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Abstract

We in this paper consider the blow-up behavior of any nontrivial solution to the following initial
boundary value problem of the logarithmic viscoelastic equations with delay and nonlocal weak damping
terms under acoustic boundary conditions

t
it — Dt + ||ut|\’§ut+/0 w(t — s)Au(s)ds + o1 [ug(£) " 2us(£)
+eolup(t— )" 2up(t — ) = |ulP " 2uln|ul.

Our results show that the local solution blows up in finite time if p > m and E(0) < 0. More accurately,
we give the upper bound of the blow-up time by the energy method. Moreover, we also give the lower
bound of the blow-up time.
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1 Introduction

The purpose of this work is to consider the blow-up effects for the following initial boundary
value problem:

t
sy — A+ ||ug|Suy —I—/O w(t—s)Au(s)ds

—I—cllut(t)]m’zut(t) + co|us(t — T)|m’2ut(t —7) = |u]’”’2uln|u] inQx(0,T),
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u=0 on I'yx(0,T), ()

t
g—z —/0 w(t— s)aggj)ds = h(x)y: on T1 x(0,T), 3)
ur+ f(x)yr +g(x)y =0 on Ty x (0,T), 4)
u(0) = up, u;(0) =uy inQ, y(0) =yo onTh, ()
u(x,t —7) = Jo(x,t — ) for (x,t) € Q x (0,7), (6)

where () is a bounded domain with smooth boundary 0Q in R"(n > 1),0Q0 =Ty UT}, |To| >
0,|T1] > 0and I'yNT; = ¢. T > 0 represents the time delay. The coefficients ¢; and c; satisfy
c1 > 0and cp € R. The parameters m, p and k satisfy

m>2;

2<p<oo, ifn=12
2<p< ¥R ifn>3;
O<k<p-2

Jo, uo and u; are the initial data, |u|/$u; is defined as a nonlocal weak damping term, w(t) :
R* — R is a non-increasing and differentiable function. #, f, g : I1 — R™ are all essentially
bounded functions, where g satisfies

g(x) > g0 >0 foranyx €T;.

The acoustic boundary conditions are (3) and (4). There are a lot of researchers who study wave
equations with such boundary conditions (see [1, 2, 3, 4] and references therein).

It is well known that the viscoelastic equations with different damping terms and conditions
frequently appeared in many branches of sciences, such as physics and mathematics. In
mathematics, the viscoelastic equations have been widely researched. For example, in [5, 6, 7, 8,
9,10, 11], the authors investigated the global existence; in [5, 8,9, 10,11, 12,13, 14, 15, 16, 17], the
authors studied the blow-up effects. Among them, in [6,7, 11, 13, 14, 17], the authors researched
the global existence and blow-up on the viscoelastic equations with delay; in [10, 11, 12, 13],
the authors studied the finite time blow-up for the viscoelastic equations with logarithmic
nonlinearity. Under the dimension 1 < n < 3, Park [13] investigated the following model

¢
uy — Au + /0 w(t —s)Au(s)ds +Cl|ut(t)|m_2ut(t) + co|us(t — T)|m_2ut(t —7) = |u|p_2uln |ul,

with the bounded domain Q) C R", but without the nonlocal damping term ||u||3u;. The author
established the upper and lower bounds of the blow-up solutions.

Recently, the nonlocal weak damping effects have been frequently studied in different
contexts, such as physics and other applied science. The nonlocal weak damping effects have
many forms, such as M(||Vul|[3)us, (||Aul? + [Jue|3)7Au; and ||us||3u;. The wave equations
with M(||Vul||3)us or (||Aul|3 + ||lut]|5)7Au; have been studied by many researchers, we refer to
[18, 19, 20, 21, 22] and so on. For the wave equations with this kind of nonlocal weak damping
||ut||3us, Zhao et al. [23, 24] studied the asymptotic behavior of following wave equation with
nonlocal weak damping, anti-damping and critical nonlinearity

i = S+ K e+ £0) = [ KCey)us(y)dy +h(x)

under some suitable conditions, which ||u¢||3u; and [, K(x,y)u;(y)dy are called nonlocal damp-
ing and anti-damping, respectively. For the above wave equations, Zhao et al. in [25] also give
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the existence of a generalized polynomial attractor. In addition, Zhao et al. [26] investigated the
following equation with the nonlocal damping

Uy — Au — m(HVuH%)Au + kHutHZut + f(u) = h(x).

