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Abstract

This paper deals with the existence and uniqueness of weak pullback mean random attractors for
fractional stochastic lattice systems driven by nonlinear delay noise defined on the entire integer set
Z. We first establish the global well-posedness to stochastic lattice system in C([, o), L?(Q, £?)) when
the nonlinear diffusion terms and drift terms are locally Lipschitz continuous functions. Then we
define a mean random dynamical system through the solution operators and prove the existence and
uniqueness of weak pullback mean random attractors in L2(Q), F; £2) x L?(Q, F; L*((—p,0), ¢?)) under
certain conditions.
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1 Introduction

This paper is concerned with the existence and uniqueness of weak mean attractors for fractional
stochastic lattice systems driven by nonlinear delay noise defined on the entire integer set Z

”’“,%5” + (=Dg) ui(t) + Aui(t) = fi(ui(t)) + &i(t)
AW (1)

+k°§°: (ak,l-(t) + U'k,l‘(ui(t), ui(t —p))) s E> T, @)
ui(t) =ug;, ui(s+7)=¢i(s), se(—p,0),

where u = (u;)jcz is an unknown sequence, i € Z, 7 € R, A > 0, (—A;)* witha € (0,1) is
the fractional discrete Laplacian, g(f) = (gi(t))icz and ax(t) = (ax(t))icz are time-dependent
random sequences for each k € IN, f; is continuously differentiable polynomial growth non-
linearities, 0y ; is local Lipschitz continuous function for every i € Zand k € IN,p > Oisa
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time delay parameter, and (Wj)en is a sequence of independent two-side real-valued Wiener
processes defined on a complete filtered probability space (Q, F {Fiter, ]P) satisfying the
usual condition.

The fractional discrete Laplacian (—A,)* reduces to the discrete Laplacian (—Ay) if « = 1.
The discrete Laplacian means nearest neighbor interaction (or called local interaction) of nodes.
Fractional discrete Laplacian (—A;)" is the fractional powers of the discrete Laplacian and has
been considered in [3, 4, 6, 7, 15]. Lattice systems have been widely considered in many fields
such as biology, chemical reaction, physics and so on, see [12]. Recently, there are many works
on lattice systems, like global attractors, the chaotic properties of solutions [11], traveling waves
and invariant measures [8, 9, 10, 16, 17, 21].

As is well known, pathwise random attractors of stochastic lattice systems/PDEs driven
by linear multiplicative noise or additive noise were investigated in [2, 5, 18, 22]. However, if
the stochastic lattice system is driven by nonlinear noise, then there is no approach available in
the literature on convert a stochastic system into a pathwise deterministic one, and thereby the
existence of pathwise random attractors cannot be studied. In order to deal with the nonlinear
diffusion coefficients of noise, Kloeden [14] and Wang [20, 21] have introduced the concept of
mean random attractors. The well-posedness and the dynamics of these equations have been
studied by many experts.

However, it seems that there is not a result available in the literature on the existence of
weak mean attractors for fractional stochastic lattice systems driven by nonlinear delay noise.
Inspired by reference [23], the main purpose of the present paper is to establish the global
well-posedness as well as existence of weak pullback mean random attractors for system (1)
driven by nonlinear delay noise. To achieve this goal, we will first establish the global existence
as well as uniqueness of solutions to (1) in L2(Q), C([t, o), £2)) N L3(Q), L2((T — p, T), £*)) when
the nonlinear drift function f; and diffusion functions oy ; are locally Lipschitz continuous. It is
worth mentioning that the weak mean random attractors are established on reflexive Banach
spaces, and cannot be applied to stochastic processes taking values in general Banach space
C([—p, 0], £%) which is usually chosen as a phase space to study the pathwise random dynamics
of delayed lattice systems. Our idea of solving this problem is to choose the reflexive Banach
space L2(Q), F; (?) x L? (Q, F;L2((—p,0), Ez)) as a phase space. Based on the well-posedness,
we will define a mean random dynamical system in L?(Q), F; (%) x L2 (Q, F;L2((—p,0), 62))
and prove the existence and uniqueness of weak pullback mean random attractor.

