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Abstract

In this article, we examine the continuity according to the derivative order of conformable parabolic
equations. We establish the existence and uniqueness of mild solutions to the problem with source
function exponential non-linearity. We prove the existence and uniqueness of a mild solution based on
Sobolev embeddings, the Banach space of all continuous functions, and the Banach fixed point theorem.
In addition, we will address the nonlinear model’s continuity issue and demonstrate the mild solution’s
convergence to the nonlinear problem when oy — 1.
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1 Introduction

In recent decades, fractional derivatives have been successful in describing viscoelastic pro-
cesses. Some well-known models (such as the Oldroyd-B model) with classical derivatives
may not adequately represent phenomena with memory effects in some cases. In such cases,
fractional derivatives have been suggested as a replacement for classical derivatives. As a result,
many fractional partial differential equation mathematical models have been extensively stud-
ied. We recommend [1, 2, 3,4, 5, 6, 7, 8] for interesting papers on fractional partial differential
equations and the references given there. In this paper, we investigate a pseudo-parabolic with
the Caputo fractional derivative, It has a wide range of practical applications. The seepage
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of homogeneous fluids from a broken rock, the unidirectional distribution of long waves of
nonlinear dispersion (which we can see in [9, 10]), and population aggregation (see [11]) are all
examples of this. It was also thoroughly investigated in [12, 13]. Specifically, let v € (0,1] and
Q) be a smooth bounded domain of R® with ¢ € {1,2,3}. In this article, we discuss the parabolic
equation with a conformable derivative for the initial value problem as follows:

oju(x,t)+ Au(x,t) = F(x,tu(xt)), (xt)eQx(0,T],
u(x,t) = 0, (x,t) € 902 x (0, T, (1)

u(x,0) = g(x), x e Q.

If ¥ = 1, We can easily see that (1) is the normal diffusion model. If y € (0, 1], the operator 9} is
called the conformable fractional derivative, which is introduced as follows:

v o u(tH R —u(t)
oju(x,t) = lim 7 , 2)

for any u € B where B is a Banach space. The conformable derivative can be viewed as a
generalization of the classic limit definition of a function’s derivative. and was first introduced
in [14], the function g is the initial data which is described later. In problem (1) the function
F : R — R is called exponential nonlinearities and satisfies some assumptions as follows:

[F(u) = F(v)] < C||u"""exp(u?) — [o]*~lexp(v?)|[u — 2, -

[E(u)] < Crlul’exp(u?),
where d > 0, and satisfies other conditions, which are considered after. According to our
understanding, the nonlinear source functions satisfying assumptions like (3) are derived and
developed by authors who wrote some interesting works [4, 15, 16, 17, 18, 19, 20]. For the
reader’s convenience, we want to mention some recent results related to the parabolic problem
with exponential nonlinearity. The authors of [4] investigated the local existence and blows up
for the parabolic equation with source function

F(u) = —u + A2aou exp(aou?)).

In [15], the authors looked at a nonlinear parabolic equation with a nonlinearity that was
exponential. For small global-in-time solutions, they also calculated decay estimates and
asymptotic behavior. Majdoub-Tayachi [19] gave some results for the Cauchy problem of the
heat equation on RN, where F : R — R has an exponential growth at infinity with F(0) = 0.
In this work, they got the global existence and decay estimates of solutions. We can easily see
that if y = 1, then the model of problem (1) is the well-known pseudo-parabolic equation. We
rely on the above-mentioned works to construct an idea for problem (1) with the assumption
condition (3). To the best of the author’s knowledge, there are currently no articles that give
results for the parabolic equation with exponential nonlinearity. The primary goal of this paper
is to investigate the well-posedness of problems (1). The control of exponential nonlinearity is
our biggest challenge in this paper. The main reason is that unlike in [21, 22] articles, we can’t
evaluate directly in L? space. Therefore, we have to study some more techniques as well as
some important inequalities in several papers like [17, 20].

2 Some fundamental fractional calculus outcomes
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2.1 Function spaces

In this subsection, we introduce some important function spaces and notations. Noting that
L*(Q), H{(Q), H?*(Q) are understood in the usual sense. The symmetric uniform elliptic
operator A : L2(Q)) — L?(Q) is defined by

N a a B
_ _lzzlaz A1]<X)87x]l/l(X) +A(X)u(x,t),x c Q/
where D(A) = H}(Q) N H?(Q), with assumptions that A(x) € C(Q, [0,00)), Aj; € Cl (ﬁ)/Aij _
Aji, 1 <1,j < N, and there exist a positive constant C> 0,forx e Q,e= (e1,€2,...,en) C RN,
such that

™
1=
NN

Z eiAij(x)ej,

i=1 b 1<i,j<N
see e.g. [23, Section 2]. Let us recall that the following spectral problem
g [ g sp p
Agi(x) = 0jpj(x) inQ and ¢@;(x) = 0onodQ, 4)

where {¢;};cz+ is a orthonormal basis of L%*(Q)), admits a family of eigenvalues {0']'}]-€Z+
satisfying
O0<n<m<m;<...<0 < .. oo,

Definition 2.1. For n > 0, we define the Hilbert scale space H"(Q) in the following way

H"'(Q) = {u € ]L2(Q) : ||u|\%{n Z| u, qo] (T” < oo},
j=1
where (u, ¢;) :== [ u( x)dx is the inner product of L?(Q)).

We can see that HO(Q) = L%(Q). Let us denote that H7(Q)) has dual space H9(Q)) which
is a Hilbert space with respect to the norm

2 _
, uc€ H",

H””%{*ﬂ(n) = Z ‘Tjin’(“r on)—n n
j=1

where (1, @), is dual product between H"(Q)) and H"((). From Section 3 of [24] we can
see that
(,0) _pn = (u,0) if u € L2(Q) and v € H".