They established the well-posedness of the above wave equation. More recently, Liu et al. [27]
introduced the following equation

Uy — Au + ||ut||gut = |u|P_2,

with Dirichlet boundary conditions. When 0 < g < p — 2, they obtained the local existence and
energy decay by using Fatou-Galerkin method and Nakao’s inequality. The authors also gave
the finite time blow-up effects under three different initial energy levels.

Motivated by the above problems and research results, we investigate the blow-up results
for problem (1)-(6) with delay and nonlocal weak damping. Comparing with the system in [13],
the main difficulty of this article is to overcome the barriers generated by the nonlocal weak
damping term ||u¢||5u;. We encountered some difficulties in applying the concavity method
to estimate the bounds of blow-up time, where these include: 1. logarithmic nonlinearity
and acoustic boundary conditions exist at the same time, which will generate some delicate
estimates; 2. How to use some inequalities to control the nonlocal weak damping term.

The remainder of this article is as follows. In Section 2, we give some lemmas, hypotheses
and other important conclusions, which play a key role in the study of the blow-up effects. In
Section 3, we establish the blow-up solutions and their proofs.

2 Preliminaries

In this section, we give some notations, assumptions, inequalities, constraints and lemmas,
which are used in proving the main theorems.

The norms of L"(Q)) and L"(T';) are denoted by || - ||, and || - ||r, », respectively. The norm of
the space X is denoted by || - || x. The notation (-, -) represents the scalar product in the space
L?(Q)). We denote by u = u(x,t) and u; = u;(x,t). Some unimportant positive constants are
all denoted by C, which may be different in each condition. We let A is a Banach space and
satisfying

A={pc H}(Q) : p =00nTy}.
< 0, ifn=12

< . mn .
For any 2 < r{ < nZ_nZ/ ifn>3 in R", the embedding

A= L' (Q)
holds. Then the embedding equality |||, < M,|| V|2 also holds, where M, is the embedding

constant. The following inequality

T 1<d< (14 D) +w) -1 @)
2

is also we needs, whered > 0,1 > wy > 0,w, > 0.
Similar to the assumption of [13, 28, 29], we introduce the variable

d(x,p,t) = us(x, t —p7) for (x,0,t) € QA x(0,1) x (0,T)

with
0t (x,0,t) + 6p(x,p0,t) = 0 for (x,0,t) e A x (0, T).
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Then the problem (1)-(6) can be rewritten as

t
st — Au+ ||ug||Sup + /0 w(t—s)Au(s)ds

(8)

o |ug|"Pus + c2]6(x, 1, 1) 25(x, 1, t) = |ulP2uln |u| in Q x (0,T),
T0¢(x,0,t) + 0p(x,p0,t) = 0 for (x,0,t) e A x (0,T), )
u=0onTyx(0,T), (10)

t

gz - /0 w(t— s)aggj)ds =h(x)y: onT1 % (0,T), (11)
ur+ f(x)yr + g(x)y =0 on Ty x (0,T), (12)
u(0) = up, us(0) = ug inQ, y(0) =yo on Ty, (13)
0(x,0,0) = Jo(x, —pT) = do(x,p) for (x,p) € A x (0,1). (14)

Our main purpose is to find a blow-up solutions on problem (8)-(14). For this goal, we will
employ the following assumptions: (A;) The function w(t) verifies

t _
/ w(s)ds < p712 (15)

and -
0<1 —/ w(s)ds := wy.
0

(Ay)) Letl <n <3.
A3)2<p<oo,ifn=122<p<4, ifn=23

p*+2p  (PP+4p)2p+(p—2)(n—1))—p*(n(p—2)+4)
(Ag) m > max (2, 32, G0 )
Since p > 2and 1 < n < 3, we obtain

p>+2p

P> p>—2p+4

and

P> (P> +4p)2p+(p—2)(n—1)) — p*(n(p —2) +4)
(PP +4)2p+(p—2)(n—1)) —p*(n(p—2) +4)
We can choose m such that
PP+2p (PP +4p)C2p+(p=2)(n—1)) —p*(n(p-2) +4)> (16)
pr=2p+4" (PP+4)2p+(p-2)(n—1)) —p2(n(p—2)+4) )’
where the reason for the choice of coefficient m is to limit the value range of coefficients 6 and g

generated in the subsequent proof process.
(A5) 0 < |c2| < 1.