This article is organized as follows. In Section 2, we show the global well-posedness of
solutions for the fractional stochastic lattice system (1) driven by nonlinear delay noise. In the
last section, we prove the existence and uniqueness of weak pullback mean random attractors
for the system (1) in L2(Q), F; £%) x L*(Q, F; L*((—p,0), £2)).

2 Well-posedness of fractional stochastic lattice system

In this section, we prove the global existence and uniqueness of solutions to problem (1) when
the nonlinear diffusion terms and drift terms are locally Lipschitz continuous functions, which
is a necessary step for studying the weak mean random attractors of the stochastic lattice
systems.

We denote by ¢7 (1 < p < oo) with the following Banach space:

= {“ = (ui)icz : Y Juil? < +00}, p>1,
i€Z
endowed with the norm

Jull = (X ul?)

i€Z
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If p = 2, then ¢? is a Hilbert space, and we use | - || and (-, -) to denote the norm and inner
product of £2, respectively.

In order to establish the definition of fractional discrete Laplacian, for 0 < a < 1, we define
ly by

u
Ea:{M:Z%R|HMHEa: Z’m|1+2a<00}
meZ(l‘f“mD

Obviously, /7 C 41 C lyifl1 <p<g<ocand0<a <1
In this paper, we assume that ¢ = (g;)icz and ay = (ax;)renN,icz are £2-valued progressively
measurable processes such that

™+T
| E(ls)P+ T llax(r)|F)dr < oo, YT € R, T >0 @
keN

For the nonlinear term in (1), we assume that the nonlinear drift function f; satisfies, there
exist positive numbers  and ‘g such that

fi ()] < ol [P+ Bi, v0 = (Y0)icz € €%, B= (Bi)icz € £*. (3)
In addition, for every i € Z,
()] < vl x|P 2+ Bris 11 = (114)iez € €2, B1 = (Bui)icz € £ 4)

For the diffusion coefficients in (1), we assume that o3 ; : R X R — R is locally Lipschitz
continuous uniformly with respect to i € Z, that is, for every k € IN and any compact interval
I C IR, there exists a constant L; > 0 such that

lowi(x1,x7) — 0 i(x2,x5)| < L(|x1 — xa| + |xf —x3]),  Vaxi, x5, x2,x;5 € L. (5)

We also assume that 0y ; : R X R — R grows linearly, that is, for every k € N and i € Z, there
exist positive numbers 6 ; and 7y, with (6 )kenicz € €2 and (7 )ren € €2 such that

ok, (26, X°) | < (|| 4+ [x*]) + Ok Vx,x* €R, k€ N. (6)

In the following, we formulate system (1) as an abstract stochastic ordinary differential
equation in /2. To this end, we introduce the definitions of fractional discrete Laplace operator
(—Ay)* withw € (0,1). As the fractional Laplace operator given in [13], there are numerous
approaches to define the fractional discrete Laplace operator. For simplicity, we consider the
case that the size of mesh equals 1 in this paper. For a function u : Z — R, we use the notation
u; = u(i) to denote the value of u at the mesh point i € Z. The discrete Laplacian —A, is given
by

—Dgu; = 2u; — Uj 1 — Ujq1.
For 0 < « < 1and u; € R, the fractional discrete Laplacian (—A;)* is defined with the
semigroup method (or Bochner subordination) as

1 o d
(_Ad)auj = 1_‘(_“)‘/0 (efAdu]- — u]-)tl%, (7)

where I'(-) denotes the Gamma function with I'(—a) = [*(e™" — 1)-f5; < 0 and wj(t) = e*u;
is the solution to the semidiscrete heat equation

atw]‘ = Adw]-, in Z x (O, OO), (8)
ZU](O) = M]', on Z.
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It follows from the semidiscrete Fourier transform that the solution of (8) can be written as

etAduj = Z G(j—m, t)uy = Z G(m,t)uj_m, t>0, )

mez. meZ

where the semidiscrete heat kernel G(m,t) = e~?'I,,(2t) and I, is the modified Bessel function
of order v. By (7) and (9), we have the pointwise formula for (—A;)* presented in the following
statement.