Ifn € (0,3) U (3,1) and 9Q is sufficiently smooth boundary then H"(Q)) = H{(Q).
Definition 2.2. The Gamma function I'(a)is defined by the integral

I'(a) :/ e 't 14t
0

Definition 2.3. Let by > 0; b, > 0. The Beta function is denoted and defined as follows:

1
B(or,ba) = [ (1-2)" g ag,

Note that

B(a,b) = m and B(1,b) = % 5)
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Definition 2.4 (Vector-valued Lebesgue spaces). Let (X, || - ||x) be a Banach space. For 1 < p <
oo, we denote by L? (0, T; X) the space of all measurable functions u : (0, T) — X such that

T 1/p
(f mwia) ", 1<p<e,

esssup ||u(t)|x, p = oo.
te(0,T)

HuHLP(O,T;X) =

Definition 2.5. We denote by C((0, T]; X) the space of all continuous functions which map
(0, T] into X. With the convention that C((0, T];X) := C((0,0); X) when T — oo.

For 0 < a < 1, we define the the following weighted Banach space as below.

(0,71, X) = { € C((0,T], H'(Q)) : sup £ u(-,t)]x < oo},

0<t<T

with norm

lllceqomx) = sup #ul-, £)]x-
0<t<T

For any b > 0 we represent the Holder continuous space of the exponent b as follows:

W;([0,T),X) = { cC(0,T],Xx): sup 1D =ulis)lx }

0<s<t<T |t —s|"

it has the standard equipment

(-, ) —u(-,s)lx
[ullwy(o,mx) = sup t—slb '
0<s<t<T | S|

2.2 Representation of the mild solution

We present the formulation of mild solutions to the problem (1) in this subsection. Assume that
the solution to problem (1) is unique, and apply the Fourier transform to obtain u in L?(Q)) to
the form

u(e, ) = Y (u( 0, 9;()) 9;(x).

j=1

Therefore, we get

oF (u(-, ), @j) + (u(-,t), 9j) = (F((, ,u(-, 1)), 97))-

Thanks to (4), we can deduce

o (u(-, ), 9j) +0j(u(- 1), @) = (F((- £, u(-, 1)), 9)))- 6)

The solution of problem (6) is provided by Theorem 5, p. 318, Jaiswal and Bahuguna [25], and
Theorem 3.3, p. 1795 [26].

Y

t B 1Y — g7
{u- 1), 9j) =e><p(—vj;)<g, Pj) +/0 " exp (05

Y

)(F(s,u(s)),goj>ds.
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Therefore, we can get the mild solution formula for problem (1) as follows:

Y

uy(x,t) = i eXp( - th,y) (& ¢j)9j(x)
j=1
+]; /O 57_1eXp<_0_jt7 ;57) (F(S,u(s)),¢j>ds] @j(x). 7)

To facilitate the technical processing of the problem, we restate the mild solution formula as
follows:

t
(5, 8) = P (Dg(0) + [ Qs (t = s)F(u)(x,9)ds, ®
where P, (t) and Q, (f) are defined by

PY() = Lewp(—05) (T aey o), ¥ € 13(0)
L

[ee]

Qq(t—5)¥(x) = [s“exp(—cfj

j=1

1Y — g7

J(¥, o) |9i(x), ¥ € L2(Q).

Definition 2.6. For 1 > p, if a function u € L7 (0, T,1L?(Q))) satisfies equation (7) for every
almost where 0 < t < T, then it is called a mild solution of Problem (1)

2.3 Some basic theorems related to the problem

Theorem 2.7. If 0 < €1,6; < 1,0 < €3 are positive numbers and 0 < g < v < 1 then for all
t € (0, T] we can the following estimate

tr _
exp (— i) —exp(—ait)| < Clyo,e1,e2, T)of 102 [C(1 — 7, e2)|,
where C(1 —v,€) := (1 —9)2 + (1 — ) + (T'"7 - 1) Lo, Moreover, we also obtain
£Y

‘ exp ( — q;) — exp(—ajt)‘ < C(70,€1,€2,€3, T)(Tjelf%tel(””q)’eﬂf(l — 7,6

In addition, with 0 < o < v < ' <1, we can deduce that

/

0% v — '
‘eXp ( - 0]2,) - exP(—ajl;)’ < C(y0,€1,€2,€3,01, T)C(Y — 7,€1,€)t7"2)74, - (9)

Yol oV, ' i € '~ A
where C(v' = y,€1,&) = (v = 7) + (Y = 1)@+ (T" 7 =1 T=ho
And with the assumption that e; < 7yg < 7y we can get the estimate as follows:

‘ex (—U‘M)—ex (—(T‘M_S7 ‘
p [ Pl

(87 —s7)7e (17 —s7) e
,)//—63 ’ 7—63

< C(70, €1, €2,€3,01, T) max { }6(7’ — 7, €1,€2). (10)
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Proof of Theorem 2.7. The proof is divided into two parts.

Part 1. Applying the inequality | exp(—a) —exp(—b)| < C(e1)]a — b|*!, forany 0 < e; < 1 we
can deduce

kw(—%?)—wm— A<C@ﬁ?f:—f1 (a1

We take two cases into consideration in order to eliminate the absolute value sign on the right
side of the inequality above.
Case 1. If 0 < t <1, we can easily see that
1=t 7 =1t =1y =TT <1+ T —exp [~ (1= ) In(t ).
Using the inequality 1 — exp(—a) < C(e2)a®? with 0 < e, < 1, we obtain estimate as follow:
‘1 . fytH( =1— 7 < 1=+ Cle)(1 — y)2t 2, (12)
Sincel — v < (1 —9)t 2 foranyt € (0,1] and e, > 0. Therefore, we have
£ 1- 1 € —€
1=t < Zmax(C(e2), 1] [(1 =) + (1= )] e
Y Y
In this case, we can find that
£ € r—€
- =atue) |0 -nT+a-y]ee (13)
Case 2. If 1 <t < T, we also get
tY tY tY
——t‘:—l— Ho = —[1—y 45—t
B ST =

