam (108 F)") — (Baseam)Ear (= Astam (log 7))
ygm(b; to, T/ X/ g) ygm(b/ to, T/ X/ g)
=T +1

2
T+1

[(Comams1)Eut (= Ay aiams1 (1o §)") = (Byeansn)Eua (= Agpaapiamsn (log £)°)

= V(60,7 2,0)|

2T

t P s T a T+1
(€1 eanen) (= Nt (108 §)°) = (Bum ) Eea (= Mo (105 )°)|

X

_ [ i [ <<01,€2m+1>Ea,1( — A3 1 Homs (log %0)“) — (B1,e2m+1)Ea1 (= Ay foms (log %)“)) r} =
B m=0 ’y§m+1(b/t0/ T/ X/ g)‘
) ¢ 2
<[ (Bua(= Aeapizniaiog ) |(Corenmin)]
m=0

T

i T 2970
+2 E (Ea,l <—A§m+1V2m+1(10g b)“) ‘<81162m+1>|> } 1
1
[ Z ZlOT/\ZEnS+1 ‘<f1f62m+1>ﬂ o

<[22 (2nsal(Creminl) +2 1 (g5 Buweans)]) |
m=0 m—=
1

[ Z ZlOT/\Zm+1‘<f1’ezm+1>|2} o

T

= - © _ 21 t+1
<2 55 (@stalCemn)) +2 5 (2050l enn)])]
m=0

m=

o

2

<2z 0% (2P + 25, B IR)
Similarly,

T - 2 — — TL
T, <2722,,710 (23, M)|Cl} + 232, 1BI3)
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Thus,
|7, < V22,7 0741 (22AC 2 + 232, 1B)12)
A similar method can be used to obtain the conditional stability of the initial value:

lAl,, < 25 (IBIE + llc|3) " o7
Then we complete the proof. O

4 A hybrid regularization method and convergent rates

In this section, we mainly apply the quasi-inverse and quasi-initial combined regularization
methods to solve the problem (1). Furthermore, the convergence estimates by the priori
regularization parameter selection rule and the posteriori regularization parameter selection
rule are given respectively.

4.1 Regularization solutions

Since the inverse problem is ill-posed, we use a regularization method combining quasi-
inverse and quasi-initial value to address it. Let 67, (x, t) denote the solution of the following
regularization problem:

cuD} (1 +KL)0%(x, 1) + Lo65 (x, 1) = F(x)G*(t) + v LF(x)G*(t), x€D,te (b T,0<y<1,b>1,
05 (x,b) = A*(x) + yLOA(x), xeD,
05(0,t) = 05 (7,t) =0, te(bT),
93(9@ 0) = B(x), x €D, ty e (bT]
05 (x, T) = C(x), xeD,

(20)

where v > 0 is a regularization parameter. Using the separation of variables method and the
Laplace transform of the MittagLeffler function, we obtain 6 (x, t) as follows

[ee]

t
05 (x 1) = ) (Em( — At (108 1)) (1+7AZ, ) (A eami)

m=0

t toae dz
+<]:18132m+1>(1+7/\2m+1)742m+1/b (log g)“ "Ean (= A1t (log - ) )G (z)—= >€2m+1(x)
© t
+ Z <Ea,l( - )‘imVZm(log E)a)(l + 'Y)\gm)<~’4§r32m>

+< 5162m><1+')’/\2m)]42m /bt (logé)lx—lEﬂéﬂ(_/\;myzm(log ) )gg( ) >€2m< )

and letting t = to, we have

o]

t
Bi(x) = X ((Ena(= Ameapzmsa(log %) (1 72500) (A i)

m=0

e fo to\a—1 s t e
+<]:1f€2m+1>(1+7/\2m+1)ﬂzm+1/b (10820) Eﬂt,tx(_/\Zm—o—l,”2erl(log )¥)G(z)— >€2m+1( X)

- S t o [ €
3 (Bua (= A 1o )20 (1 7250) (A 20)

a—1

+ (F5, eom ) (1 + YAom) tom /bto (logtzo) Ega(— /\Zmyz,ﬂ(log ) )G¥(z )dz>€2m( X).
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and letting t = T, it gives
- S T 14
Ci(x) = Z—:O <Ea,1( — Ay tzmia (log E) ) (1 + A% 1) (AL eam1)