Theorem 2.1. [3, Theorem 1.1] Let 0 < & < 1 and u = (u;)jcz € £o. Then we have

(A0 uj =Y (uj — wp)Ke(j — m), (10)
meZ

mj

where the discrete kernel K, is given by

{ £T(3+a)  T(m|—a) m € Z\{0},

Ky(m) ={ VAT T(m+1+a)’
01 m = 0.
In addition, there exist positive constants ¢, and ¢, with ¢, < &, such that for any m € Z\{0},

Cy ~ Cy
< sz(m) < W'

It follows from the above that the fractional discrete Laplacian is a nonlocal operator on Z.
Meanwhile, (—A;)*u is a well defined bounded function whenever u € /7 (1 < p < o). In
particular, we also find that, for0 < a < 1,ifu € 22, then

(—Ag)u € 2, satisfying [|(—Ag)"u < 4%||u. (11)

On the other hand, fractional discrete Laplacian can be given by means of the discrete Fourier
transform. To introduce this method, we denote the following function of order ¢ > 0:

R -—1/7T 4si 2(9) "oy nez 12)
o =5 sin 5 e ., n .

A computation shows that the function R, (1) can be explicitly written as

(—1)"T(20 +1)
Ret) = Fatosmrato—n "€%Z 7€ 0NN

Therefore, by using the semidiscrete Fourier transform and (12), we have the following expres-
sion for the fractional discrete Laplacian (please see [15] for more details).

Theorem 2.2. Let 0 < a < 1. Ifu € % then

(—=8q)"uj = (fil <4sin2 (g>>a * u>j

= Z Rtx(j - m)um/ (13)

meZ.

where F, 1 denotes the inverse semidiscrete Fourier transform and * means convolution. Furthermore,
Ky(j) = —Ru(j) forall j € Z\{0} and K, (0) = ZZ Ry(m) =0.
me
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In view of (11) and (13), by using Fubini’s Theorem, we have the following result of (—A,)*.
More detailed information can be found in [3, Lemma 6.2].

Lemma 2.3. Let u, v € (2. Then for every a € (0,1),

(=) u,0) = ((=Ag)%u, (—Ag)?0)
2]€Zm€Z
m#j

Obviously, by Lemma 2.3 we have

@ (s & l = .
(<_Ad)2u/(_Ad)2”) = [[(—Ag)2ul* = 5 Yo N uj— u|*Ka(j—m) for ue®. (14)
i

In what follows, we will define the fractional discrete Laplacian (—A;)* : £> — (2, then it
yields from (11), Lemma 2.3 and (14) that for all u = (u;);cz € ¢2, v = (v;)icz € ?,

L ((=80)7) = (=84)"0) ) (4= v)

:((—Ad)"‘u — (=Ag)*v,u— v) = ((—Ad)”‘(u —0),u— v)
= (=803 (= 0), (~80)f (1 —0))

1 fayd .
—21622%;21(@—@1—<u—v>m)((u—v>1—<u—v>m)z<a<z m)
=2 T T 1= 0)— (4= o)l Rl — m)
ileZgéZi
= (- (4~ o)
<a(u— )| 15)

This implies that for every (—A;)%u, (—A4)*v € ¢2, we can find a constant L > 0 satisfying, for
all u,v € 2,

((=8a)"u = (=8a)*v,u =) = [[(=B4) (u —0) || < Li|u — 0| (16)
In addition, it follows from (16) that
(=A)*u — (—=A))*v,u —v) >0, Yuuvel? (17)
To simplify the notation, we set

