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Abstract

This paper is devoted to the study the effect of an inhomogeneity w(x) on the blow-up phenomena for
the wave equation
uy — Au =I5 (JulP) + w(x), (t,x) € (0,T) x RY,

where N > 1,p > 1,0 < a < 1and w(x) with [pn w(x)dx > 0. Specifically, by the method of cut-
functions, this paper first proves that the any non-trivial solution blows up in finite time under 0 < a < 1,
and later proves that the any non-trivial solution blows up in finite time undera = 0,2 < N < 4and p
being the Strauss exponent.
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1 Introduction

In this paper, we are concerned with the blow-up effect of solutions for the equation

{utt —Au =13 (Jul’) + w(x), (t,x) € (0,T) xRN, )

u(0,x) =ug, u(0,x) =u;, xRN,

where N >1,p > 1,0 <« < 1, w(x) with [y w(x)dx > 0 is inhomogeneous function with
respect to x, and all u, u1, w(x) € Co(RN). Here,

5 (Jul?) = I“(ltx) /Ot(t —5)" lu(s, x)ds
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denotes the left Riemann-Liouville fractional integral of order 0 < a < 1. This equation of
type(1) can be used to characterize various phenomena in physics, geophysics and acoustics
(see, e.g., Hartle and Hawking[1] and Klibanov[2] and the references therein).
In [3], the authors studied the semilinear wave equation
1

Uy — Au = () /Ot(t —8)* tu(s,x)ds, (t,x) € (0,T) xRV, ()

They proved that the effect of the generalized Strauss exponent po(N, a) of the equation, and

the concrete results are as following:

00 N =1,

o(N,a) = -
po( ) N+1+20¢+\/Nz—g((ll\]Oj-lél)a)N-i—éla(a—i-l) 7N >0

ie.

@ifl<p<oasN=1orl<p<po(N,a)as N > 2, up and uq be nonnegative, then the
solution blows up in finite time;

(b) if p = po(N,a) and N > 2, uy and u; be nonnegative, then the solution blows up in
finite time.
Observe that in the limit case « — 0, we have

N+1++VN2+10N—7
po(N,a) = po(N,0) = AN=T) =p(N = 2),

which is the Strauss exponent [4] for the semilinear wave equation
up — Au = |ul?’, (t,x) € (0,T) x RN, 3)

This exponent po(N,0) plays the role of a bifurcation parameter in distinguishing between
existence and non-existence of solutions, but also in determining their asymptotic behavior.
Some studies of the above result can be found in [5, 6, 7, 8]. In [9, 10], the authors studied the
inhomogeneous semilinear wave equation

uy — Au = |ulP +w(x), (t,x) e (0,T)xM, (4)

where M with N > 3 is a noncompact complete Riemannian manifold and w(x) > 0. They
proved that p, = % is critical for above the equation. Specifically, in [9], the author obtained
the following results:

(0) Under 1 < p < ps, w(x) > 0, the problem (4) possesses no global solutions for any uy,
up unless w(x) = 0.

(d) Under M" = RN with N = 3, p. = %5, and suppose both 1 and u; have compact
supports, then (1.4) possesses no global solutions unless w(x) = 0.

(e) Under p > p., w(x) > 0, the problem (4) has global solutions for some w(x), ug and
uq. In [10], Mohamed ]Jleli et al proved that the problem (1.4) has no global solutions under
M" £RN,p =p, = % From the results of the study in problems (2) and (4), we can see that
the influence of the inhomogeneous term w(x) on the wave equation is significant.

In addition, [11, 12, 13, 14, 15, 16] et al. reveal that the inhomogeneous term w(x) has a great
influence on the behavior of solutions on the evolution equations.

As far as we know, the blow-up phenomena of problem (1) is still unknown. Therefore, we
in this article will be devoted to deal with the blow-up effect for the problem (1). In order to
make this article self-contained, after accepting local solution existence, the main result of this
article is stated as follows:
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Theorem 1.1 Let ug, u; € Co(RY), w(x) € Co(RN) N LY(RYN) with [y w(x)dx > 0. Then
(1) the solution of problem (1.1) blows up in finite time under N > 1,0 <a <landp > 1;
(2) the solution of problem (1.1) blows up in finite time under2 < N <4, = 0 and

~ N+1+VN2+10N -7
P= 2(N-1) ‘

Remark 1.2 Theorem 1.1 shows that (1) the problem (1) with w(x) perturbation admits no
global solutions under N > 1,0 < « < 1and p > 1, which is different from that of the problem
(1) without w(x) perturbation in [3]under 1 < p < cocas N =1(orl < p < po(N,a) as N > 2);
(2) the problem (1.1) with w(x) perturbation admits no global weak solution under 2 < N < 4,
xa=0andp =" +1+2V( gﬁ)lON =7 These results generalize the previous blow-up results.