T T\ a- e dz
+ <]:1€/€2m+1>(1+’Y)\2m+1)ﬂzm+1/b (log E) 1Ea,oc( /\2m+1V2m+1(10g ) )g (z)— )€2m+1( x)
+ Z < — A3 tom(log b) )(1 + AL, <A2r€2m>
. T T\ a1 S SN
+ <]:2/32m>(1 + 'Y/\Zm).“m/b (log ;) Eoc,a( — A3 tom(log — ) )Q (z ) eam ().
Similar in setting (17), we have

£ T
Ve (o,7,b,to, T, X,G) = (1 +9A5) (1 4+ vAn) (E,X,l( — Afnym(loggo)“)ym/b X5 (T,z)G(z)dz
to

~ B (— Mo (108 ) i [ X (10, 2)G°(2)dz).

b

Al (x)
T to
L (1 +7/\2m+1)<<l3§,€2m+1>mm+1 [ X8, 1(T,2)G5(2)dz — (CS, eom1 ) Pam+1 sz"‘mH(to,Z)QS(Z)dZ)
b b
— e m X
L Vi (@7, b b0, T, X, GF) 2n+1(x)
T fo
o (1 7a) (B ean o [ 5, (T,2)G°(2)dz = (C5ean iz | 5, (10,2)(2)d2)
+ mgl yZm(UI 7, bto, T, X, gg) eZm(X), and
(21)
F5(x)
o i (1 + r)//\ngrl) <<C‘1€’ 62m+1>E“/1(_)\;m+1V2m+1 (log %O)“) - <B§'e2m+1>Eﬂé,1(_)\;m+1yzm+1 (log %)IX)) . (x)
5 V5, 1(0,7,b,t, T, X, GF) 2mt

o (147A5,) ((Cg, eam) Ea1 (= A3, Hom(10g §)%) — (B5, eam) En1 (= A3, p2m (log %)“))
* Z ygm(U'z’)’/bztO;T/X,gg)

m=1

eam(X).

(22)

5 Convergent error estimations of source term

5.1 The priori convergent rate

The rate at which the regularization solution of the source term converges to the exact solution
can be obtained under the priori regularization parameter selection rule.

Theorem 5.1. For 1 <'s < 2, and let F be given by (19) and F7 be given by (22). Suppose that the priori
(5) T, 0<o<1

(5)7, o=1,

bound condition (10) and the noise assumptions (6) hold, then by choosing v = {
O
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then, it gives

ol < ( 2+C2+C5) OFiedf, 0<o<1,
7= Ve o

N\'ﬂ

€2, o> 1.

Z342; | Zpezy zj; 2
whereCS = ( 17 ( 2123 + 22123 )+2max{z}z, Z]*S*}H‘FHZ)

2—s
/\1

Proof. Put Jy,, 1 = (1+ A5, 1) ', and Ty, = (1+vA3,,) ", we get

175 =

+Zj2m

Fall,

(C5 = Cr eami1)Eai (=75, Ham1 (log 2)*)
ygm-&-l (b/ to, T, X, gs)

— <B§ — Bl’62m+1>E“,1(_)\3m+1y2m+1 (1085)0‘) e ( )
ygm+1(b/ to, T, X,GE) 2m+1

(C5 = Ca,eam) Ea1 (— A3, om(log 2)*)  (B5 — By, ean)Ea1 (=73, p2m (log T)*) e ()
V& (b,to, T, X, Ge) V& (b,to, T, X, Ge) am

ygm+1(b/ tO/ T/ X)
ygm+1(b/ tO/ T/ X/ gg)

+Zx72m

m=1

+ ). Jomsie
m=0

<<C1,€2m+1>Ea,1(—/\§m+1}42m+1 (log £)*) — (B, eam+1)Ea1(— A3, 1 Hom1(log %)“))
Vom0 o, T, X,g)

V& (b0, T, ) ((Coream)Eua(=A3uttzn (10g )%) = (B ean) Ean (~Agtizm(10g §)%))
yzm(b tO,T X gg) yzm(b/ tO/ T/ X/g)

X

2
(23)

From (23), it gives

|75 -7

- o0 7 Exn (-Aimﬂ}lzmﬂ(log%) )’(Cf Crreami1 )|\ 2\ &
VHZ B (;412::0 2m+1< y2m+1<b to, T, X, G°) ) )
(

(T2 (Em (st (log §)°) | Bi—Bl,ezmHﬂ)z :
0 2l yng,»l (b/ tO/ T/ X/ gg) )

1
o (Eaa (= A5, am(log £)*) [(C5 — Co e2m)[ 2 2
Zj ( yZmbto,Tng) >>

bto,TXg)