B=(Bicz, 7= (ven, [BIP =) IBI% [P = 1 Iml

i€Z keIN

For each k € IN, we define the operators f : (2 — (2, 0y : (7 x (> — (* by

fu) = (filu;),., and ox(u,0) = (ki (i, 03)) ;.0 Vit = (Ui)iez € %, v = (03)jez € L*.
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It follows from (4) and differential mean value theorem for complex numbers, there exists
1 € (0,1) such that for all p > 2 and u1, u, € 2,

2
Yo 1 filun) = filua)1> = 3 | ff (i 4 (1= p)un) |1, — ua i
icZ i€Z
-2 2 2
< ¥ (Inlliun + (= g =2+ |y, i —
i€Z

< 3 (2 P+ a4 4+ 2081 ) s —
i€eZ

< (2Bl P4 + ol + 2082 |2 ) 1 — . (18)
This together with £;(0) € ¢2 by (3) yields f(u) € ¢ for all u € (2, one can verify that f : (2 — (2

is well-defined. In addition, we deduce from (18) that f is locally Lipschitz continuous, that is,
for any n > 0, there exists L¢(n) > 0 such that for all u, uy € €2 with |Juy|| < nand |Juz|| < 1,

If (1) = f(u2) |* < Lg(n) ur — 2|2, (19)
and by (3) we obtain
If@)[* < 43 llull® +2[IBl1%, ¥V u e 2 (20)

For each k € IN, we get from (5) and (6) that o;: £* x £ — {2 is locally Lipschitz continuous,
that is, for any n > 0, there exists L,(n) > 0 such that for all uy, up, v1,v2 € £2 with |lu1| < n,
Jua| < n, [Jo1]| < nand [Jop|| < 1,

Y llow(ur, 01) — 0k (u2,02) 1> < Lo (n) (Jug — uz||> + |Jog — 02]|%), (21)
keIN
and
Y llow(u,0) |12 < 4y 112 (lull® + [[0]]*) +2/16]1% ¥ u,0 € €% (22)
keIN

In light of above notations, we can rewrite system (1) as the following abstract system in ¢2:

DO 1 (—Ag)*u(t) + Au(t) = F(u(t)) +g(t)
+k>°f (ax() + o (u(t), u(t — p))) e 4> 1, (23)
=1

u(t) =uo, u(s+17)=9(s), se(—p0),

where uy = (uo,i)icz, ¢ = (@i)icz-
In this article, the solutions of system (23) are understanded in the following sense.

Definition 2.4. For every T € R, uy € L*(Q, Fr;0?) and ¢ € L*(Q, Fr; L?((—p,0),£%)), a
continuous ¢2-valued stochastic process u(t) with t € (T — p, %) is called a solution of system
(23) if (ut)s>0 is Fr-adapted, ur = @, u(t) = up, u € L*(Q, C([r, 7+ T}, £2)) N L*(Q, L*>((t —
p,7),0?)) forall T > 0, and for all > T and almost all w € Q:

t

u(t) =uo+ [ (= (=Ba)u(s) = Au(s) + f(u(s)) + g(s))ds

£ 3 [ (anls) o (u(s), (s — ) awis). 2
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Note that the fractional discrete Laplacian (—A;)* is bounded from ¢? to ¢2. Moreover, the
nonlinear functions f and oy are only locally Lipschitz continuous from ¢? to /2. To obtain the
global existence and uniqueness of solutions of system (23), we need to approximate the locally
Lipschitz continuous operators f and oy by globally Lipschitz continuous operators. To that
end, for each n > 0, we define a cut-off function ¢, : R — R by

—n, forx € (—oo,—n),
Cn(x) =< «x, forx e [—n,n], (25)
n, forx € (n,+00).
Then we find that ¢, : R — R is increasing and has the following properties:
¢n(0) =0, [Cu(x)] <mn and |Cn(x2) —Cn(x1)| < |x2—x1], Vx,x1,x2 €R. (26)

