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Abstract

This study looks into a delayed predator–prey model that includes competition within the hunter species
and a strong Allee effect in the prey population. The time delay is used as a bifurcation measure to look
at how stable the coexistence equilibrium is. Our findings show that a Hopf splitting can happen when
the delay goes over a certain level. The normal for m theory and center manifold method is used to
find the direction and stability of the periodic solutions that are made. Number simulations add to the
evidence for the mathematical findings.
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1 Introduction

Building on the foundational work of Lotka [1913] and Volterra [1926], numerous researchers
have focused on the complex dynamical analysis of ordinary differential equations through
mathematical modelling. Various two-dimensional models have been explored to underst
and the interaction dynamics between prey and predator species in deterministic environ-
ments. These models are based on the classical Lotka–Volterra framework, which, despite its
significance, is known to exhibit structural instability. A critical aspect in the for mulation of
predator–prey models is the careful selection of the prey growth function. In this context, many
researchers have investigated Gause-type prey–predator models featuring prey-dependent
functional responses and logistic growth assumptions for the prey population. However, such
models possess inherent limitations and can capture only a restricted range of dynamic be-
haviors. One important ecological phenomenon that has gained increasing attention is the
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Allee effect, which has been observed in several animal populations and holds significant
implications for species survival and population dynamics.

The Allee effect, first documented by W. C. Allee in 1931, describes a phenomenon in which
individual fitness positively correlates with population density, particularly at low densities.
This effect can result from challenges such as difficulty in mate finding, social instability in
small groups, inbreeding depression, inefficient resource utilization, and reduced efficacy in
predator avoidance or defense. The Allee effect is commonly categorized into two types: strong
and weak (or moderate). A strong Allee effect is characterized by a critical population threshold
below which the population experiences negative growth, leading potentially to extinction
[22, 23]. In contrast, a moderate Allee effect slows population growth at low densities but does
not reverse it; the growth rate remains positive even in small populations [24, 25, 26].

In the last few decades, many mathematical models have been developed that include
Allee effects. The behaviour of these models is considerably more complex than those based
on st and ard logistic growth functions [1, 2, 3, 4, 5, 6, 7, 8]. Incorporating the Allee effect
into mathematical for mulations makes it possible to capture real-world ecological situations
such as group for mation, predator invasion, and interspecific competition. This enhancement
makes predator–prey models more realistic and useful for describing a wider range of species
interactions and environmental conditions.

Importantly, the Allee effect is widely recognized as a factor that increases the risk of both
local and global extinction and has profound implications for population dynamics [9, 10, 11].
In the context of predator–prey systems, the incorporation of Allee effects has proven both
insightful and necessary [12, 13, 14]. At low population densities, the Allee effect introduces
a positive density dependence, where the per capita growth rate increases with population
density. The strength of this effect can significantly influence model outcomes: a pronounced
Allee effect leads to population decline at low densities, while a weaker for m allows for
population persistence albeit with slower growth.

1.1 Mathematical Model for mulation

A commonly studied predator–prey model that accounts for intra-specific competition among
predators is typically represented in the following for m.

dx
dt

= x f (x, L)− yH(x),

dy
dt

= βyH(x)− µy − θy2.
(1)

Let x(t) and y(t) denote the population densities of the prey and predator, respectively,
at time t. The parameter r represents the intrinsic growth rate per capita of the prey and L
denotes the environmental carrying capacity. The parameter α is the conversion efficiency of the
predator, f (x) denotes the functional response, d is the natural death rate of the predator and β
represents the rate of intraspecific competition between predators. This equation represents the
most commonly used continuous growth function that incorporates the Allee effect.

dx
dt

= rx
(

1 − x
L

)
(x − b) (2)

In the above equation, the Allee effect is classified as strong when b > and weak when b ≤ . In
the present study, we focus on the case of a strong Allee effect in the prey population, and thus
we assume 0 < b < L. where L is the environmental carrying capacity.