(
( (

+ < i T2 (E”‘fl( 2mV2m((10g 5)") (85 82132m>|)2>;
(

i (£)2< Vi1 (b to, T, X) ) (<C1,€2m+1>5a,1(—A§m+1llzm+1 (log £)*)

m=0 r)’ yéxm_;'_l(b/ tO/ T/ X/ ge) ygm_;’_l (b/ tO/ T/ X/ g)

. <Blr €2m+1>Etx,l (_)\;m+1l‘2m+1 (10g %)% ) 2)
ygm+1(b/ tOr T/ X/ g)

ad e\2 ygm(b,to,T,X) 2 <CZ/€2m>Ea,l(_)\3mV2m(log%0)“)
+ ( )3 (*) (ygm(b,to,:r,x,gﬁ)) ( V5, (b, to, T, X,G)

- <Bz'62m>E«,1<—Azmmm<1ogM)Z)%
V5, (b to, T, X, G)

Nl=

(24)
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It yields
Eo1 (= A3 iatamia (log 2)%) Ea1 (= ASyqtomia (log $)*)
Fr = Fyll, < sup | T . et b e +sup | J- ’ mt b €
H 7 ,YHZ mE% 2md ygm—l—l (br to, T, X, ge) mZI:()) 2l yZIXm-‘rl(b/ to, T, X, ge)
+ sup | Jyy Pl = Admbton (108 )|, . sup | 7y, 21 (Amit2n (0 )],
m>1 " ygm(b/ tO/ T/ X/ gg) m>1 " ygm(b/ tO/ T/ X/ ge)
N (e Zl*5> i (C1€am41) Eag (— A3y 41 Homs1 (log %)
’)/Z]Z m= ygm_;'_l(b/tO/T/X/g)
B <Blr e2m+1>Etx,l(_)‘Sm+1y2m+1(log %)zx)
y§m+1<b/ tO/ T/ X/ g)
¢ (225 § (BN ranog 1)
T Z57 V3u(bto, T, X,G)
. <BZ/32m>Ea,1(_A§mV2m (log %)lx) (25)
V5, (b, to, T, X,G) ’
From (25), we conclude that
Z5 zZ3 zZ3
|5 = Foll, < sup ’jZer]/\zm_HZ ’s—i— sup ’jzmHAZmHZ ‘E + sup ‘sz/\imlz— €
m>0 m>1
Z5 25
s—1 15 “15
2— —_
+smu>1:1> ‘sz/\zm =N ‘8+ p maX{Zl*ZI Zi }||-7:||2
€ 1 (Z3+2;  Z7"+ Zg‘*) VAR A
< — + + 2max e retd | Vol .
7 (/\%‘5 ( Zy Z1 {le Z5 }” I
Then we estimate the second term by Lemma 2.6,
17 }_Hz B (<le62m+1>Ea,1(_)\§m+1ﬂ2m+1(log o))
Y 2 yﬁ‘m_i_l(b,to,T,X,g)
<81132m+1>E1x,1(_A3m+1ﬂ2m+l (10g%)a)) ( )
— e X
y§m+1(b' to, T, X,G) 2md
£ ({Camseam) Ean (= A3 ti2m(10g 1)
+
m:1,)/ 2m/2m ygm(bl tOI Tr X/ g)
(B, eam) Bt (=23, t2m (108 )%) ) ?
BTz e
i 2m+1 zj 12 ( (<C11 32m+1>Ea,1(_A3m+1ﬂ2m+1 (10g %o)zx)
FEATERE Vswia (bt T, X, G)
(B1,e2m+1)Ea1 (=AY 1H2m1(log %)“)) )2
Vi (bt T, X,G)
g ((<c2,em>ga,1<_A;my2m<1ogtm
AZU ygm(b/ tO/ T/ X! g)
(B2, e2m ) Ea,1 (—A3,, Ham (log %)“)) 2 .
V3, (b, to, T, X,G) )
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From (26), this leads to

| Fy — ]-'Hi < ((sup H(2m + 1))2 + (sup H(2m))2)02, (27)
m>0

m>1

whereby

/\1717 o

and we have similar reviews for H(2m + 1), therefore

7 7, < JC 20y, 0<o <1,
TR gy, o>t

Combining (23) and (26), we choose the regularization parameter y by

1
1, 0<o<l,

€
_ (@)
’)/_
{<5> . ozt

This implies that
JC2 02105 )OFTeT, 0<o <1,
|75 - 7, < (vei+G+&)om
(YB3 +ci+cs)oter, o>
in which