Forn >0,k € N, u = (u;)jez € ¢* and v = (v;);cz € ¢?, we denote by

fu() = (fi(Gn(u));cp and oyp(u,0) = (03,1 (En (1), $n(0i))) - (27)

Similar with the proof of (19) and (20), by (25) and (26) we know that for all n > 0, f,;: £> — (2
is globally Lipschitz continuous, that is, for each n > 0,

1 fu(u1) = fu(u2)[|> < Ly(n) (|luy — u2l?), Vur,up € &, (28)
and
£ (0)]1> < dygl|ul® + 2] BlI>, Vu e . (29)

In addition, similar with the proof of (21) and (22), we get from (25) and (26) that for all n > 0,
Ok 02 x 2 — (2 is also globally Lipschitz continuous, more precisely, for each n > 0,

Y ok (11, 01) = Oup(u2,02) |* < Lo(n) (Jlur — ua||* + [[or — 02|), ¥V ur,u2,01,02 € €2, (30)
keIN

and

Y Mo, 0) |12 < 4l | (1l + [ol?) +2[1BI1%, ¥V u,0 € . (31)
kelN

For every n € IN, we consider the following approximate stochastic equation on ¢2:

duy, (1)

n 8 (= A0)%un(£) + A (t) = fu(un(t)) +g(t)
+k§1 (ak(t) + T (1t (1), wa(t = 0))) 5, > 7, (32)

Uy (t) =up, un(s+7)=9¢(s), se(—p,0).

By the arguments of proving the existence and uniqueness of solutions of stochastic equa-
tions in R" (see e.g., [1]), we can prove, under (28)-(29) and (30)-(31) that for every n € N,
T € R, up € L*(Q, Fr; %) and ¢ € L2(Q, Fr; L*((—p,0),£?)), approximate system (32) has
a unique solution u, in the sense of Definition 2.4 with f and o are replaced by f, and o, ,
respectively.

In what follows, we prove the existence and uniqueness of solutions of the abstract fractional
stochastic lattice system (23) in the sense of Definition 2.4 by considering the limiting behavior
of the family of {u,}_; of solutions of approximate fractional stochastic lattice system (32) as
n — oo. To that end, for T € R and n € IN, we define a stopping time by

T, = inf{t > 7: ||u,(t)|| >n} and 7, = +oo if {t > 7: ||u,(t)|| > n} =Q. (33)
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Lemma 2.5. Suppose that the assumptions (2)-(6) hold. If u,, is the solution of approximate fractional
stochastic lattice system (32), then

Up1(EATy) = uy(tEAT,) and  Typq > Ty, a.s., (34)

forallt > v, n € N and T, is the stopping time.

Proof. By (32), we have

(AT = (AT [ (80 (s (9)) = (~80)*(n(5)) s
- )\/Ttmn (tny1(s) — un(s))ds
= [ a1 (5)) = (51 s

+ i / o (@1 (1 (5), nsr(s = ) = O et (5), un(s = p)))dWi(s).  (35)
k=177

It follows from (35) and Ito’s formula that a.s.,

[yt (E A T) — un(t A T) ||2 +2A /;AT" [tny1(s) — un(s) ||2d5
2 [ () (1 (5)) — (— D) (ttn(5)), s (5) — ttn(5)) ds
= | O a1 (8)) — Futtn(5)), then (5) — un(s) ) ds

AT,

+ 2 o o1 8) a5 = 00) = G5, (s = p)) s

+2 i 7 (01(5) = 005)) @t 1 (5) 15 = )
k=1"T
— O i (1n(s), un(s — p))) dWi(s), (36)

where 1,,,1(s) — uy(s) in the last term is identified with an element in the dual space of 2 in
view of the Riesz representation theorem.
Foralln € Nands € [7,T,), we have ||u,(s)|| < nfors € [1,7,) and therefore

fui1(un(s)) = fu(un(s)) = f(un(s)),
Un+1,k<un(s>luﬂ(s - P)) = ‘Tn,k(”n(s)/”n(s _P)> = Uk(un(s)/un(s _P)> (37)