It is biologically realistic to incorporate time delay into predator–prey models, as time
lags are inherent in many biological processes and are considered a key factor contributing
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to periodic fluctuations in population density [15, 16, 17, 18, 19, 20, 21]. Specifically, predator
reproduction does not respond instantaneously to changes in prey availability; rather, a finite
period such as gestation or maturation is typically required. To reflect this, we introduce a
constant time delay τ into the proposed model. As a result, the system is for mulated as a set of
delay differential equations.

dx
dt

= rx
(

1 − x
L

)
(x − b)− βxy,

dy
dt

= βx(t − τ)y − my − θy2.
(3)

with the initial conditions x(0) > 0, y(0) > 0. In the above system, x(t) and y(t) represent the
population densities of the prey and predator, respectively. The parameters (put all parameters)
are all positive constants, where r is the intrinsic growth rate of the prey, L is the environmental
carrying capacity, α is the prey capture rate, b is the survival threshold of the prey associated
with the Allee effect, d is the natural death rate of the predator, and β denotes the intra-specific
competition rate among predators.

We also investigate the discrete counterpart of the continuous population model under
consideration. Discrete models generally exhibit more complex and richer dynamics compared
to their continuous counterparts. As a result, many researchers [29, 30, 31, 32] have studied
discrete models to analyze the population dynamics of predator–prey interactions. Such models
are typically for mulated using difference equations, which also facilitate straight for ward
numerical simulations.

The remainder of the paper is organized as follows: Section 2 addresses the positivity
and boundedness of the proposed mathematical model. Section 3 investigates the existence
of equilibrium points and analyzes their local asymptotic stability. In Section 4, we study
the Hopf bifurcation of the model. Section 5 applies the normal for m theory and center
manifold theorem to determine the direction and stability of bifurcating periodic solutions.
Section 6 introduces the discrete variant of the model, including its equilibrium points, stability
analysis, and bifurcation behavior. Numerical simulations supporting our theoretical results are
presented in Section 7 . Finally, in Section 8 concludes the paper with discussion and summary
of the main findings.

2 Dynamics of the model of system (2)

for τ = 0 the system (3) can be reduced to the for m

dx
dt

= rx
(

1 − x
L

)
(x − b)− βxy,

dy
dt

= βxy − my − θy2.
(4)

2.1 Positivity of solution

The following theorems establish the positivity and boundedness of the system’s solutions.
Theorem:2.1 for system (4). all solutions (x(t), y(t)) with a non-negative initial condition
(x(0), y(0)) remain nonnegative for all t ≥ 0 and are ultimately bounded. This follows from st
and ard results on the invariance of the non-negative and boundedness of solutions in biological
systems (see [33, 34]).

2.2 Boundedness of solution

Theorem 2.1. The solutions of the system (4) are bounded.



52 | Electron. J. Appl. Math. 2025, Vol. 3, No. 2

Proof. Let z = x + y

dz
dt

=
dx
dt

+
dy
dt

= rx
(

1 − x
L

)
(x − b)− my − θy2

≤ rx2
(

1 +
b
L

)
− my ≤ rx

Let us consider (x(t), y(t)) to be an arbitrary positive solution of the system (4) subject to a
positive initial condition. From equation one of system (4)

x(t) = x(0) exp

 t∫
0

L (x(p), y(p)) dp


where

L (x(p), y(p)) = rx(p)
(

1 − x(p)
L

)
(x(p)− b)− βx(p)y(p).

Case (i): Consider x(0) ≤ 1 and our claim is x(t) ≤ 1, for all t ≥ 0. Otherwise there exist two
positive real numbers t1 and t2 such that x(t1) = 1 and x(t) > 1, for all t ∈ (t1, t2).

x(t) = x(0) exp

 t∫
0

L (x(p), y(p)) dp


= x(0) exp

 t1∫
0

L (x(p), y(p)) dp

× exp

 t∫
t1

L (x(p), y(p)) dp

 ▷

= x(t1) exp

 t∫
t1

F (x(p), y(p)) dp

 < x(t1)

as F (x(p), y(p)) < 0 for all t ∈ (t1, t2) which contradicts our hypothesis. Hence, x(t) ≥ 1.

Case (ii): Next, we consider x(0) > 1. Then as long as x(t) ≥ 1

x(t) = x(0) exp

 t∫
0

L (x(p), y(p)) dp

 < x(0)

as F (x(p), y(p)) < 0 for x(t) ≥ 1. Hence, combining case (i) and case (ii), we can say that any
positive solution satisfies x(t) ≤ max {x(0), 1}. for t ≥ 0.