Thanks to inequality |a + b| < |a| + |b|, we obtain

Fr—¢2
‘——t

— [y + (- 1),
< Cz('yo, ,T) [(1 )+ (T — 1)} e, (14)
From (13) and (14), we can deduce
FY _
‘; - t‘ < C(WIO/ €2, T)C(l - eZ)t’Yiez' (15)

Here C(10,€2), T is a constant that only depends on 7, €2, T.
Therefore, from (11), we obtain

y —
Jexp (= 075) —exp(—ojt)| < Clon,en €2, T C1 = 7)),

where C(79, €1, €2, T) is a constant that depends on 7, €1, €2, T.
Part 2. For 0 < ¢ < 1 and e3 > 0, using the inequality

|exp(—a) —exp(—b)| < C(e1,€3) max(a @, b")|a — b|7,
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we have
Y —Y€3 1—€3) €1—€3 £
’ exp ( - q;) - exp(—ajt)’ < C(e1,€3) max(t 74, ¢ )O'j o

e3(1—7y)1—€3 1—€3) ,€1—€3
< C(e1,€3) max (1 £, %),

€1

€1

Y
— —t
gt

C
Cler, e3) max(TS(=1, 1)05179C 0, €0, T) 11 — 7, e9) 111772,
C

< ('YOI €1,6,€3, T)(Tfl_“ |E(1 —, 62) ’61 te1(7—ez)—es/

4

IN

where C(7yo,€1,€2,€3,T) := C(ey, €3) max(T€3(1*7), 1)|C(7y0, €2, T)|! is a constant depends on
Y0,€1,€2,€3,T.
Part 3. Similar to part 2, apply the inequality

|exp(—a) —exp(—b)| < C(e1,€e3) max(a,b~%)]a — b|7,

forany0 < e <land 0 < 79 < 7 < 9/ <1, we obtain

£ £ e e e e
’ exp ( — 0']'?> — exp(—aj;) < C(el,<—:3)max(T?E3 el 7 — 7l
1 TO=7es e

o1 mes

< C(€1, €3) max( ;

Yooy

I—e3’ —€
Y S

With the same technique as Part 1, from (12), we have
If0 <t <1then

Y oy — Y Y _
‘1 - ?ﬂ 7’ <|1- ?| + ?C(Q)(’Y/ — )2t
Therefore, we can deduce

£ Y ¥ = 1 Y 1 ! ’ e _
1 = = < = L _ _ _ 2 [$Y—€2
1= < D max| e, I =) (4 - ) e,

< & (70, €2) [(7’ -7+ - ’r)ﬂ Y,

If 1 <t < T then we also find that

£ : tr-eter o — ,
7‘1_1/1}7—7‘ < [(’Y /7)+l/(t7—7_1):|,
Y Y Y Y Y

< 0,62, T)|(F = 7) + (T = 1)|#17, (16)
Hence, for all t € (0, T| we obtain

A , _
e e e[ R A N e L a7

Therefore, suppose that €; < e3 we can deduce

£ £ _ Y
‘exp ( - 0']?) - eXP(—U];)’ S C(’YOI€1/€ZI€3I 01, T)C<,)/ - €1,€2)t€l(')’ e) 763/
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where

1 T —7es

C(')/(), €1,€2,€3,07, T) = C(ell 63) maX( )Cel (’YO/ €2, T)0.1€1*€3,

Vs e
— / €1
C(y —v e €)= {(7’ -+ =)+ (T - 1)] :
Part 4. Using the same proof technique as part 3, Using inequality (17), we can deduce
7 — 57 £ — 57
‘exp ( — ‘71'77/ ) —exp(—0;j ~ )
(t,yl — 57,)763 (t,y — 57)763 ] of1€s
7’_63 ! Yy j
t"// . S,Y/),e3 (t'y _ 57)63] 1—e5
,),/763 4 7763 0—]

4

/

TS L G Yo

v v
’ ’ €1
Y t'}’ S’Y S'Y
ANEE
Y Y Y Y

Using inequality (a 4 b)¢ < C(e)(a® + b°), with assumption that we obtain

7

< C(€1,€3) max {

< C(€1,€3) max {(

£ — g7

‘ exp ( - U’J'T> - exp(—(fju

- )
' 571)763 (t’Y _ 57)763 e

r)//—€3 7 ’)/_63 :|0’] ,
X C(IYOI 62, T)C(el )E(’)’, - ’)// el/ €2) (t€1 (7762) + Sel (7762))/

4

< C(€1, €3) max [(

with condition 7y > 9 > €, we can obtain the following estimate

oxp (— =) — exp(- =
p ) ,),/ P ] v ’
P gY e (pr —g7)—es B _
< 2C(e1, €3) max [( ,)//553) ’ ( 713) }‘7161 “C(y0,€2,T)C(e1)C (7 — 7, €1,€) T,
Y g Yes (pr —gr)—esq
< C('YO/ €1,€2,€3,01, T) max |:( ,)//63) ’ ( ,)/63) ]C(’)/ — Y, €1, 62).