In the next section, we prove Theorem 1.1.

2 Proof of Theorem 1.1
2.1 Preliminaries

Definition 2.1 ([17]) Forany 0 < « < 1, u € C*(][0, T],RN)and T > 0,
(1) the left Riemann-Liouville fractional integrals of order « of u is defined as

(I&.u)(t) = 1)/(]t(t—s)“_1u(s)ds, 0<t<T;

I'(a).
(2) the right Riemann-Liouville fractional integrals of order « of u is defined as

(1% u)(t) = r(la) /tT(s e lu(s)ds, 0<t<T.

And since (I§ u)(t) — u(t) as « — 0 (see [17]), we can define I°(u)(t) = u(t).
Lemma 2.2 ([17]). Let0 < a < 1,T > 0,and f,g € Ly(0,T). Then

T

T
/0 FH)(I.g)(H)dt = /O g(H) (1% f)(t)dt.

Lemma 2.3 ([17]). If « > 0 and B > 0, then

® - _ r(‘B) a—
(a*(t_a)ﬁ 1)(X)— I"([%—i—oc)(x_u)lH !
and

(I8 (b — 1) (x) = r&@w)(b _ x)fracl,

Definition 2.4 Let N > 1, ug, u; € Co(RN) and w(x) € L'(RN). Wesay u(x, t) € L7 (L32.(RN), (0,T))
to be a weak solution of problem (1.1), if the equality

/OT /I{N(I%go)|uypdxdt+/0T /H{Nw(x)q)dxdt—k/ﬂw ((0,x)u1 — @4(0, x)up)dx

T T
:/o /]RN uq)ttdxdt—/o /IRN ulA@dxdt (5)
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holds forall T > 0 and ¢ € Ctz,'f([O, T],IRN) with suppy ¢ CC RN, ¢(T,-) = 0and ¢;(T,-) = 0.

Lemma 2.5([18]) Let w(x) e L'(RN) with [,y w(x)dx > 0. Then there exists a test function
0 < ¢ < Tsuch that [py w(x)Ppdx > 0.

2.2 Proof of Theorem 1.1

Proof: We divide the proof of Theorem 1.1 into two steps. In step I, we will prove that the
problem (1) does not admit any global weak solution under N > 1, « € (0,1) and p > 1. In step
II, we will prove that the problem (1) does not admit any global weak solution under 2 < N < 4,

x=0and p = N+1+2\/(g2j)10N77.

Stepl. For N > 1,0 < « < 1and p > 1. By arguing by contradiction, if not, we can assume
that u(x,t) is a global weak solution to the problem (1). Inspired by [16], we choose the test

function following
o(t,x) =n(t)u(x),

where +
n(t) =T MT-t)"A > ’;1 te[0,T], T € (0,00);

|x|? N
y(x)—qb(Rz ,R>1,xeR".
Let the functions p(x) and ¢(z) satisfy
@) |/ (x)] < Clu(x)], |1 (x)] < Clu(x)];
(ii) ¢(z) € C3(R;) is non-increasing function with ¢(z) = 1if z € [0,1] and ¢(z) = 0 if
z € [2,00).
Then, it follows from (5) that

/ / (IT-¢ |u|pdxdt+/ / qodxdt+/ »(0, x)ul—q)t(O,x)uo)dx

S/ /N!u\lfpttldxdt+/ /N|u||Aq)\dxdt. ©)

Using the e-Young inequality in the right-side of (6) with taking ¢ = 5, we obtain

/0 /]RN|”||§0tt|dth§ E/ / |u|p 15 ¢)dxdt

+pp 1< > / /]RN Ir-¢) ¥ 1\(17”!” Tdxdt @)

T 1 rT
/0 /IRN\uHA(p]dxdtg 5/0 /N|u]p I @)dxdt

p=1(p\ 7"
+T 14 //IRN 15 ) 71| Ag|P T dxdt. ®)

Inserting (7) and (8) into (6) gives

// wgodde—/ @(0,x)u1 — (0, x)up)dx

T
([ [ gt [0 [ gy isgl ), ©)
0 JRN 0 JRN

and
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1

_pfp)
where C(p) = =12 .