For the third term on the left-hand side of (36), we get from (16), (37) and Cauchy-Schwarz
inequality that

2| [ (80 a1 (5)) = (=80 0 (5)) i (5) = n(5)) s

/tATn
T

tAT,
<2L [ () — a(s) P (38)

IR

2
-2 H

(tng1(s) — un(s))|| ds

(=)
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By (28), (37) and Cauchy-Schwarz inequality one know that the first term on the right-hand
side of (36) satisfies

2 / (o (41.(8)) = i (10a(5)), 11 (5) = 14a(5) ) s

=2 /:Mﬂ (fn+1(un+1 (8)) = fut1(un(s)), ups1(s) — Mn(S))ds

<24 1) [ s (5) ) P 39)

By (30), (37) and Cauchy-Schwarz inequality we get that the second term on the right-hand side
of (36) satisfies

i /MT% ||(7n+1,k(un+l(5)z Upi1(s —p)) — Un,k(”n(s)/“n(s —p)) szs
k=177

o tAT,
=) / 141, (1 (5), 41 (5 = p)) = Ot g (n (5), 1n (s — p)) || Pds
k=1

tAT, ATy,

<Lo(n 1) [ tsa(s) = () Peds + Lol +1) [ Ntasa(s = p) = als = p) s, (40)
It follows from (36) and (38)-(40) that

1 (8 A T) = 1t (E A T) |12

< (zL +2,/L(n+1) + Lo(n+ 1)) /TMT" tt1(s) — 1 (s)||?ds

+ La(?’l + 1) /ri\;" Hun+1(5) . un(S)szS
+2 i /tArn (tng1(s) — n(8)) (Ous1k(Unsa(s), Unga (s — p))
k=177

— it (5) (5 = ) i)
<er [ i (s) — w21 [ i (5) — ()
T /T
(Un+1,k(un+1 (s),tny1(s —p)) — Oy (tn(s), tn(s — p)))de(s), (41)

where ¢; = Z(L +/Lf(n+1)+ Lo(n + 1)) Then we get form (41) that
t
E( sup [l 1(sAT) = n(s AT)[?) < c1/ E( sup us1(s ATe) = tta(s A T) | ) dr

T<s<t T<s<r
+2E ( sup
) . (42)

T<s<IAT,

L [ ) i)

(Un+1,k(un+1 (1’), Up+1 (1’ - P)) - Un,k(un(r)/ uﬂ(r - p)))dwk(r)
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By (37), (40) and the Burkholder-Davis-Gundy inequality, one can find that there exists a
constant c; > 0 such that the second term on the right-hand side of (42) satisfies

2IE ( sup

T<s<tATy,

Y [ (i (1) = 0(1) (G (), 0017 = )
k=177

<20, ( ( [ (Hunm) ()2

i 10311 (7, s (r — ) —o—n,k<un<r>,un<r—p>>|\2)dr)2>

_’Uhk(un(r)/un(r‘—'P)))de}(T)

§2C2]E< sup |tp1(r A T) — un(r AT ||

T<r<t
1

([ B tenasttna) =) = sl = o)

k=1

< 2¢; Lg(n-l-l)lE( sup |[up+1(r A ) —un(r A7) ||

T<r<t

(/Tt/\r,, (N1 (r) = un ()| + |t (r = p) — (7 —P)||2)dr> 2)

< 2v2¢p\/Lo(n + 1)1E< sup |up1(r A T) — un(r A7) || </:MH lttpi1(r) — un(r)szT’> 2)

T<r<t

1 ¢
< E]E( sup |[uy+1(SA ) — un(s/\Tn)HZ) +63/ IE( sup ||upi1(sAT) — un(s/\Tn)||2>dr
T