Theorem 2.8. Assume that 0 < g <y < landt € (0, T|. Under these conditions, we have:
a) If €2 > 0 then we always have

t
_ 1—
/ \57’1 —1|ds < C(0,€2)t"2C(7,€2) —|—2T.
0

b) For By € (0,1) and B3 > 0, we get the following estimate

t
J 17 =1 = 5)Peds < C(a, )PP, o, pa, ).
0

c) Moreover, for any 0 < Bp < o < 1 and B3 > 0, we also obtain

t

/ |57t —1|s~F2ds < C(yo, B2, B3, T)t" P2 P5C(, B2, B3, T).
0
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Proof. Starting with part a, we observe the integral term below.

t
[l =1jds.
0

Ift € (0,1] thens7~! > 1 forall s € [0,t]. Therefore, using (15) we can easily see that

t t

v _
/ ‘57_1 —1|ds = / (57_1 —1)ds = {y —t < C(70,€2, T)C(1 — 7, e)t7 <2, (18)
0 0

Similarly, if t > 1 then we have

t 1 t
/ ‘57’1 — l‘ds = /(57*1 —1)ds + / (1 - 57*1)ds,
0 0 1
o 1— = 1-
=Dl ey e T e 22T 9

From (18) and (19), we confirm that for all t € (0, T|

t
_ 1_—
/ 5771 —1|ds < C(70,€2)t7C(7, €2) +ZT-
0

Secondly, we consider part b) with the term integral as follows:

t
/ 5771 —1|(t —s)Pads.
0

If t € (0,1] then we can easily that s”~! > 1 forall s € (0,t). With 8, € (0,1), we deduce

t

s —1|(t—s) Pads = [ (s71—1)(t —s) Pads,
j j

0
t t

=t P /57_1(1 - ;)_ﬁzds - /(t —5)~P2ds.

0 0

Using the transformation of variables r = $ into integral functions of one variable, we get

t 1
1-B2
/ |s7 1 —1|(t —s) Prds = 7 F2 /W’l(l —r)Prdr — i ,
1-pB2
0 0
ti=p
— 7P 1— —
1 1
< 7= B2 1— _ $Y=B2 _ f1-P2| )

Using Lemma 3.2 as in the paper [27], we can find that

fr=F2 _ fl=h2| < maX(T1+2ﬁ3, 1)6’33137*/32*53(1 _ ,),)ﬁ3‘ (21)
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Combine (20)-(21), we obtain the following estimate

t
[ 177t =1l =) Fds < Culpo, TP (B 1 = o) - |+ = (- 1R),
< C1(Bs, T)E"P~P*By(y, B2, B3)- (22)
where
(7/:32153 ‘B ’)// ,82 ,B “i‘ 1-’)’)'33

Here, from (5) we can easily see that

hm Bi(7, B2, B3) = hm <’B v,1—B2) — 1_1[32‘ +(1- 7)/53) —0.

If t > 1, using the change of variables r = ; and the inequality [ab — 1| < |a(b—1)| + |a — 1],
we get

t 1

/‘s“”l —1|(t—s)P2ds = t'F / )ﬂ*lﬂ*l - 1‘(1 —r)~Fdr,

0 0

-1 1

< P2 / e 1t7 1_ (1—r)_ﬁ2dr+/’ﬂ_l—l’(l—r)_ﬁzdr],
L0 0

1

1

< f1-F2 (1—ﬂ*l)/ﬂ*l(l—r)*fﬁdm/(ﬂ*l —1)(1—r)ﬁ2dr],

ol 0

r 1 1

<t P2 (1= t""HB(y,1 - B2) —l—/r"’ t1—r) /Szdr—/(l—r)ﬁzdr],
0 0

<HRIA=B(y,1— B2) + B(y, 1 - B2) — 5 —1/32]'

< tr-Fahs [t’33(t1”—1)3(%1—[32)“1”’33 1-p
- P2

1
B(7,1- p2) - \].
Therefore, we obtain

t

/ 8771 = 1| (t —s)"F2ds < Ca(Bs, T)" PP Ba(y, B2, B3, T), *)
0

where

Balm oo, T) = (T 7 = DB 1= o) + [ 1= fo) - =] @9

Here, from (5) we also see that

lim By (7, Ba, B3, T) = lim ((Tl—v —1)B(y,1-B2) + ‘B(%l —B2) — 1 _1 ‘) =0.
1 y—1 IB2
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From (22) and (23), we get the following estimate
t
/ |71 — 1| (t —s)P2ds < C(Bs, T)" P2 FsB(y, By, B3, T), (25)
0

where C(B3, T) := max(Ci (B3, T), C2(B3, T)) and B(7, B2, B3, T) := max(B1(7, B2, B3), B2 (7, B2, B3, T))

Finally, part b’s proof and part ¢’s proof are related. We consider the integral below
t
/ 5771 —1|sPads.
0

If t € (0,1], with B, € (0,1) and using inequality (21) we always get

: ! tr—B2 t1=p2
/‘s””1 —1]s P2ds = / (7' =1)sPds = —— — ——,
/ / T—B2 1-p
N 1 By -
< "Y—ﬁz 1—,Bz|+1—,32‘167 Sl
s (v — ,;2)(3— B2) 1 —1[32 max(T' 2%, 1)Cp 17 P2 7P (1 — )%,
< Ci(70 Bo, Bo, PRI = )P + (L= 7). (26)
If t > 1, lets = rt and apply triangle inequality we can also deduce that
t 1
/ s —1]s7Pads = / ‘t7_11’7_1 - 1‘t‘ﬁ21’_ﬂ2tdr,
0 0

< tioh2 /1r7_1 (1 — t7_1>1’_ﬁ2dr + 1P /1 rF2 <r7_1 — 1>dr.
0 0

With condition B, < 7o, we obtain

L ypp 107

t
-1 —ﬁz 1—ﬁ2 o —1
0/‘57 s7ds < B =)+ A Ry

t7_ﬁ2_ﬁ3 1— 0%
< B3 (=7 — 1) 4 1-rths ,
T Y= B2 [ ( ) 1- ﬁz}
— _ _ T1-7+Ps
< Ca(0, B2, B3)t" P Fs [T’%(T1 T—1)+ e (1— 'y)} (27)

From (26)-(27), we get the following estimate

t
/ |57 —1|s7P2ds < C(y0, B2, B3, )" F27F5C(, Ba, B3),
0

where
T1=7+B3
1- 62

We can show that lir? C(y,B2,B3,T) = 0. O
y—1-

(v, Bo o, T) = [(1 =) + (1 =) | + [TA(T' 7 = 1) + (1-7)]. @8
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The following lemmas are introduced in relation to the P, (t) and Q. (t) operator which are
already defined in Section 2.2 as below.