p>m>max<2,

Remark 2.1. (1) Since p > 2and 1 < n < 3, we have

n<2n+2 4p+2(n—1)(p—2)>_4p+2(n—1)(p—2) 17)
n '’ n(p—2)+4 B n(p—2)+4
(2) From assumptions (A;), (A3) and (Ay), it follows that

2p " pA(m—1)
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and
dp+2(n—1)(p—2) 2p%(m—1)
T -2 44 pPm-1)—4p—m)

(3) From (A3), there must exists the constants ¢y, &1 > 0 such that

> 2. (19)

< 00, ifn=1,2 _ < 00, ifn=1,2
2<p+€0{§6, ifn—3 a2<2p Hgl){ga ifn=3

therefore, we have
A= LPYO(Q)  and A — L2PHa-D(Q). (20)

We need the following lemmas for the blow-up theorem.

Lemma 2.2. ([13]) For any given ¢ > 0,
¢ 1 ¢ 1
]alna\ggf01’0<a<1and0§a lnaggforazl.

< o0 ifn=1,2

<s <
<6 ifn=3 . Then, forany2 <s <,

Lemma 2.3. ([28]) Let p € Aand2 <r {

llls < Cilly + 1Vell3)

holds.

< 00 ifn=1,2

<5 ifn—3 . Then,

Lemma 2.4. ([28]) Let ¢ € A with [, || In|¢p|dx > 0and 2 < r{
forany2 <s<r,

r i 2 r
(f tormiplar) < c (199l + [ gl inlplax)
holds.

Lemma 2.5. ([28]) Let r > 2. For € L"(Q) N A with [ [¢|"In|p|dx > 0,

uwuchww6+Awwmwuﬁ

holds.

Lemma 2.6. Let f(t) be a continuous function from (0, +o0) to (0, +c0). If there exists constants
s > 1 and C > 0 such that

f1(6) 2 Cfr= (1),
then f(t) blows up at finite time T satisfying

0<T< .
C(1—5)f(0)=
Proof. By integration of this formula f'(t) > Cf s (t), we have
)z o

f(0) = Ci T
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hence, f(t) blows up at finite time

T< L —

- C1=s9)f(0)7=

Then the proof is completed.

Through the previous works of the research [12, 27, 29, 30], we have the local existence and
uniqueness theorem for problem (8)-(14), which can be proved by the Fatou-Galerkin method,
for convenience, we omit the proofs here.

Theorem 2.7. Let (A1), (A3) and (As) hold. Then, for any (uo, u1,Yo0,6) € A x L2(Q) x L?(Tq) x
L™(Q) x (0,1)), the problem (8)-(14) exists a unique local solution (u,y, 8) satisfying

ue C0,T;A) NCY0,T;L*(Q)),

Vhy € L*(0,T; L*(Iy)),

and
5 L®(0, T, L"(Qyx (0,1))).

We now give the energy functional of problem (8)-(14).
By multiplying both sides of (8) by u; and integrating over (), it follows that

1 1 t 1 1
E(t) :§]|ut!|%+ > (1 —/O w(s)ds) | Vul3 + E(wQVu) + ?Hqu
(1)
1
—1/ |u\pln|u]dx+1/ hgy2dF+£T/ 16(x, 0, )| mdp.
pJa 2 Jn, 0

By the definition of E(t) and (8)-(14), we have the following Lemma.

Lemma 2.8. Assume (A1), (A3) and (As) hold. Let (u,y,d) is any solution for the problem (8)-(14).
Then

d 1 wl(t
2B < 5 (@ ©u)— [ hpar — X Tul — full§ — o uali + 15001, <o,
1
(22)
where ,
(w® Vi) = / w(t —s)||Vu(t) — Vu(s)|3ds.
0
Proof. By direct calculation, we derive
d 1 1
SGE® = (@ @ V) — [ hfyir — Sewo(®)[Vulf — 2 — ]
dt 2 r 2 (23)
1
. / 5(x,1,8)[8(x, 1, 6)|"2updx + et / 16(x, p, £) || dp.
0 ot Jo
By Young’s inequality with ¢, it follows that
o2 [ 00,0000 1, 1" e < 2 =D s n s Ljn - g
(@)

By (9) and simply calculation, we obtain

o 1 . 1 | .
53 | 10Ge e, t)llade = —16(x, DI+ (1) (25)
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Inserting (24) and (25) into (23) gives

d 1 w(t)
EO < 5@ @ Vu) = [ fypdr — 2 a3 el
-1
~(a-e= 120 gl - (<=2 ) ot
< Y ovuy = [ npzar — O Ivu - 52— ol + 16 1,611 < 0
=9 T, yt 2 2 tll2 ’)/ tllm 7Ly m) = VY,
(26)
which ends this proof.