Also, from the second equation in (4), we have dy
dt ≤ y (β − m − θ) which clearly implies

that lim
t→∞

sup y (t) ≤ β−m
θ ≃ δ1.

As solutions of the model are always positive, we must have the parametric restriction
β > m. Hence, we have the theorem.
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3 Existence of equilibrium points

Equilibrium points are the intersection points of the equations in system (4). Here we can have
three different equilibrium points trivial, axial and interior equilibrium points.

(i) Trivial equilibrium point: E0 = (0, 0)

(ii) Axial equilibrium point: First axial equilibrium point E1 = (b, 0) and Second axial equilib-
rium point E2 = (L, 0)

(iii) Interior equilibrium point: E∗ = (x∗, y∗) where

x∗ =
L

2rθ


[

rθ

(
1 +

b
L

)
− β2

]
+

√(
β2 − rθ − rθb

L

)2

− 4rθ

L
(rθb − mβ)


and

y∗ =
r
β

[
x∗
(

1 − x∗

L
+

b
L

)
− b
]

.

The interior equilibrium point exists if

rθb
m

< β <

√
rθ

(
1 +

b
L

)
,

x∗
(

1 − x∗

L
+

b
L

)
> b.

(5)

In ecology, emphasis is placed on the stability of the coexisting equilibrium. Therefore, we
investigate the local stability of the positive equilibrium of system (4).

4 Local stability analysis with Hopf-bifurcation

The Jacobian matrix of the system (3) at interior equilibrium point is given by

J =

− rx∗

L
(b − 2x∗ + L) βx∗

βe−λτy∗ −θy∗

 (6)

The characteristic equation of (5) is given by

λ2 + M1λ + M2 + e−λτ N1 = 0 (7)

where M1 = θy∗ − rx∗
L (b − 2x∗ + L) ; M2 = −θy∗rx∗

L (b − 2x∗ + L) ; N1 = β2x∗y∗.
In absence of the time delay i.e., τ = 0 (6) reduces to λ2 + M1λ + M2 = 0. The interior

equilibrium point is locally asymptotically stable if M1 > 0 and M2 > 0 (by Routh-Hurwitz
criteria).

M1 > 0 if
rx∗(b + L)

2r(x∗)2 + Lθy∗
< 1,

M2 > 0 if β >
√

rθ
L (b + L − 2x∗).

(8)

Theorem 4.1. The positive equilibrium of system (4) is locally asymptotically stable if rx∗(b+L)
2rx∗2+Lθy∗ < 1

and β >
√

rθ
L (b + L − 2x∗).

Theorem 4.2. Hopf-bifurcation occurs in system (3) at the endemic equilibrium point when τ = τ0.
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Proof. Substituting λ = iω into (6) gives

−ω2 + M2 + N1 cos ωτ + i (M1ω − N1 sin ωτ) = 0

Comparing real and imaginary parts, we get

N1 cos(ωτ)− ω2 + M2 = 0,
M1ω − N1 sin(ωτ) = 0.

(9)

squaring and adding above two equations

ω4 + B1ω2 + B2 = 0 (10)

where B1 = M2
1 − 2M2 and B2 = M2

2 − N2
1 .

The above equation has at most one positive root if B1 > 0 and B2 < 0. If the criteria
mentioned above are satisfied, then equation (10) has a unique positive root and we have,
τz =

1
ω0

cos−1
[

ω2−M2
N1

]
+ 2zπ

ω0
, z = 0, 1, 2, . . .

Next, we have to show that the system (3) go through Hopf-bifurcation at endemic equilib-
rium when τ = τ0. Differentiating (7) with respect to τ. we get(

dλ

dτ

)−1

=
(2λ + M1)− N1τe−λτ

N1λe−λτ

then (
dλ

dτ

)−1

=
(2λ + M1)− N1τe−λτ

N1λe−λτ
− τ

λ
.