2exp< )<‘P (P]>(P]( x), Ye LZ(Q)/
Q, (t— 5)¥ (x) = i [sv-lexp(—aj” ), ¢j>] pi(x), ¥ eL3Q).
L

Lemma29. Let0 < ¢ <1,n <2and0 < vy <7y <7 <1 Forallt > 0, we get the following
estimate

1P, () ¥ ([ () < C(& 71,00t T F | () (29)
1Qy(t = 8)¥ | () < C(E, 71,01)87 N — 57) gH‘FHHn(Q)- (30)

Proof. Using inequality exp(—z) < Czz ¢ forall0 < ¢ < 1 and from formula (8) we can deduce
2 2 2 2, 28 —2&y - n—2¢ 2
1Py () 2 za lexp (- *)} (F9))* < Gt Lo 0 gy,
]:
C
< S g,
1

Therefore, we can get

1Py (1) ¥ | 1m0y < C(& 11, 00)t 7 [¥ [ ()

where C(¢,v1,01) 1= Cgfy‘izaf ¢ Similarly, we also have

1Qy (t - THHV[ 2(7"27 b [exp(—(fj

j=1 v
G o .
< — SO =) E Y
1

Hence, we obtain

1Qn (t = ) ¥ [l n(aa) < C(& 11, 01)s T V(" = 57) ¢ ¥ o)
O

Lemma 2.10. Let0 < €1 < €3, 0<y <y <7 <m < 1land¥ € H"(Q), we always have several
estimates as follows:

I[Py (£) = Py ()] ¥ |12 < C(v0,€1,€2,€3,01, T)T(Y = 7, €1, €)1V ¥ | ), (31)

11Qy (¢t = 5) = @yt = 5)¥ ey < (ﬁ\ 1|+ max [(7' 7, Ga(r' 7>]> 1900
(32)
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Proof. By using inequality (9) of Theorem (2.7), we show that
o _U-JIt'y, B _Oyt T\12 \2
o (“8) o (L) 0

_ , 12
o [C (70,€1,€2,€3, T)C( = v €1, €2)07 172 63} (¥, )%

Mg

1Py (8) = Py (¥ By < |

\
Il
—

T
I

IN
.Mg

< |C(v0,€1,€2,€3, T)C(7 — v, €1,€)05 @ a1(1=€2) ”3} (R4l

—

Therefore, we can get the following estimate
I[Py (8) = Py (O] | n(r) < C(70,€1,€2,€3,01, TIC( — 7, €1,€2)t9 7D 77 ¥ 1 g
Similarly, using inequality (a + b)? < 2(a* 4 b?), we can show that

11Qy(t) = Qy (¥ Iy
—ZU [ v 1exp<_0]’w

ot [ (enp (o) e (o)) e

: oj' {exp ( —0; a ; Sy) (5(7/—1) — SW_l))]Z(‘I’, 92

Thanks to (10) of Theorem (2.7), we also have
11Qq (1) = Qy (¥ 1)

tr — g7
Y

)] 02

'MS

<2

-
Il
—_

+2

r

Il
—_

7 —s7) e (P — 7))
7 7763

2 ;=2
<20 (oreus ez 5,0, T) | max [( |09~ men, e 13

7/763
4 252(r=1) ( (=1 _ 1) [k
Therefore, we can get the following estimate

11Qy (£) = QB ¥l 2n(cy
< V25D 1| |[¥ |y + max [ (2 = 1), G = )] ¥l v

where
o —sYye
Gy =)= \@C(vo,€1,€z,€s,01,T)<7,_€3)s(”’ VC( —vene);  (33)
Y —gV) €3 S oan—
(7 — 1) = V2C(10,€1,€2, 63,01, T)(,Ysea)s("’ NC( - v,e1,€). (34)

O]

3 The existence and uniqueness of mild solutions

Theorem 3.1. Assume F satisfies the assumption (3) function with the d constraint: 0 < ¢ <
min (1, %), 0<79 <7< <1land g € H"(Q). Then, there exists a unique mild solution to the
problem (1) that belongs to the space C¢7((0, T], H"(Q)).
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Proof. We consider the following space
X = {u € C((0,T], H"(Q))) suchthat u(-,0) =gand |julx, < A},
where the X norm is defined as follows: (£/2 < m < n)

lllxi= sup (llamey + E7 Il ),

t€(0,T]

and A satisfies several specific assumptions, which are defined after.
Considering mapping .# : X4 — X is defined as follows:

Mu(x,t) == Py (H)g(x) + /Ot Q. (t — s)F(u)(x,s)ds. (35)

To use the Banach fixed point theorem, we must first prove that .# is well-defined on X 4.
Now, we divided the proof into two parts.
Part 1. ./ u is bounded by A for any u € C%7((0, T], H"(Q)). Using Lemma (2.9), from (35), we
get the following estimate

o) iy < 1P 0Ig oy + | [ Qe = F@ @]

t
C(& v, o)t 7|18l () +/0 C(&, 71, 01)s" (£ — s7) "¢ |[F(w)(5)]| gy s

Multiply both sides of the above inequality by 57, we get

TNt (u(8) |l ) < C(E 71,0018 () + C(E, 71,01)1?6”/ ST — 5T) E [ (u) (8) [ ey s
Thanks to inequality (3), we can show that
7|t (D) ||

t

C(& 1, 0)llgllim(oy + C(& 11, 00)CRET [ ST1(E7 = 51) S0 u(s) oy ! s,
0

t
C(& 1,008l () + C(E, 1, 01)CrCy AT exp(C, Az)t57/57*1*d57(f7 —s7)"¢ds,
0

1
where Cy, , depends on m, n. Using transformation s = tr7, with condition ¢ < min(1, %) we
can deduce

7|t (u ()| )

1
py—ddy
(6 1, Ul)HgHH” + C(C Y1, Ul)CFCm nAd eXp(CannAz / 1 - 1’ gdrr
0

TY—dcy

C(& 71,0018l k(e + C(& 71, 01)Cr ChnA”exp(Cp, ,A*)B(1 - §,1 - dg).