1 (542 2+ 25 215 215
p— 2 7 ‘F .
“ (A%_S ( Zn | Zn 2 max { Z5' 23 }” I

Then we complete the proof. O

6 Convergent error estimations of the initial value

6.1 The priori convergent rate

Theorem 6.1. Let A be given by (18) and AZ, (x) be given by (21). Suppose the priori bound condition
(10) and the noise assumptions (6) hold, then if we choose

_1

(8)"“, 0<o<1,

)%, c>1,

We get

4 — Al < (\/WA 06— 1)%6)0111;11, N
<\/W/\ ole= )+C6>O €2, o> 1.

2Z B C Z* Zxx
where Cs = (32 + B + 2 max { 28, 2 1| 7]],).

N\»—‘

Proof. By the triangle inequality, we have

A5 = Al = A5 = Ay [l + [ Ay = Al (28)


https://ejamjournal.com/

A priori strategy for pseudo-parabolic equations

Ngo Ngoc Hung and Le Dinh Long | 15
Then we estimate the second term of (28)
2
Ay — All;
T fo
. <<81162m+1>,u2m+1 [ X8,.1(T,2)G(2)dz — (C1, €21 ) poms1 [ Xf‘mﬂ(fo,z)g(z)d"z)
= Zgz(jg )2 - ? eom+1(X)
m=0 2mt yzam+](b/ tO/ T/ X/ g) "
T to
. ((Bl,ez,n)yz,nsz”‘m(T,z)g(z)dz — <C1,e2m>y2mfXz”‘m(to,z)g(z)dz) 2
+ AS TS b b
mgl Y 2mj2m yéxm<b, tO/ T, X, g) eZm(x) )
(29)
From (30), we get
2
Ay — All;
T )
o N % (<51/€2m+1>142m+1 bef‘m+1(TfZ)g(2)dZ —(C1, e2mr1) Ham+1 bf Xf‘m+1(tozz)g(z)d2) 2
B mZ::0 (1 +’)’)‘gm+1) yZD‘erl(b/ to, T, Xrg)
T fo

/\%;Tn+1 N i ( ’)/)\gm )2 < <<lee2m>]42m _bf Xzam(T’ Z)g(Z)dZ - <Cllezm>]42m ‘bf XZ“m(tO/Z)g(Z)dZ> >2/\%g1
/\%gnJrl m=1 1 + ,y/\gm ygm(b’ to, T' X' g) /\%51

< (( sup H(2m + 1))2 + (sup H(Zm))z) 0?,
m>0 m=1
whereby

A(lia)g U(g—])
Hm +1) = 22l joled) o CAT V97, 0<o <1,

1+ 925, CzAT(g_l)W, oc>1,

1— —1) p
H(2m) = Mo Jote < { CATEIuE, 0<o <,

T lAg, Ay, o>

Then we have

4, — Al < Je2+caA V0o, 0<o <1, 0)
B Y 7 T G oY §
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Secondly, we give an estimate for the first term, one has

A5 = Ayl
T
o (BS — B, ot ) poms1 | Xgyy 1 (T,2)G5(2)dz
_ 2 76 b
- mgo(jzmﬂ) j2m+1< Yo (bt T, %, G°)
)
<C§ —Cy, 62m+1>]42m+1 f lej(m+1(t0/ z)G(z)dz
b
B Vwia (b0, T, X, GF) )e”“(x)
T
~ (B eami1)Hami1 [ X3y 1 (T, 2)(G5(2) — G(2))(2)dz
G b
! n;o S ( Vami1(bito, T, X, G*)
fg
(C1€2mr1) pami1 {Xgm—&-l(tO'z)(gg(z) —G(2))(z)dz
B Vi (bt T, X,G°) ) eom+1(X)
T
P 3 <y£‘m+1(b, o, T, 2,65 — g)  \Brems)bami [ X (T.2)6(2)dz
m=0 2md ygm—i—l <b’ to, T, X’ g€> > y§m+] (b/ to, T, X/ g)
to
(C1 e2mi1)Hom1 [ Xy (to, 2)G (2)dz
b
- Vs (bt T, X,G) )ez*"“ (x)
T
©0 <BS - BZ’ 62m>}12m+1 f XZO‘m(T' Z)gg(z)dz
G b
i mgl Ton < Vi (b to, T, X, G*)
fo
(C5 — Co, eam ) pom [ X4, (f0,2) G (2)dz
b
_ ygm(b, 10, T, X, gg) ) eZm(X)
T
o (Baempan [ X5, (T,2)(G(2) - 6(2)) (2)dz
G b
i n1Z=:1 o ( V(b to, T, X, G*)
T
(Cao, eom ) piam | X5,(T,2)(G(z) — G(2))(z)dz
b
Vil 1o, T, ,G°) eon(x)
T
m m X T, d
i i jg (yéxm(b,to,T,X,ge_g)) <<Bz,€2 >V2 [ Zm( Z)g(Z) 4
w2\ Vs, (bt T, X, G°) Vs,(b,to, T, X,G)
to
(Caeom) pom [ X3y, (to,2)G (2)dz
b
- V3 (b to, T, X, G) eon(%) oo
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From (31), we have the estimate