T<s<t T<s<r
(43)
where 3 = 4c3L;(n + 1). By (42)-(43), we obtain
E( sup [lwn1(s A ) = ta(s A ) |?)
T<s<t
t
<2(c; + c3) / E( sup uai1(s A ) = ttn(s A )| dr. (44)
T T<s<r

Applying the Gronwall lemma to (44), we get

]E( sup |tp41(s A Tn) — (s /\Tn)H2> =0, forallt > T,
T<s<t

which implies that u,, 41 (t A T,) = u,(t A 7,) for all + > T almost surely. This along with (33),
we find 7,41 > T, as desired. This completes the proof. O

Next, we show the uniform estimates of solutions u, of approximate fractional stochastic
lattice system (32), and then obtain the limit of stopping time 7, defined by (33) as n — oo.
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Lemma 2.6. Suppose that the assumptions (2)-(6) hold. Let T, be the stopping time defined by (33).
If uy, is the solution of approximate fractional stochastic lattice system (32), then for every T > 0, u,
satisfies

1E<sup Hun(r/\'tn)||2>§MeMT< (Ilo]|?) +T+/ (llo(s)]?)ds

<r<t
+ [Tl + X In)1R) ), )

keIN

where M > 0 is a constant independent of ug, ¢, T, p and T. In addition, we have the following limit
property,

T:= lim T, = sup 1, = oo, almost surely. (46)
n—oo nelN

Proof. By (32) and Ito’s formula, we have

Junl AT +2 [ ((=00) ), ) s +-20 [ 1 5) Pt
a2 [ (), 00 (5)) s

+2/Wn ), ttn(s )ds+Z/ |¢(5) + G (14 (5), (s — ) | Pds

F23 [ (5) (04(5) + aian(5), a5 — p)))aWi(s). 47)

We get from Lemma 2.3, (14) and (17) that the second term on the left-hand side of (47) satisfies

N\R

Z/TMTn ((=A2)*(un(s)), un(s))ds = Z/TMTH —Ay) H ds > 0. (48)

For the second term on the right-hand side of (47), by (20), (37) and Cauchy-Schwarz inequality
we obtain that for t € [t, T+ T|,

2 [ a0, wn(s1)ds =2 [ (Flun(5)), ()
< [T I IPas+ [ ) Pas
<2BIP—7) + A+ 1) [ () P
<2pPT+ @3+ 1) [ ) P, (49)

For the third term on the right-hand side of (47), we get from Cauchy-Schwarz inequality that

t/\r,, tAT,
2 [ (g un@)ds < [ fun)Pas+ [ gt Pas, (50)
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For the fourth term on the right-hand side of (47), by (22) and (37) one gets that for t € [t, T+ T],

00 AT,
Y [ awls) + e un(s),wa(s = p)) s
k=177
0 AT, 2
=Y [ 1ak(s) + 0lan(s), (s — ) Pl
k=17
AT, ) AT, )
<2 [ Y laulo) Pds+2 [ 3 ok (5) (s o)
INT, ’ ’
<2 [ Y lauts) s + 4161t =)+ [ sy as

+srmr/ J1ts(s = p) [2ds

0 tAT, o
<alPT+ 1617 [ ) Pas+ 8 [ Lo Pas+2 [ Y las) Pas. (@)
- k=1

Therefore, it follows from (47)-(51) one gets that for t € [t, T+ T,

AT, 0
[l (£ A ) |12 §|Iun(f)||2+2(8H7H2+47%+1)/T IIun(S)|!2dS+8||’YII2/p o (s)||ds

+2 i /Tt un () (ak(s) + T pe(tn(s), un(s — p)))dWi(s)

[T (1)1 +2 X () [P)ds + 2181PT + 4P, 62)
k=1
We further obtain from (52) that for t € [t, T+ T,