Substituting λ = iω0 and from (9), we get

Re

(dλ

dτ

)−1
∣∣∣∣∣
λ=iω0

 =
2ω2

0 +
(

M2
1 − 2M2

)
M1ω2

0 +
(
ω2

0 − M2
)2 > 0 (11)

if M2
1 − 2M2 > 0. Hence the system (3) go through the Hopf-bifurcation at endemic equilibrium

when τ = τ0.

5 Direction and Stability of Periodic Solutions

In this section, we study the direction, stability and period of the bifurcating periodic solutions
of system (3), which are generated from the positive equilibrium when τ = τ∗. The method
employed is based on the normal for m theory and the center manifold theorem as introduced
by Hassard et al. [27]. Let τ = τ0 + µ.µ ∈ R. x1 = x − x∗, x2 = y − y∗. xi = xi(τt) then the
system (3) trans for med into FDE and u(t) = (u1, u2)

T ∈ C
(
[−1, 0] , R2) as

u̇(t) = Lµ(ut) + f (µ, ut) (12)

where Lµ (ϕ) = (τ0 + µ) A′ϕ (0) + B′ϕ (−1) and ϕ(θ) = (ϕ1(θ), ϕ2(θ))
T ∈ C where

A′ =

[ rx∗

L
(b − 2x∗ + L) −(m + θy∗)

0 −θy∗

]
, B′ =

[
0 0

r
(

1 − x∗
L

)
(x∗ − b) 0

]
. (13)
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and
F1 = α21ϕ2

1(0) + α22ϕ1(0)ϕ2(0) + α23ϕ3
1(0),

F2 = β21ϕ1(−1)ϕ2(0) + β22ϕ2
2(0).

(14)

where α21 = r + rb
L ; α22 = −β; α23 = − r

L ; β21 = β; β22 = −θ.
The Riesz representation theorem says that there is a function η (ϑ.µ) with limited change

for ϑ ∈ [−1, 0] , such that

Lµ (ϕ) =

0∫
−1

dη (ϑ.0) ϕ (ϑ)

for ϕ ∈ C. In fact, we can choose

η (ϑ.µ) = (τ + µ)

( rx∗
L (b − 2x∗ + L) − (m + θy∗)

0 −θy∗

)
δ (ϑ) (15)

− (τ + µ)

(
0 0

r
(

1 − x∗
L

)
(x∗ − b) 0

)
δ (ϑ + 1) (16)

where δ is the Dirac delta function and τ is a critical value of the time. for ϕ ∈ C′ ([−1, 0] , R2) ,
define

A(µ)ϕ =


dϕ(ϑ)

dϑ
, ϑ ∈ [−1, 0),∫ 0

−1
dη(µ, s)ϕ(s), ϑ = 0.

(17)

R(µ)ϕ =

0, ϑ ∈ [−1, 0),

f (µ, ϕ), ϑ = 0.
(18)

Then the system (12) can be trans for med into the following operator equation

u̇(t) = A(µ)ut + R(µ)ut (19)

De f ineA∗(ψ) =


−dψ(s)

ds
, s ∈ (0, 1],∫ 0

−1
dηT(t, 0)ψ(−t), s = 0.

(20)

and a bilinear for m is given by

⟨ψ(s), ϕ(ϑ)⟩ = ψ(0)ϕ(0)−
∫ 0

−1

∫ ϑ

0
ψ(ξ − ϑ)dη(ϑ)ϕ(ξ)dξ (21)

where x (ϑ) = η (ϑ.0) . Then A (0) and A∗ are adjoint operators. We first need to compute
the eigen vectors of A (0) and A∗ corresponding to iωτ and −iωτ, respectively. Suppose that
q (ϑ) = (1, h)Teiwτϑ is the eigen vector of A (0) corresponding to iωτ and q∗ (s) = D(1, h∗)Teiωτs

is the eigenvector of A∗ corresponding to −iωτ. By a direct computation, we have

h =
r
(

1 − x∗
L

)
(x∗ − b) e−iωτ

(iω + θy∗)
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and

h∗ =
−
[

rx∗
L (b − 2x∗ + L)− iωτ

]
e−iωτ

r
(
1 − x∗

L

)
(x∗ − b)

From (21), we obtain D =
[
1 + hh

∗
+ h

∗
τ
(

r
(

1 − x∗
L

)
(x∗ − b)