We can choose T and A such that C(&, v1,01)|[gl| i) = 24 and

TY—d5y < n®

= 2C(Z, 11,01)CrCl AT Texp(C2, AL B(1 — &1 — &)’ (36)
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with @ € (0,1). For any ¢ € [0, T], we obtain

sup 147l (u(t)) || n(q) < PA.
te(0,T]

Part 2. Proving that .2 (u(t)) is continuous on (0, T] is not a difficult task, so we omit the
proof here.

Part 3. To finish this theorem, we must demonstrate that .# is also a contraction mapping
on C((0, T], H"(Q))). Indeed, for u,v € B(0,#) C C((0,T], H*(Q))), from Lemma (2.9) we can
deduce that

I (u(8)) = A (0(0) |10 = | / Q4 (= 9)[F(1)(s) — F(o)(9)]ds|

7

H™(Q)

CE ) [T = M) EF@)(E) — F©)(6) oy .
0

Using condition (3), we get the following estimate

||t (u(t)) — A (0(1) | 1 ()

ST — 51) (8 ]|% L, e O () — o(8)| gy s,

C(C, vl/Ul)Cthty Q)

ST — 5T) 7 ot || O () — o(#) | ey ds,

C(gl lylravl)Cth’y (Q)

Ot~ o—_

t
< 2C(§,m,01)CrCy ) AT exp(C, , AP /57_1‘57(” = )TN u(t) = o(6) | s ey dls.
0
(37)
By the same technology as Part 1, we can deduce

||t (u(t)) — A (0(1) || n )

t
’YdC
< 2C(E 1, 00)CrCl,L AT exp(Ch A2 u(8) = 0(8) e oy~ — [ B = r) P,
0

TY—ddy

< 2C(g,m1,01)CrChyt A exp(C, , A7) [[u(t) = o(8)l|cen (0,77, () B(1—¢,1—dg).

Using condition (36) and for any ¢ € 0, T|, we can get the following estimate

[ (u(t)) — A (0(t)ll oo, ()) < Pllu = Vllcer (0,11, 17 ()

This completes the proof of the theorem. O

4 The continuous dependence of mild solutions on the fractional order of a nonlin-
ear fractional pseudo-parabolic equation with exponential nonlinearity.

Theorem 4.1. Let v,7/, v, 71 such that 0 < v < v < 9 < 7 < land oy € (0,1). For
g € H"(Q)), assume there exist positive numbers €1, €, €3 and ¢ satisfying 0 < €1 < €3 < 2% and
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0<¢g<1- ﬁ, suppose that u.,, u, € C7((0, T}, H"(Q)) are two solutions to Problem (1) with

respect to the fractional orders y and -y’ respectively, we have the following estimate

[0 (£) — 1y () | 8 (0,71, 7 (00)

€1,62/€3,8

< %1”[;2/,53,(1 (70/ Y1, T, Cnn, A, Cr, ||g||H”(Q)) X ?(’YI - 'Y)/
1
X exp (%‘jﬁ'ﬁ?’;jﬁ (Y0, 71, T, Cinus A, C )2 ) ,

where B := v'e3 — ye1 + €1€2.

[ €1,62,€3,8

%’l/ﬁﬁﬁ&d (’)’0, ’)/1, T’ Cm'n’ A’ CP’ ||gHH” (Q)):| 7

2 2
= \/3 |:C(r)/0/ €1,€2,€3,071, T) ||gHHn (Q)i| + 3 [ﬁiiﬁ’gﬁ(?o/ Y1, T/ Cm,n/ A/ CF):| .

7/‘76115,,;::5 (70,71, T, Conn, A, Cr)

:=2C(&, 71, (71)CFCfnl_nlAd_leC%wAzT”Y_%_ﬁ \/B(l — 28,7 —29'e3 + 2ve1 — 2€167).

Proof of Theorem 4.1. The continuity of solutions to the problem (1) with respect to fractional
orders, which is examined in this section, Now, we use the solution formula (8) with 0 < g <
7 <9 <71 <1 todeduce that

iy, t) = P (g(x) + [ Q¢ = $)F(u)(x,9)ds,

and
t
Uy (x,t) = Py (t)g(x) +/0 Q. (t —s)F(u)(x,s)ds.
Subtracting the two sides of the above two equations, respectively, we have
t
(2, 8) — 10y (3, 1) = [Py (t) — Py (B)]g(x) + /0 Qo (t —5) — Qy (t — )] F(u) (, 5)ds.

Thanks to the inequality (a + b + ¢)? < 3(a® + b* + ¢?), we can obtain the following estimate

14 (£) = 1t (£) | B 0y < 3 ’[Pw(t) - Pw(f)]g! ;(Q)'
+ 3’ /ot[Qv/(f —5) = Q,(t— S)]F(”V)(S)ds) H(Q)
+ 3‘ /ot Q. (t—s)[F(uy)(s) — F(”v)(S)JdSHHH(Q)' o

Using the first inequality in Lemma (2.10), we can get
[Py (t) = Py (8)]8ll () < C(v0,€1,€2,€3,01, T)C(y' — 7, €1, €)1 1e2) =7’ 181l (-
With 0 < €1 < €3 and 7/ > 7y therefore 7'e3 — ye1 + €162 > 0 we can deduce that

frea-ratas) [Py (t) = Py(1)]g im0y < Cv0,€1,€2,€3,01, T)C(Y = 7,€1,€) 18l pm().  (39)



58 | Electron. J. Appl. Math. 2025, Vol. 3, No. 1

Similarly, using the second evaluation in Lemma (2.10), we obtain

t’7’€3*7€1 +e€1€2

4

H"(Q)