A5 = A

T
oo pomi1 [ Agy (T, 2)G%(2)dz o\ 4
L T (—
=0 1) Vous1(b o, T, X, G°)

fo
0 Hom+1 f Xz"‘mﬂ(to,z)gg(z)dz 3
L& ()’ (55 )
m=0 o) Voms1(b,to, T, X, G°)

. | (B, e2m+1) [Hom+1 f?ff‘m+1(TrZ)dZ N
2 G 2 b
+ ( Z € (‘72m+1) ( y§m+1(b/ to, T/ X/ge) ) >

fo
. [(C1, eams1) | poms1 [ Xdhyiq (to,2)dz
+ 2 9 b
< ZOS (jZm-l—l) ( yngrl (b, to, T, X, gs)

NI—

T
= b Ve (bt T, ) 2 Bremi)ian [ A (T.2)G()dz
2 S m—+ s to, 4y
. ( L, " ims) (yé‘mH(b/ b, T, X, 98>> 8 Vi (0,00, T, X,G)

m=0

fo
<61162m+1>,742m+1fXZD‘mJA(tO/Z)g(Z)dZ ) 3
: ) ) : (32)

y§m+1(b/ tO/ T/ X/ g)
From (32), we notice that
145 = Ayl
T to
Ham [ X3, (T,2)G%(2)dz Ham [ X3, (t0,2)G%(2)dz 1

3 b - 2076 \2 b 2
(; (S mnT e )) (Lo (Signrre )

T
|(Buezm) |uam | X3,,(T,2)dz
2( 76 )2 b
(LR (S anree

N—=

)
oo [(C1, em ) |piom [ X5, (to,2)dz 1
(B b )
m=0 2m+1 ygm (bl tO/ T/ X/ g€)

T
. 2( 72 V& (b, t, T, X) \2 <B2'€2m>V2mbf?fz"‘m(T,Z)g(z)dz
<’”2€ ins) <y5m(b't01TrXrg€)) X< Vi (bto, T, X,G)

0

)

(Coreanpian [ 28, (t0,0(2)dz |

b
y§m<b/t0/T/Xrg) >
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It yields
HA% B A”er
Z5 , 25 , B
< oup 75,y PGy g5, FPCLG) ol B,
m=>0 12 m=>0 12 m=>0 A

C Zx
c c 15

+sup ‘jZm—O—l P ‘E +sup ‘8j2m+1 (Z* )
m>1 2m4-1 m>0 12

fo

o (Bueami1)pomi §X§m+1(T,Z)Q(Z)dZ — (C1, eams1) Hom+1 _bf X311 (t0,2)G(2)dz
x (EO Vi (bt T, X,G)
aupl ot S e o | S e e e g
Zy | e (Ba, eam ) tom sz"‘m(T,z)g(z)dz — {(Ca, e2m ) pom fo‘m(to,z)Q(z)dz
+sup e, (55)| Vi b0 T, %,0) '
_€ ( 22;  B+C +2imax{zik5 Zfﬁ;}H]:’b).

T a\ZpA, AT A zy 25

The regularization parameter -y by

1
)”1, 0<o<1,
(33)

Combining (30) and (33), we have

14— A, < (\/C% +C§-A‘17(g71) +C6)0%+180L+1 0<o<1
T (YarenE ve)oted, oz

Then we complete the proof. O

7 Conclusion

In this work, we address the problem of simultaneous recovery of the source term and the
initial value in a time-fractional diffusion equation, which is not well formulated. With a hybrid
regularization method, we propose solutions and provide accurate estimates for both the source
term and the initial value, subject to a priori parameter selection rules.
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