)
e−iωτ

]−1
such that ⟨h∗, h⟩ =

1,
〈

h∗, h̄
〉
= 0. Following the algorithm given in [27] and the computational process outlined in

[28], we obtain the coefficients required to determine the properties of the Hopf-bifurcation.

g20 = 2τD
{

α21 + α22h(1) (0) h(2) (0) + h
∗
[

β21h(1) (−1) h(2) (0) + β22

(
h(2) (0)

)2
]}

,

g11 =τD
{

2α21 + α22

(
h(1) (0) h̄(2) (0) + h̄(1) (0) h(2) (0)

)
(22)

+h
∗ [

β21

(
h(1) (−1) h̄(2) (0) + h̄(1) (−1) h(2) (0)

)
+ 2β22h(2) (0) h̄(2) (0)

]}
, (23)

g02 = 2τD
{

α21 + α22h̄(1) (0) h̄(2) (0) + h
∗
(

β21h̄(1) (0) h̄(2) (0) + β22

(
h̄(2) (0)

)2
)}

,

g21 =2τD
{

α21

(
2W1

11(0) + W1
20(0)

)
+ α22

(
W1

11(0)h
(2)(0) + 1

2W1
20(0)h

(2)
(0) + W2

11(0)h
(1)(0) + 1

2W2
20(0)h

(1)
(0)
)

+ 3α23
(
h(2)(0)

)2h
(2)
(0)

+ h
∗(

β21
(
W1

11(−1)h(2)(0) + 1
2W1

20(0)h
(2)
(0) + W2

11(0)h
(1)(−1) + 1

2W2
20(0)h

(1)
(−1)

))
+ β22

(
2W2

11(0)h
(1)(0) + W2

20(0)h
(2)
(0)
)}

.
(24)

W20(ϑ) =
ig20

ωτ
q(0)eiωτϑ +

ig02
3ωτ

q(0)e−iωτϑ + E1e2iωτϑ. (25)

W11(ϑ) = − ig11

ωτ
q(0)eiωτϑ +

ig11
ωτ

q(0)e−iωτϑ + E2. (26)(
2iω − rx∗

L (b − 2x∗ + L) − (m + θy∗)
−r
(

1 − x∗
L

)
(x∗ − b) e−2iωτ 2iω + θy∗

)
E1 = 2

(
E(1)

1

E(2)
1

)

( rx∗
L (b − 2x∗ + L) − (m + θy∗)

r
(

1 − x∗
L

)
(x∗ − b) e−2iωτ −θy∗

)
E2 = −

(
E(1)

2

E(2)
2

)

where

E(1)
1 = α21 + α22h(1) (0) h(2) (0) ,

E(2)
1 = β21h(1) (−1) h(2) (−1) + β22

(
h(2) (−1)

)2
,

E(1)
2 = 2α21 + α22

(
h(1) (0) h̄(2) (0) + h̄(1) (0) h̄(2) (0)

)
,
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E(2
2 = β21

(
h(1) (−1) h̄(2) (−1) + h̄(1) (−1) h(2) (−1)

)
(27)

+ 2β22h̄(2) (−1) h̄(2) (−1) , (28)

Thus, we can determine W20 (ϑ) and W11 (ϑ) from (25) and (26). Furthermore, g21 expres-
sion in (24) can be represented in terms of the system parameters and the constant delay. Thus,
we can compute the following values:

C1 (0) =
i

2ω̄τ̄

(
g20g11 − 2|g11|2 −

|g02|2

3

)
+

g21

2
,

µ2 = −Re {C1(0)}
Re {λ′(τ)} ,

β2 = 2 Re {C1(0)} ,

T2 = − Im {C1(0)}+ µ2 Im {λ′(τ̄)}
ω̄τ̄

,

which determine the properties of the bifurcating periodic solutions on the center manifold at
the critical value τ̄.

Theorem 5.1. µ2 determines the direction of the Hopf-bifurcation. If µ2 > 0(µ2 < 0). then the Hopf-
bifurcation is supercritical (subcritical) and the bifurcating periodic solutions exist for τ > τ (τ < τ). h
determines the stability of the bifurcating periodic solutions: the bifurcating periodic solutions are stable
(unstable) if h < 0 (h > 0) .T2 determines the periodic of the bifurcating periodic solution: the periodic
increases (decreases) if T2 > 0 (T2 < 0) .