/Ot[Qv’(t —5) — Qq(t— 5)]F(M7)(s)ds‘

t
S t7’63*’761+€162/ (ﬂs’yl‘s’y"‘y _ 1’ + max [(gl(,y/ - 'Y)/ng(')’/ . 7)]) HF(M’Y)HH”(Q)d
0

t
< Cppresmrertass [Vt T T 1 g () e i,
0

t
n Cpt71€377€1+€1€2 /max [Cgl ('Y/ . ’Y),‘gz(’)/ . ,),)] Hu«,(S)Hf{n(meum(s)”%’”(mdS-
0

By similarly estimating as Part 1 in Theorem (3.1), we can get the following estimate

t
T := CptYs—rateaer [ /17 =1 _ gr=1|g=d78||5=76y, (g a eHUW(S)”%i”(O)ds,
1 F v H"(Q)
0

t
< VACH, A exp(Ch, AT CptT e [[glErr 1 s 1miigs,
0

Using part ¢) of Theorem (2.8), with condition 0 < B3 < v — dy¢ we can deduce
T < V2CE, A%Cind Cptr' s 1e1 € C (o, By, B, T~ FC(y — 1, B3, T),
< \fZCZ,mAdeC'Z"/"AZCFC('yO, B, B3, T)T7/€3_7€1+€1€2+7_d75_536(7’ —7,B3,T),
where o =1— 9/ +dy¢

TY =7+B3
Y —dy¢

We can see that lim C(y' —+, B3, T) = 0. From (33), we can get the following estimate
=y

COv = pa T) = [(f = PP+ (7 =) + [T 1) + (o =)

t
Ty < GtV [a(y) = )y (3) o e i,
0

t
< \fZCﬁ,mAdecrzn,nAzCFt7/€3—’Y€1+€1€2 /%1 (,)/ _ ,Y)S—d'YCdS/
0

2 2 !
< \fZCZ,mAdeCm'"A Cptye—reiteae
(ﬂ' _ 57’>fes

t
X /\/EC(’)’O/€1/€2/€3/‘71/T) o
0

< 2Ct |, AeCun’ CrC (0, €1,€2,€3,01, T)C(7 — 7, €1,€2),
: (17 —s7)es

X t7'€3*’761+€1€2
,-)/763
0

gV —1-dri s,

sW_l)E('y’ —7,€1,6)s 11ds,

5,

(40)

(41)

(42)
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Similar to the technique of proving part 1 of Theorem (3.1), we have the evaluation as follows:

2 —
T, <2C¢ , A%CinA’ CeC (0, €1, €2,€3,01, T)C(Y — 7, €1, €2),
1

! ! ! ﬂ
X (’7,)1+€3t7 €3—Ye1te1€24Y —Y €3—dyg /(1 _ r)—GSr w7 dr,
0
2 2 J—
< 2Cd  A%eCn CrC(yo, €1, €2,€3,01, T)C(7 — 7, €1,€2),
) " —d
< (e e (1 - ey, TE), (43)

Using method estimate as Z,. From (34), we also have the following evaluation

t
Ty < GtV 10t [ (9 — )ty (5) o 7 i s,

0
t

2 2
< V2C; , AleCm A Cppr e tas / Gy —7)s¢ds,
0
< \/ECZ,mAdeCrzn,nAZ CFt'Y/€3_’Y€1 +€1€2’

1Y — S')/) —€3

t
. /ﬁc(%’ €1, €2,€3, 01, T)< s TIC(Y — v, €1,€2)s ds,
0

€3

< 2C%, A%Cinh’ CrC (Yo, €1,€2,€3,01, T)C(Y — v, €1,€2),

! (t’)/ — 57)753

% t'Y'€3—7€1 +e1€2
Y
0

< 2 A%CiA’ CrC(yo, €1, €2, €3,01, T)C(7 — 7, €1,€2),
n,m

1
/ ' _ I e 04
% r),1+€3t7 e3—yertererpy —yes—dyg /(1 —r)"%r 7 dr,
0

! —
71 dvédsl

<2Ct |, A%eCunA’ CrC (0, €1,€2,€3,01, T)C(Y — 7, €1,€2),
/

> ,)/1—&-63T7’+'y’e3—'y€3—’yel+elez—d'y§B<1 — € T — d')/é) (44)

4

From (40), (41), (43), and (44), we can obtain

t7’€3—7€1 +er1€

t
1y (t=5) = @yt =)} (5)ds| ey

< fZCZ,mAdeC%'/"AZ CrC(v0, B2, B3, T) TV 101 12t FC (o) — o, B3, T),
+ 2Cg,mAdng”'"A2CFC(’)/0, €1,€,€3,01, T)C(v — 7,€1,€2),

/
x (y) ey retae-diipg (1 — e, LTS _V,d 76),

+ 2CZ,mAdeC'2”/nA2 CFC(')/O, €1,€2,€3,07, T)é(,)/ — Y, €1, 62)/
% ,Yl+e3 T’y’+7’€3f'yegf'yelJrelezfdwgB<1 . 'Y/ _’Yd'YC)‘
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To simplify the calculation, we rewrite the above inequality in condensed form as follows:

t7/€3*7€1+€1€2

/Ot[Q’Y’(t —8) = Qy(t— s)]p(u“,)@)ds)

H(Q)

< WS (10,7, T, Cons A, Cr) X E (7 =), (45)

€1,€2,€3, . ..
where 7/011 1322, 533,5(’70, Y1, T,Cmn, A, Cr) is a positive number that depends only on the constants

written in the formula and Z (7' — ) := C(7' — 7,€1,€) + C(7 — 7, B3, T) ——2 0. Finally, to
complete the proof of the theorem. From Theorem (2.9), we also have the following evaluation:

t’Y'€3—'Y€1+€162

[ Q= 9P (5) — Flu) s)]cts |

< CE ) [ 577 =T E ) () — i) () s

Hn(Q),

Using the condition (3), we can see that

<t7/€3*7€1 +e1€2

/Ot Q. (t = 8)[F(uqy)(s) — F(”y)(S)]ds‘

' 2
< (C(CI’M,CH)CFH 63_7€1+€1ez> )

