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Abstract

In this article, the D-dimensional Klein-Gordon equation within the framework of improved Greene-
Aldrich approximations scheme for Deng-Fan molecular potential is solved for s-wave and arbitrary
angular momenta. The energy eigenvalues and corresponding wave functions are obtained in an exact
analytical manner with the help of asymptotic iteration method.
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1 Introduction

The Klein-Gordon equation plays an important role in explaining the interacting behavior of
spinless particles with different physical potentials [1, 2]. Recently, many researchers have
investigated the problem of finding solutions to various special potentials of the D-dimensional
Klein-Gordon equation [3, 4, 5, 6, 7, 8, 9, 10]. In the literature, Nikiforov-Uvarov method [11,
12, 13], asymptotic iteration method [14], Point-Cannonical transformation [15], Lie algebraic
method [16], Laplace transform approach [17, 18], Factorization method[19], etc.

The Deng-Fan potential [20, 21], is widely used in molecular physics and quantum chemistry.
The Deng-Fan molecular potential is:

A

e —1

V(r) = D, [1 - r, A= —1 (1)

where 7, is the molecular bond length, D, is the dissociation energy, r is the inter-nuclear
distance and « the range of the potential well.
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While studying behavior of Deng-Fan molecular potential within the Klein-Gordon equation,
we use modified approach of Greene-Aldrich [22] and use some simple constraints within AIM.

Our work is assembled as: the AIM is briefed in section 2 to make it accessible. Section
3 considers the D-dimensional Klein-Gordon equations that describe the Dan-Fan molecular
potential along with the modified Green-Aldrich approximation. The solutions are extracted in
section 4. Section 5 contains the concluding remarks.

2 The Asymptotic Iteration Method:
Let us chose the second-order differential equation of the form :
&n (1) = 0o(u) gy (u) + 00 (14)gn (1) ey

with sufficiently differentiable variables, op(u) and go(u)(# 0).
Differentiation of equation (2) for u, gives

"

g (1) = 01(u)gy (u) + o1 () gn (1) 3)

in which

o1(u) = og(u) + oo ()0 (u). 4

Sn(u) = 02(u)g, (u) + oa(u)gn (1), (5)
Where

oo (u) = o7(u) 4 0o (u)o1(u). (6)

Equation (2) can be extended up to (k + 1)" and (k +2)!" derivatives, where k = 1,2,3,... and
obtain

S () = 01 (u)gly (u) + 01 (1) g (1),
s (1) = o) gl () + () g (), @)

Where

ok(u) = @1 (u) + o1 (1) + 0o (u)gx—1(ut),
o (u) = o1 (1) + oo (1) k1 (1) (8)

By equation (7), we have

i (n)
iln[ (1) ()] = NEEI _ 0 ()87, (1) + 5.8 (1)) o
du &n (k+1)(u) (u)[ (1) T (@) .
gi’l Qk*l gl’l u + Qk—l(u)gn(u)]
For sufficiently large k. For asymptotic nature, let
o#) _ Ok-1(v) = a(u) (10)

or(u) B 0k—1(u)
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And (9) deduces

i n (k+1)(u)] _ Qk(u) (11)

This gives

0k—1(u)

g () = C1exp< 0x(#) du) = Clel(”)exP</['X(u) +Q0(u)]du>' 12

where C; is the integration constant and the right hand side of (12) is obtained by using (10)
and (11). By inserting (12) into (7), the first-order differential equation is obtained as

(1) + ()3 (u) = Crexp ( [l + Qo(u)]du>- (13)

So,

Qn(u) =exp ( - /u a(ul)dm) [Ca+C /u exp ( /ul [oo(u2) + Za(uz)]dm) duq] (14)

The condition to terminate the method is

Ax(u) = ox(u)o_1(u) — 0x_1(u)oy (1) =0, (15)

where k shows the iteration number (the radial quantum number n = k, for our study). The
energy eigenvalues are obtained from the roots of (15).

The general solution of (2) is given by (14). The first part of (14) gives us the polynomial
solutions that are convergent and physical, whereas the second part of (14) gives us non-physical
solutions that are divergent. For the square integrable solutions, the coefficient of the second
part (C;) should be zero. Thus, found wave function generator:

gn(u) = Czexp( - / ZZEZi%dm), (16)

where n represents the principal quantum number.

3 The D-dimensional Klein-Gordon equation

The time independent D-dimensional Klein-Gordon equation (in atomic unitsh =c=pu =1,
is[23],

VA¥(r,0p) + [ (E- V(r))2 - (m+ s(r))z}lf(r, Qp) =0 (17)

Here, M, E, V(r) and S(r) represent particle mass, energy, vector potential and scalar potential.
The operator V% as [24],

1 9 d L3(Qp)
2 _ 9 (pb-19\ _ LD
Vb = rP-1or (r ar) r? (18
with ground angular momentum L2 (Qp) [25] given by L2 (Qp) = —ZiDzj(Lizj) with L?j =

9 4.0 (i —
Xige ~ Yoy, forx; (i=1,2,...,D).
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We define

(D+1)

1I[(7’/()D) =r : Rnl(r)Ylm(QD) (19)

where Y},,(Qp)is the generalized spherical harmonic function. LYY,,(Qp) = I(I+ D —
2)Y;,,(Qp) is the eigenvalues equation. Therefore, the radial part can be reduced as:

dZRnl (1")
dr?

+ [ (B2 = M) —2(MS(r) + EV(r))

(21+D—-3)(2l+ D —1)

+V2(r) = 82(r) - 2

Ry (r) =0 (20)

Assuming V (r) = S(r), equation (12) becomes

danl (7’)
dr?