By the definition of the test function ¢(t, x) and simple calculation, we easily get

A
/ /]RN x)pdxdt = / T-MT —t) dt/Rwa

=C(A T/]RN wpdx (10)
and
/]RN (¢(0,x)u1 — @¢(0,x)ug)dx = /]RN (n(x)ur + AT ug)dx. (11)
Plugging (10) and (11) into (9) gives
T/ wydx—i—/ X)uy + AT ug)dx
([ ], N(I%-fqo)*moﬁ\mxdtf/o g sel ). a2
L A

Next, we estimate the integrals I; and I,.
Estimation of ;. Using the definition of the test function ¢(¢, x) and simple calculation, it
derives that

! :/OTAN(I““W))*M/’(tw(xw”ldxdt
T L -
SC(/\)T*)‘/O (15 (T - t)/\) PUT — ¢ 7T dt /]RN () |dx

111 112

Noting that by Lemma 2.3, it derives that

1

T F()\—{—l) A !
1 = " (T — )M T—t 1dt
1 A (HA+1+M< ) > Tt

T 2p+u
gqm/\T—Mﬁ%m
0

2p+a

S C(A)T)Lf I +1

and by the cut-function ¢(z), it derives that

2
112—/ |¢<]x\ >|d
o ()
S/0<|x|<R|4)< 4 +/R<|x|<\/§R‘(P R? ldx

<CRN.

Hence,

—2p—a
I <CA)T 7T TIRN, (13)
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Estimation of I,. Similar to the estimation of I;, we have

I :/OT /]RN(I%*W(t)}”(x))iﬁ|17(t)Ay(x)|%dxdt

T _1 Ap 1 p
<T%/ 5 (T —t) wlT—t‘?ﬂ/ A Tdx.
< 0(T( ™) |( )7 WW&NVI#@W x

121 122

Noting that by Lemma 2.3, it derives that

1

T/ T(A+1) A p-1 Ap
I = — (T — ) T —t|r-1dt
21 A (HA+1+aﬂ ) > 7=t

T o
<c(h) / T — ) 7 dr
0
< c(A)TH
Combine the definition of the function y(x) with the condition (i), we have

3 0 9 )(a(p(;;) a¢<’$> a¢<R>)

|Ay(x)‘::<axllax2f"/axH ax1 ’ axz s ’ BXn

o) ) ol

ox;1 ~ 9Oxo ' Xy,

7 7

2N 4(x3 423+ +x2)
<o I ()| + =L (x)|

where 7 = |x| = (x2 + x2 + - - - + x2)2. Then, we have

Combining the above estimates, we obtain

=41 N2

L <C(A)TP 17" R 71,

Inserting (13) and (14) into (12) gives
-1 -1
/]RN wudx + C(A)T /IRN (p(x)us + AT tug)dx
—2p—u — 2p

<C(p,A)(T 7T RN + TFIRN 771),

Finally, fixing R and taking the limits T — co in the last inequality gives

/1RN w(x)pudx < 0.

By lemma 2.5, which contradicts [y wpdx > 0.

(14)
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StepIL. For2 < N < 4,a = 0and p = N*1E N N 2+)10N . For the proof of this step, we intend

to use the proving ideals of step I. Since the test function of step I cannot achieve the study
goals of this step, we choose another test function

¢(t x) = 9(H)(x)

for large enough positive real number R and T, where

In(LL
ﬁ(t)zg(é),t>0; é(x)a(ln((\‘/r%))) ,x € RN, (15)

Let the functions o(7), ¢(x) and o(s) possess the following properties:

(iii) 0 € C*(R) with ¢ > 0, 0 £ 0, supp(e) C (0,1), supp(o’) C (0,1);

(iv) |¢'(x)| < C|¢(x)| and |¢"(x)] < Cl¢(x)];

(v) 0 is a smooth function, which satisfies 0 < 0(s) < 1if0 <s < 1,and o(s) =0ifs <0
ands > 1.
Then, it follows from (5) that