6 Discrete mathematical model for mulation

This section examines the Allee effect and intra-specific predator rivalry in the discrete predator-
prey model, which is represented by the system of difference equations below.

xn+1 = xn + rxn
(
1 − xn

L

)
(xn − b)− βxnyn,

yn+1 = yn + βxnyn − myn − θy2
n.

(29)

The population biomasses of the predator and prey generations n and n+1, respectively, are
denoted by x and y. All of the parameters in system (29) are identical to those in system (4).
Equation (29) yields a map of the plane that is not invertible. We may learn about the long-term
behaviour of the predator-prey populations by examining the dynamical characteristics of the
map above. The interaction of (29) generates a trajectory of the population output states in the
following manner, starting from the initial condition (x0, y0) :
[x (n) , y (n)] = Tn [x0, y0] where n = 0, 1, 2, . . .

6.1 Analysis of stability and fixed points

There are two fixed points E1 and E2 in system (29) that is identical to those in the continuous
model (4). The stability of these fixed locations must next be examined. We review the following
lemma [35, 36] in order to examine the stability of the system’s fixed points (6.1).
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Lemma 6.1. Let ϕ (λ) = λ2 − L1λ + L2 and ϕ (1) > 0. Let λ1, λ2 are two roots of ϕ (λ) = 0. Then:

(i) |λ1| < 1 and |λ2| < 1 if and only if ϕ (−1) > 0 and ϕ (0) < 1

(ii) |λ1| < 1 and |λ2| > 1 if and only if ϕ (−1) < 0

(iii) |λ1| > 1 and |λ2| > 1 if and only if ϕ (−1) > 0 and ϕ (0) > 1

(iv) λ1 = −1 and λ2 ̸= 1 if and only if ϕ (−1) = 0 and L1 ̸= 0, 2;

(v) λ1, λ2 are complex and |λ1| = 1, |λ2| = 1 if and only if L1
2 − 4L2 < 0 and ϕ (0) = 1

A fixed point (x∗, y∗) is called a sink if |λ1| < 1 and |λ2| < 1. So it is locally asymptotically
stable. (x∗, y∗) is called a source if |λ1| > 1 and |λ2| > 1. so it is locally unstable. If (x∗, y∗) is
called a saddle if |λ1| < 1 and |λ2| > 1 and (x∗, y∗) is called a non-hyperbolic if |λ1| = 1, |λ2| =
1.

By using above lemma next we can discuss the stability of auxiliary equilibrium points and
positive equilibrium point.

Theorem 6.2. Suppose that the auxiliary equilibrium point E1

(i) first auxiliary equilibrium point is a sink if r < L
b(L−b) and β < 1+m

b and second Auxiliary

equilibrium point is a sink if r < 1
b−L and β < 1+m

L .
(ii) first auxiliary equilibrium point is a source if r > L

b(L−b) and β > 1+m
b and second Auxiliary

equilibrium point is a source if r > 1
b−L and β > 1+m

L .
(iii) first auxiliary equilibrium point is a saddle if r < L

b(L−b) and β > 1+m
b and second auxiliary

equilibrium point is a saddle if r < 1
b−L and β > 1+m

L .
(iv) first auxiliary equilibrium point is non-hyperbolic if r = L

b(L−b) and β = 1+m
b and second auxiliary

equilibrium point is a saddle if r = 1
b−L and β = 1+m

L .

Proof. We must first calculate the system’s variation matrix in order to demonstrate each of

these findings. (22) at E1 is JE1 =

[−rx∗
L (b − 2x∗ + L) βx∗

0 βx∗ − m

]
The eigen values of above Jacobian matrix are λ1 = −rx∗

L (b − 2x∗ + L) , λ2 = βx∗ − m.
By using Lemma 6.1 we can easily verify that Theorem 4.2 conditions at two different auxiliary
equilibrium points.