(21+D-3)(2I+D—1)
472

n <E2 - MZ) —2V(r)(M+E) - Ru(r) =0

(21)

The term rlz reveals a singularity which we remove with the help of an improved Greene-
Aldrich approximation scheme by

~ 52

72

Dy + 6_2] (22)
==

As per literature, this scheme is better than the Greene and Aldrich [22] approximation scheme.
Using equation(1) and equation(22) in equation(21), we have

S+ | (B - M) —2M+ E)D 1 - | -
214+D—-3)(2l+D -1 wle™*
( )4( )1 py + — 2 IRu(r) =0 (23)
(1=e)

By simplification, the equation reduces to

dZRnl r 62 4 ZDO 1— e 2 267067‘ 1—e o) 4+ 26721xr 4 ’)’267”
- T 1 Ryu(r) =0
er ( 2 n
1-— e*"")
(24)
2 a2 2 _ _
where, —62 _ E-—M izDE(M+E)r 132 _ 4DEA§£VI+E), 172 _ ZDEAa(zl\/I-i-E), and 72 _ (21+D 3)4(21—&-D 1).

4 Solutions:

—Qr

To have a solvable form of equation (9), we launch a new variable s = ¢ and obtain

d°R(s)  (1—s) dR 1

ds? +s(l—s)% s2(1—s)? (8497 Do+ B+ 7°)s" -

(262 4+ 292Dy + B* — 7*)s + (€2 4+ ¥*Dy) | R(s) = 0 (25)
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For reasonable physical wave function, R(s) = 0 ats = 0 whenr — co and R(s) = 0 at
s =1 whenr — 0. So, the wave function takes the form:

R(s) = s"(1 —5)"gn(s) (26)

Where, t = \/e2+ 92Dy and v =1+ /1 + 52+ 12
And R'(s) and R”(s) becomes

R'(s) = [f,i(s) (5o S))gn<s>]sﬂ<1 —s)’

S

=

sy — | o BV BV N LRV M1 g)
R"(s) = [8n(5)+2[5 (1_5)]gn<5)+ ((s (1_S>) 2 (1_S)z>gn(5)]5‘ (1-5)
Now inserting these values of R(s) , R’(s) and R”(s) into equation(25), we found:

v 5 — V)2 — (42 2 2
8i(s) = [WH ;11)_5) (2”+1)]g;(s)+ [(“+ ) S(f”_;;ﬁ 1 )}gn(s) (27)

Comparing equation(27) and equation(2), the values of gy(s) and oy(s) can be obtained and
the values of ¢x(s) and ox(s) can be calculated using the recursion relation (8). This gives,

0o(s) = (2u + 21/5-211)_55—) (2u+1)

(n+v)? = +p+7%)
s(1—s)

oo(s) =

01(s) = 20 =) Br+v+1)> =1+ W+ + )+ [(p+v)* —

4u+v+1)Qu+1) — (P + B +))s+2(u+1)2u+1)

o1(s) = 21—y (n+v)? = (2 + B2+ )][(2n +2v +3)s —2(p +1) (28)
Using these in equation (15), the first value of A;(s) is obtained as
2 (424 B2 4 A2 2 (424 B2 4 A2
N (R iy ) | (R Ve Vi ) 09)

s2(1—s)?

According to termination condition, the value of A;(s) should be zero which gives the first
value of ug as yg = W Similarly,
—(v+1)>2+ B+
2(v+1)

Da(s) = @a2(s)o1(s) — e1(s)oa(s) = 0= p1 =
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_ _ —(v+272+p2+?
A3(s) = @3(s)o2(s) — a(s)o3(s) = 0 = pa (v 12) : (30)
...Clearly,
—(v+n)+ A+
= ;1 =20,1,2,3, . 31
Vn 2(1/ _|_ Tl) 7 n 0/ 7 ( )
Inserting the values of y and v in equation(31), we obtain
2
1| =-xX*+B+7
—e2 =Dy | A TF TP 32
€, = 7Dy 1 X (32)
where, x =n+ 3+ /1 + 72 +2
Fixing the values of €, B, 77, v the approximate energy eigenvalue is:
_ 372
Eomop, s C@AD D@D -3)Dy o [-F+ SMAD, 4 (20+D-1)(21+D-3)
nl e 2M 8M 4
(33)
Where, {=n+1+ \/zlx N 4M£D€ (21+D71L(21+D73)
To obtain the corresponding eigenfunction, we rearrange the equation(27) as:
d2g,(s) dgn(s)
s(1—s) I [(2u+1)— (2u+2v+1)s] ronie
(n+v)* = (12 + B2 +7°) | gu(s) = 0 (34)

This is the Gauss hypergeometric equation and the solutions are the Gauss hypergeometric
functions [26]:

gn(s) =2 Fi(p,q;¢;5) (35)
in which,
p=W+v) -+ +7?
q=(pu+v)+\/12+p+1
c=2u+1 (36)
One the other hand, p = —n by equation(31).
Therefore,
R(s) = sV Do(1 — 5)2%+ v %MZHZH(—n,n +2(p+v);2u+1;5) (37)

This is the wave function.

5 Conclusion

This article uses the improved Green-Aldrich approximation for the eccentric terms to presents
the solution of the D-dimensional Klein-Gordon equation having the same scalar and vector
potentials as the molecular Dan-Fan potential. The work continued here with the help of
AIM by converting the target equation into a form g, (s) = 0o(s)g%(s) + 0o(s)gx(s) through
iteration of 0y(s) and go(s) . The energy eigenvalues has been obtained in exact analytical form
and the eigen functions (wave functions) has been obtained in gamma functions and Gauss
hypergeometric functions.
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