/ / q)|u|pdxdt+/ godx+/ (0, x)u1 — @1(0, x)up)dx

S/O /]RN|MH§0tt|dxdt+/0 /]RN|M||A(p]dxdt. (16)

Using the e-Young inequality in the right-side of (16) with taking ¢ = £, we obtain

! dxd L Podxd
ul|e xt<—//ugoxt
/O/IRN|H d 2 Jo IRNH

1

-1 1 T _1 r
+pP <Z> /0 wn ¥ pll‘(l’tt”’ﬁldx‘it (17)

and

T 1 T
/()/1I{N|u||A(P’dth§ 5// |u|F pdxdt

p-1 e
+ 2 //IRNq)Pl]A(pV]dxdt. (18)

Inserting (17) and (18) into (16) gives

/ / wq)dxdt—i—/ @(0,x)uy — (0, x)up)dx

T
SC(P)(// qv_”j!qottlﬁdde// qv_'fl!Aqvl*’pldxdt)- (19)
0 RN 0 RN

Using the conditions that supp(¢) C (0,1), supp(¢’) C (0,1) and (15), we easily get

fo (00,0 = 0 u0)dx = [ (o0} = ¢(0) o) &)

=0 (20)
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and

T T
/o /]RNw(x)(pdxdt :/0 Q<;>dt/]RN w(x)¢(x)dx
—CT /]R widx. 1)
Plugging (20) and (21) into (19) gives

! T . P T _1 v
CT./O ./IRngdxdtSC(p)</o /]RN(P n71|(Ptt’p—1dxdt_|_/O /]RN(P 1| Agl|7 1dxdt>, (22)

1 2

where C(p) = pT <’27> :
Next, we estimate the integrals J; and J,.

Estimation of J;. By view of (15) and simple calculation , we have

h :/OT /IR (O(HE(x)) 78" (1)E(x) |7 Tdtdx

ng”l/OT (Q<;))pll\g < ) 71d t/ |dx
]12

Ji1

By taking p = ¥ +1+2V( II\\IIQ_SON =7 putting it into J;;, and by calculation, it can be obtained

N+5+V N24+10N—7
+5+ 4+ +1

Ju < CT™
Applying the cut-off function o (s), we obtain

In(2L)
Ji2 = . o (ln(\/%)) |dx

N
T2 N
<= (RN —RY)
r1+1%)
<CRN.

Combining the discussions above, we get

N+5+V N24+10N—7
—g +1 RN

Ji <CT™ (23)

Estimation of J,. By view of (15) and simple calculation , we have

J2 = //]RN )P (H)AE (%) | 7 Tdtdx

/’Q( )!dt/ &) 7T |AE(x) P Tdx
<CT [ 12(x)| 777782 (x) 7 x.

J21
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Combining (15) with Condition (iv), similar to the calculation of |Au| in step I, we have

()] < (),

wherer = |x| = (1} + 5+ -+ 7).

2 _
N+1+2\/(II\\]]_J{)10N 7’ we have

Taking p =

Jo1 < C(lnR)_N+5+ NP7 /N 6(x)] dx.
R

N+5+V N24+10N—7
B I —

Noting that N — N+5+W = 3N’5*VT+1ON’7 < 0for2 < N < 4. And since R is big

enough, taking R > 1 in the cut-off function ¢ is reasonable, too. Hence

In(L5)
o (M J%)> ! ,
N+5+\/IXZ+10N—7 x

£(x)] /
dx <
/]RN |x|N+5+\/1212+10N—7 = VR<|x|<R |

x|

In( )

o (k)1

f o SAnbe)
JUR<jxl<r - |x|N

<C ((m R)N — (In \@)N>

<C(InR)N.

X

Further, we have

121 < C(lnR) 3—N—\/I\é2+10N—7.

Combining the above calculations, we obtain

J, < CT(In R) =20 (24)
Inserting (23) and (24) into (22) gives
/RN wedx < C(TWWRN n (mza)”lf*“"”). (25)
Taking T = R/, j > 0in (25), we have
/]R widx < C <CRWH(1}J)N +C(In R)”’éz*“””) (26)

Since2 < N <4, 3*N*W < 0. Taking j > 4in (26), we have 1 — 1j < 0. Passing to the
limit as R — oo in (26) gives

/ wdx < 0.
RN
By lemma 2.5, which contradicts [y w&dx > 0. O
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