6.2 Local stability and Hopf-bifurcation

Next, we look at whether positive equilibrium (x∗, y∗) is stable locally. At the positive equilib-
rium (x∗, y∗). The variation matrix is

JE2 =

[−rx∗
L (b − 2x∗ + L) βx∗

βy∗ −θy∗

]
The characteristic equation of this Jacobian matrix is ϕ (λ) = λ2 − Bλ + C = 0. Where
B = −rx∗

L (b − 2x∗ + L)− θy∗ and C = rθx∗y∗
L (b − 2x∗ + L)− β2x∗y∗

Theorem 6.3. If (1 + θy∗)
(

1 + rx∗ + rx∗
L

)
> x∗

(
2rx∗

K (1 + θy∗) + β2y∗
)

and 2rx∗2

L + rθbx∗y∗
L +

rθx∗y∗ − 1 > −rbx∗
L + rx∗ + θy∗ + 2rθx∗2y∗

L + β2x∗y∗ − 2 then the fixed point E2 is locally asymptoti-
cally stable.
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Proof. To demonstrate that E2 is locally stable using Lemma1, we must confirm ϕ (1) >
0, ϕ (−1) > 0 and C < 1.

ϕ (1) = (1 + θy∗)
(

1 + rx∗ +
rx∗

L

)
− x∗

(
2rx∗

K
(1 + θy∗) + β2y∗

)
If

(1 + θy∗)
(

1 + rx∗ +
rx∗

L

)
> x∗

(
2rx∗

K
(1 + θy∗) + β2y∗

)
then ϕ (1) > 0

ϕ (−1) = 1 +
2rx∗2

L
+

rθbx∗y∗

L
+ rθx∗y∗ − −rbx∗

L
− rx∗ − θy∗ − 2rθx∗2y∗

L
− β2x∗y∗

If
2rx∗2

L
+

rθbx∗y∗

L
+ rθx∗y∗ − 1 >

−rbx∗

L
+ rx∗ + θy∗ +

2rθx∗2y∗

L
+ β2x∗y∗ − 2

then ϕ (−1) > 0

C < 1 => 1 − rθbx∗y∗

L
+

2rθx∗2y∗

L
− rθx∗y∗ + β2x∗y∗ > 0

Which is true if x∗
(

2rx∗
K (1 + θy∗) + β2y∗

)
> 2rx∗2

L + rθbx∗y∗
L + rθx∗y∗ − 1. From above results

E2 is locally asymptotically stable.

Corollary 6.4. The fixed point E2 is unstable if and only if the following conditions holds

x∗
(

2rx∗

K
(1 + θy∗) + β2y∗

)
<

2rx∗2

L
+

rθbx∗y∗

L
+ rθx∗y∗ − 1

or
2rx∗2

L
+

rθbx∗y∗

L
+ rθx∗y∗ − 1 <

−rbx∗

L
+ rx∗ + θy∗ +

2rθx∗2y∗

L
+ β2x∗y∗ − 2.

Corollary 6.5. Suppose that

2rx∗2

L
+

rθbx∗y∗

L
+ rθx∗y∗ − 1 >

−rbx∗

L
+ rx∗ + θy∗ +

2rθx∗2y∗

L
+ β2x∗y∗ − 2

then the system (29) undergoes a Hopf-bifurcation when β passes through a critical value βc where
det j = 1 at β = βc.

7 Numerical Simulation

In this part, we show several MATLAB simulations that we ran to check the accuracy of the
system’s analytical results for systems (3), (4) and (29).

Example 7.1. for numerical simulation for delayed model (3), we choose parameter values as
r = 1.6; L = 15.2; b = 0.052; β = 0.803; µ = 0.26; θ = 0.657; Clearly, the interior equilibrium
points for system (3) are stable for τ < τ0 = 0.12. The stable solution converges to the positive
equilibrium point. and the Hopf-bifurcating periodic solution is illustrated in Figure 1 and
Figure 2 τ < τ0 and τ > τ0.
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Figure 1: Time series and phase portrait of the delayed predator-prey system (3) for τ < τ0 = 0.12
illustrating the stability of the interior equilibrium. The solution converges to a steady state, indicating
that the equilibrium is locally asymptotically stable for subcritical delay values. The trajectories in the
phase portrait approach the equilibrium point, and the time series shows damped oscillations converging
to the steady state.