2
H”(Q)) !

2
t 2 2
% (/O Sv—l(t'y _ Sv)—g(||u,y,HLIi_I—n%Q)e”u,/HHn(Q) + Hu,ynil—n%ﬂ)eHMHHn(O)) ||L1ﬂ/ — ”7||Hn(0)d5> p

2
2 2
S (zc(gl ’)/1,U])CFCijnlAdilecm’"A t'y’e37"/€1+€1€2> ,

2
t

X (/ 57*1*7’e3+’7€1*€1€2(t’7 — S’Y)*C (S’y’e3*’Y€1+€1€2 ||uﬂ/ — M’Y"H"(Q))ds) .
0

Using Holder’s inequality, we can deduce

(t7'€3—7€1 +e1€2

: 2
(t— F / — F d ,
/0 Qr(t = F) ) () (5)] SHH»«(Q)>
/ 2
S (ZC((’:, Iyl, Ul)CFCZ’ll_nl Ad—leC%,nAz t')/ €3—Y€1 +€1€2) )
t , ; , .
. / S €3+7€17€]€2)(t7 - 57>72§d5/ (57 €3—7€1+€1€62 Huﬂ/ — MWHH"(Q)> ds,

0 0

2
< (206,11, 01)CrCl 1A ety o0,

t t 2
—1-29"e3+2v€1—2€1€ -2 'e3—ye1+e€1€
></0 prTiTEreTEaTEae (1 — ) gds/o (s'y sTraTae | ug —uA,HHn(Q)) ds.
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Assumption that 0 < e; < €3 < zf-and0 <& <1— we can get the following estimate

Z'y’

(t7/€3—’761 +e€1€2

LAtQW(t——SMF(uV)@)—-F(uvxsﬂds

2
S (2C<§/ Y1,01 ) CFCiTnlAdflecﬁl,nAz T'Y*%*(’f'y) ’

2
H"(Q)) ’

% /01 Il e 2ye-2ee (1 )24 /Ot (S"r/€3*761+€1€2”uH/ — uWHHn(Q)>2ds,
< (2C(§, 71,01)CpCly t AT C’””AZTV_%_Q)Z,
B(1—2&,v—27'e3+ 27e1 — 2€1€67) /Ot (57’63’“761*6162 lug: — u7]|H,z(Q))2ds.
We can rewrite the above assessment as follows:

(t“r’€3*’7€1+€1€2

/t Q. (t — s)[F(uqy)(s) — F(”"r>(5)]d5’

2 t, 2
< {7/17611,8622;:5(70’ ", T, Cm,m A, CF)} X /0 <57 €3—Y€1t€1€2 HUﬂI — Uy HHn(Q)) dS/
(46)

2
H”(Q)) !

where

7/0?;522;;5(’)/0/ Y1, T Cm,nz A/ CF)/

= 2C(¢, 71,01)CFCg{nlAdfleC%”'”AzT”’*%":7 \/B(l — 28,7 —2v'e3 + 2ve1 — 2€162).

From (38), (39), (45) and (46), we obtain

2
[ g (8) = 0y (1) 1))
-, 2
3 |:C Yo,€1,€2,€3,071, ) HgHH”(Q) X C<’Y — Y, €1, 62)} ’
_ 2
+ 3 |: glﬁejgjg Y0, Y1, T/ Cm,nr A/ CF) X ig(,)// - ,)/)i| ’
€1,€2,€3,G 2 t v'e3—yer+erer 2
+3 |:ﬂy(71,‘52,‘53,d (,)/0/ Y1, T, Cm,n/ A, CF):| X /O (S Huﬂ/ — Uy HH”(Q)) ds.

More simply, we can present the above inequality in the following form:

" 2
fres ’Y€1+€162||u,),/(t) — uy(t)HHn(Q)] ,
< | (0,71, T, Cons A, Cr, |18 )fx?%/—)
= 0—1,‘32,‘33,,1 r)/O/ ’)/1/ remms 4Ly, “F, g H"(Q) ’)/ ’)/ 7
€1,€2,€3,8 2 f Yes—ver+ere; 2
+3 |:/7/(71,ﬁ2,‘63,d <’}/0/ Y1, T/ Cm,n/ A/ CF)} X /(; (S Huﬂ/ — Uy HH”(Q)) dS,
where we denote that
HEESE 0,01, T, Con, A, e, [ )]
01"32/’[;3/‘1 rYO/ r)/l/ s emmns £y, “F, g H”(Q) 7

2 2
::3|:C(’)/0/€1/€2/€3/0'1/T)HgHH"(Q)] +3|:%€11;22;:§(70/'leT/Cm,n/A/CF):| .



62 | Electron. J. Appl. Math. 2025, Vol. 3, No. 1

Finally, using Gronwall’s inequality, we can show that
) 2
FrOTI 1 (1) — 1 () )|
< |gfreaet T,Cun A,C ’ Y
< | (Y0, T, Conns A Cr I8l | % @ (7' =),
Y et T, Cour A, Cr)]| ¢
X exp |: 01,B2,B3.4 (’)/0/ Y1, 4, S, A, F):| .
Therefore we obtain the following result. And the proof is completed.

H Uy (t) - uV(t) HCW’€3*761+€1€2((O,T],H”(Q)’

€1,€2,€3,8

< ‘%/(71,52,[%3,01 (’YO/ Y1, T/ Cm,nr A/ CP, ||g||Hn(Q)) X ?(’)’I — ’)’),

NI—=

X exp (%ﬁiﬁ%ﬁ;ﬁ (Y0, 71, T, Couns A, C )t

).
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