3 Blow-up solutions
3.1 The blow-up solutions of problem (8)-(14)

The blow-up solutions of this article are as follows:

Theorem 3.1. Under the assumptions of Theorem 2.7, if (Az) also holds, uy € H} and uy € L? such
that E(0) < 0. Then any solution (u,y, ) for the problem (8)-(14) blows up in finite time T satisfying

T < #
Cor =2 (0)

Moreover, the lower bound for T is given by

/°° ay <T
0(0) 2% + py Y (P—1481) -y —
where .
F(0) = ‘31—9(0) +c7/ ugurdx — g/ hfy%dl" — 0'/ hyouodll
QO 2 Iy I
and

9(0) = ur]3+ [ Vuol3 + | hgy3ar +2e7)00l5n 0 01
1
the range of 8 will be been given in (31) and both 1, yup will be been defined in (63).

3.2 Proof of Theorem 3.1

Proof. This proof is divided into four steps:
Step I. We prove % Jo [u|P In |u|dx > 0.

Let
p(t) = — E()
1 1 1
=_ p S 2_ -
p/Q|u| In fuldx — 5 s 3 5(w © V)
1 t 1 (27)
=5 (1= [ wls)as ) 17ulB — sl

1 2 ! m
: /rl hgy?dl — & /0 16(x, 0, )| ™dp.

Then, we have
B'(t) > —E'(t) > 0. (28)
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Since E(0) < 0, it follows from (21) and (28) that

0 < B(0) < B(t) < ; [ Jul 1o (29)

Step II. We establish auxiliary function F (t), and prove F’(t) > 0 holds.
We now define

_ pl-o _g 2 .
F(t)=pB""(t) +U/Quutdx 5 /F1 hfy-dT U/rl hyudT, (30)

where ¢ > 0 and the constant 0 satisfies

2(p —m) g@gmin< p—m p—2 m—2 p—k—2> 31)

prim—1) p(m—1)" 2p " 2m " p(k+2)
for
2p*(m —1) 4p+2(n - 1)(p~2)
2m—1)—4(p—m) 15 n(p-2) +4 (32)

The ranges of § and g are reasonable due to (18) and (19).
Combining (8)-(14), (30) with Young’s inequality with ¢, we have

PO =1 -0 (0 (1) + ol + [ hgar o (1= [ w(as) [7ul3

t
+a/ w(t—s)(Vu(t),Vu(s)—Vu(t))ds—a/ |\ut\|'§utudx+a/ lu|P In [u]dx
0 O Q
—0'C1/ u\ut|’”’2utdx—c7cz/ uld(x,1,)|"25(x, 1, t)dx
Q Q

>(1-0)p~ (DB (1) + | |2 + a/r hgy?dT + U/Q |u|P In |ue]dx
1

—0 (1 — /Otw(s)ds + 4117 /Otw(s)ds> |Vul3 — on(w© Vu)

—(7/ HutHlﬁutudx—ocl/ u|ut]m’2utdx—acz/ uld(x,1,t)|"25(x, 1, t)dx,
0 0 0

(33)
where 17 > 0.

To get the conclusion of f'(t) > 0, we induct the term ¢A [ |u[? In |u|dx. From (27), we
have

() >1-0)p (1) (t) +o (1 + M) l|us||3 + o (1 + M) N hgy?dT

2 2
ac(l1—A)

||uHZ+Up(1—A),B(t)+U<p(12_/\)—1)/Q|\utH’§utudx

+
—I—U')L/Q |ulP In |u|dx + o <P(12—A) —17> (w® Vu) (34)

ro (P 0= PO a1 [ 1vul3

—0'C1/ u|ut\m’2utdx—(7cz/ u|5(x,1,t)|’"’25(x,1,t)dx,
0 o)

where 0 < A < }%2.
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m—1

Lety; = (ap%(t))~"» , where a > 0. Then, by (28), Young’s inequality with ¢ and (As), we

obtain

c1/ u|ut|m_2utdx—|—cz/ uld(x,1,£)|"26(x, 1, t)dx
Q Q

ey (m — 1) cal(m — 1)
m m
cq(m—1) —.m
< S e+ o 1)) +
c1(m—1)a C
mey mam—1

<

— (c1 + |ea]) 7!
71 "0, 1, )| + TW“H%

(c1 + |ea| )T
TW!“H%

7" e+
(35)