Figure 2: Time series and phase portrait of the delayed predator-prey system (3) for τ > τ0 = 0.12.
illustrating the emergence of sustained oscillations due to a Hopf bifurcation. The time series shows
persistent periodic behavior in both prey and predator populations, and the phase portrait reveals
a stable limit cycle around the interior equilibrium. This indicates that the equilibrium has become
unstable, giving rise to oscillatory dynamics characteristic of predator-prey cycles.

Example 7.2. In this example, we explored the influence of a strong Allee effect in model (3) by
taking the parameter values as follows: r = 1.6, L = 15.2, β = 0.95, µ = 0.919, θ = 0.657, and we
discovered that with the increase of the parameter b in the model of system (4),the population
gradually becomes stable with the increase of time as shown in Figure 3, while in Figure 4 is a
periodic change.

Example 7.3. We now explore the dynamics of the discrete system through simulations. At
first, we demonstrate the stability of system with prey-dominance. for this we chose the
parameter values to be: r = 0.06, L = 15, b = 0.152, β = 0.0503, m = 0.26 and θ = 0.0657. The
corresponding time series values and phase plane trajectories are shown in Figure 5. Next,
the predator-dominance case is depicted in Figure 6. The parameter values chosen to depict
this scenario are r = 0.206, L = 15, b = 0.00152, β = 0.03, m = 0.16 and θ = 0.00357. The
existence of limit cycle for the parameter set r = 0.06, L = 15, b = 0.152, β = 0.0803, m = 0.26,
and θ = 0.0657 is depicted in Figure 7. The change in the parameter b, the survival threshold of
prey from 0.152 to 0.0152. it leads to stabilization of the system, which is illustrated in Figure
8. Finally, Figure 9 presents the chaotic behavior of the system for a specific set of parameter
values: r = 0.206, L = 15, b = 0.032, β = 0.0027, m = 0.03 and θ = 0.0017.

8 Discussion and Concluding remarks

This paper develops a predator–prey model incorporating a strong Allee effect in the prey
population and investigates its boundedness and stability properties. We extend the model
by introducing a discrete time delay, resulting in an exp and ed system (denoted as model (3),
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Figure 3: A time series and phase portrait of the system (4) with the Allee effect b = 0.29. Time series
and phase portrait of system (3), illustrating the influence of a strong Allee effect in the prey population.

Figure 4: A time series and phase portrait of the system (4) with the Allee effect b = 0.4. The dynamics
illustrate how the Allee effect influences population persistence: prey growth is limited below a critical
threshold, impacting coexistence with predators.

Figure 5: Simulation illustrating the stability behavior of the system (29) with prey dominance.

Figure 6: Simulation illustrating the stability behavior of the system (29) with predator dominance.

Figure 7: Simulation illustrating the system’s (29) oscillation behavior with a large amplitude in prey
and a small amplitude in predator for b = 0.152.
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Figure 8: Simulation illustrating the system’s (29) asymptotic stability behavior for b = 0.0152.

Figure 9: Simulation illustrating the chaotic behavior in the system for a specific set of parameters ( for
the values refer the text).

and analyze how the delay affects the system’s stability. Numerical simulations of model (3)
demonstrate that increasing the time delay can destabilize the positive equilibrium, leading to
the emergence of a limit cycle through a Hopf bifurcation. Using normal for m theory and the
center manifold theorem, we derive analytical expressions that characterize the direction and
stability of the bifurcating periodic solutions. Our results show that bifurcation occurs when the
delay parameter crosses a critical threshold. Biologically, the presence of a strong Allee effect
significantly influences the system dynamics by destabilizing the coexistence equilibrium and
altering conditions for population persistence. Likewise, temporal delays can disrupt steady
predator–prey interactions and induce oscillatory or even chaotic behavior. The combined
inclusion of delay and Allee effects enhances the biological realism of the model and provides
deeper insights into complex interspecific interactions.

Furthermore, the discrete system (29) exhibits richer and more complex dynamics, including
shifts from prey dominance to predator dominance, the emergence and disappearance of limit
cycles as the prey survival rate varies, and the onset of chaotic behavior under certain parameter
regimes. These findings underscore the crucial roles that Allee effects and time delays play in
shaping ecological population dynamics.
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