< e (B()) () + (B(E) 1 a1

Theorem 2.7 and (A;) show that u € LPF1(Q). By (29) and Lemma 2.5, we derive
0(m—1) m
(BN Ol < ¢ ([ P infular) (7 infulds + | val3)
0 0

0(m—1) b m
gc(/ \u|r’1nyu\dx) </ \u|P1n\u\dx) + IVl
Q Q
Op(m—1)+m Op(m—1)
<C ((/ |u|pln\u|dx>
Q

+ </Q\u|pln]u|dx> m +Vu%)
Since (31) implies 0 < 2p=m) g < =% holds, we have 2 < 0p(m — 1) +m < p and

(36)
, pA(m-1) — p(m—1)
2 < 9(7;%3”)’7 < p. By Lemma 2.4, it follows that

Op(m—1)4+m

(/ |u|pln|u]dx) <C (HVuH%—{—/ |u|pln|u]dx) (37)
0 0
and
Op(m—1)
=
(/ |u|pln|u|dx) gc<||w\|§+/ |u]pln|u|dx>. (38)
0 0
Inserting (37) and (38) into (36), we obtain
(B0l < ¢ ([ P nfuldx-+ [Vul) )

Combining (35) with (39), we obtain

c1/ u|ut]m’2utdx—|—c2/ u\é(x,l,t)\mfzé(x,l,t)dx
< o 4 € [l i ulax -+ Va3 (40)
>~ mey ﬁ :B mzxm—l o) 2 -

For this term [, ||u¢||Su;udx, Using Young’s inequality with e and H?lder’s inequality, we

deduce

—pb 1—pb
\/QHutH’éutudX\ <collullplluellz™ = collully ™ el fluell5

(41)
1—pbq)(k+2 —pb
<co (ellully "™ 2+ cle) Ju5*2) Iluf, ™
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for any 61 > 0 and € > 0. We choose 0; = q% — % > 0and let 0 € (0,0;). From (41), we have

[ sl fsuex] <C (ellullh + C(e)B' (1)) ()™
<C (eB(0)~Jull} +C(e)p(0)* (1) B (1)),

_( q+2>
where the constant C(¢) = (e(q +2)) 72 (
with parameter e.

(42)

q+2

s )~!, which is generated by Young’s inequality

(1-A)

To eliminate (pT - 17) (w ® Vu) in (34), we establish the following relation

(PU=0 ) (M0 1Y e
{(P0 1) (1- fwoe) - gy [ wione}

> {(;7(12_)0—1) wl_Zp(ll—A)(l_wl)} =: Qy,

where 17 = @.
Inserting (40), (41) and the definition of Q, into (34), we derive

F(0 = ((1-0)+ clopo)' oc (PEZE=E) - T =) pep

1-A 1-A
+a<1+p< : )>/r hgyzdl"+¢7<1+p( : ))HutH%
1

(43)
1-A _ 1-1)-1
o (UM v cpoy e (P20 )l + ot - M)
C ’ C
+o (QA — m@’”l) |Vulls+c (A — m(9’”1> /Q ||V In |u|dx.
We now impose restrictions on the coefficients of the right-hand terms in (43). Let
wi(p—2 1-w
0= 1(P2 ) > L
p
Then
0, , 1i = Q.
Q>0,Qx<Q lim Q) =Q
_pr2
smm0<A<Pﬁma>szzo<k<p—zQA>0md@%”—4)><m2pp4>:
0. By the arbitrariness of « > 0, we see that for sufficiently large «, one knows
C C
Q)\—W>Oand A_W>O.

Choosing o > 0 appropriately small to gain

Q1—®+c@wmﬁ9wc<““}”_1>—gﬁﬁ3_”>>n

and

F(0) = 51_9(0) + (7/ upurdx — g/ hfy%dl" — 0/ hyouodl’ > 0.
Q 2 I I,
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Therefore
F'(t)>C <||ut|\%+uuui+ﬁ(t)+|\Vu||§+/r hgyzdr+/0|uyi”1n|u|dx> >0. (44)
1

Step III. We establish the upper bound for the finite time blow-up solution.
From (30), (31) and (34), we have

Fo(t) < ( </ |uut|dx> ) (/ yhyu|dr> 19). (45)

Since (31) implies 2 < 5. < p, by Young’s inequality with ¢ and Lemma 2.3, we deduce

1
-0
(LWWWQ < Jull 7 7 < CllallF el

(46)
< C(fluell3 + llully™ ) < (il + [ullp + 1V ull3).
Once again using Young’s inequality with &, we obtain
. A .
h(x)yudl ) = /1éwuﬂ>
(/1"1 ( )]/ > <1“1 8
1 1
< (HhHrlongHrloo> a0 (/ hgyZdr) e </ uzdr> e

80 I I (47)

1
o
<c(f mar) ™
<C </ hgy?dT + ||ul|f 29).

Since (31) implies <1, by applying (7) with w, = and wy, = B(0), we obtain
Ples a2y 29) y applying

2
q(1-20)

Iy = ((f war) ™ < PO ([ wtdr+ ) < Ul +pe). 69

Combining (45)-(48) with (29), we derive

1
pre ) < ¢ (ol ol + B0 + 1903+ [ hgpdreull,, ). @)
1

We now estimate ||u||7 . From (17), (19) and (32), we have
Fl,q

2n 42
2<g< p—

which implies
-1 2
o< _TT2 2 (50)

2 q

We let 5 — "T_l <i< %, it is effective due to (50). Hence the embedding H'(Q)) < L7(I'1) holds.
By the interpolation theorem, we have

1— 1—
lullf, , < Cllul¥yqy < CllullS 7 Vully < Cllufly = Vully. (51)
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By Young’s inequality with ¢, it follows that

=)
lullf, g < COVal3 + (llullp) )

From (32), we have

n_on-1_2(p—q)

2 g “4p-2)
Hence, we can take : with 5 — ”4%1 <1< qE = g < %, which implies

2k(1 —1)
e
By applying (7) with wy = ;’él lq; and w;, = B(0), we have
29(1-1) 0)+1
(Il < (B0 ) s+ o) < Cllully + o)

Combining (49), (52) with (53), we obtain

1
Fro(0) < € (Ll -+l + B0y + [ VulB + | ngyiar).
1
From (44), (54) and Lemma 2.6, we conclude that
F'(t) > Crra(t), t >0,

which implies

T < %
Cor 17 (0)
Step IV. We establish the lower bound for the finite time blow-up solution.
Let (u,y,6;up) is any finite time blow-up solution of problem (8)-(14). If
conclude from (27), (30) and (55) that

lim / (P In |u|dx = +oo.
t—=T- JO
By (20), (29), Lemma 2.2 and the Sobolev embedding inequality, it follows that

o</ \u|”1n]u|dx:/ yu|r’1nyu|dx+/ ul? In u]dx
0 ol Q.

p+Co

M
<o fo s < ol h < SR gul,
e(?O Q. eéo p+%o
where
O ={x|lxeQ,|ul >1}, Q- ={x|x € Q,|u|] <1}.
Hence,
lim ||Vul|z = +oo.
t—T-
Let

(52)

(53)

(54)

(55)

(56)

E(up) < 0, we

(57)

(58)

(59)

t 1
o) = ll-+ (1= [ (s ) IVul+ (@0 V) + [ hgzdr+ 26t [ oGe,p,) .
1

(60)
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Then, (59) and (60) imply

lim L(t) > lim w||Vul} = +co. (61)
t—=T- t—=T-

Combining (20), (21),(22) and (60), together with Young’s inequality with e and Lemma 2.2,
it follows that

d, 1 1
o (1) =2E'(0) + 5, [l fuldx )

§2/ upu|P2uln |u|dx
Q
<2+ [ [l njul Pax

=23+ [l inful P+ [ [l inful P (©2)
. ,

1 _ [e]
< 2 2p-1+a) g0 1L
<2fuwlB+ g [ WP e
ZEp—l-H:fl; ( ‘Q’
<2llu 24 2(p—1+¢ Vu 2;7*1+61)_,_
o+ = T TP
<2¢(t) + u19P (1) + o,

where 2p—142)
My
_ _2Ap=146) _
" g " ©

From (62), we obtain

¢'(t) <1 (64)
2¢(t) + pr@ P+ (£) + po

Integrating (64) on [0, T') gives

T @' (t)dt T
/ < / dt.
0 2¢(t) + w1+ (t) + 2 ~ Jo

Let ¥ = ¢(t). Then the above formula implies

+00
/ aY <T.
9(0) 2¥ + ¥ P18 iy —

Thus, we complete the proof of Theorem 3.1.
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