]E( sup |[un(r A Tn)Hz)

T<r<t

E(tn(2) ) + 2(8 1P + 493 +1) [ B sup llua(r A o)) s

T T<r<s

=8l [ E(lpe) s+ [ E (st uz+zzuak I2)ds

+2]E<T<il<lﬁT ]:il[:un(s)(ﬂk(5>+0’n,k(un(5),un(s—p)))dwk(s)D

+2([1B117 +2[81)T. (53)

By the Burkholder-Davis-Gundy inequality, (37) and (51), one find that there exists a constant
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cs > 0 such that the fifth term on the right-hand side of (53) satisfies, for t € [t, T+ T|,

2]E< sup i/*un(s)(ak(s)+an,k(un(s),un(s—p>))dwk(s)(>

T<r<tATy k=177

§2C41E( [ 1P a8(5) + 0 5), s —p>>u2ds>

k=1

szﬁcm(iugtuunsmn ||</ 2 [ax() 2+ 10k (atn (), n (s — )11 ))

<3B( sup Jun(sAw)?) +act [ ( i (12 + (), 5~ p)) ) s

T<s<t

1
<SE( sup [lu(r AT)|) +320|%¢; /T E( sup [ua(r ATo)|?)ds

T<r<t T<r<s

+T 0 0
vact [ (L llalo)IP)ds + 16916 [ E(lg(s)IP)ds + 89l GT. 4
k=1 -
Hence, we get from (53)-(54) that for t € [t, 7+ T|,

t
E( sup un(rn5)I?) < s [ E( sup [lua(r A )|2)ds +c, (55)

T<r<t T<r<s

where

cs = 4(1 447§ + 87[1* + 16] v[|*c3)

0
c6 = 2E([[uol|*) + 8(2[|[I* + 4]l v*c1) /plE(llq)(S)Hz)dS
+T 00
+2 [T B(IgOI + 2+4D) Y lacls) IR )ds +4(IBIP + 20811 + 410)) T.
T k=1
Applying the Gronwall inequality to (55), we obtain that

]E( sup Hun(r/\“rn)Hz) < ceeT, Ve [t,T+T],

T<r<t

which yields the desired uniform estimate (45).
Next, we prove the second result (46), which is an immediate consequence of (45) and
Chebychev’s inequality. Indeed, let T € IN be an arbitrary number. By (33), we get that

{to<t+THC{ sup |lun(trm,)| > n},
T<t<t+T
which along with (45) and Chebychev’s inequality yields that
P{t, < T+ T} glp{ sup  |[un(t AT > n}
T<t<t+4+T

M
< 2]E( sup lun(EAT)[?) < 0

, (56)
n T<E<THT n
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where M independent of 7 is the same number as in (45). It follows from (56) that

[ee] [ee] 1
EIP{Tn<T+T}§MZﬁ<+°°- (57)
n=1 n=1

LetQr = N U {w < 7+ T}. Then we obtain from the Borel-Cantelli lemma and (57) that

m=1n=m
P(Qr) = 1P< ﬁ G {m < T+T}> =0.
m=1n=m
Then for every w € Q) \ Qr, there exists ng = np(w) > 0 such that 7,(w) > T+ T for all n > n.
Note that 7, is increasing in n, we know T(w) > T+ T forall w € O\ Qr. Let Qp = fj Qr,
we have IP(Q)g) = 0 and o

T(w) >7+T forallw € O\ Qpand T € N.

Therefore, we find that T(w) = co for all w € O\ O, and then (46) follows. This completes the
proof. O

In what follows, we prove the main result of this section, i.e., the existence and uniqueness
of solutions of system (1).

Theorem 2.7. Suppose that the assumptions (2)-(6) hold. Then for every T € R, ug € L*(Q), Fy; £?)
and ¢ € L*(Q, Fr; L2((—p,0), £2)), fractional stochastic lattice system (1) has a unique solution u in
the sense of Definition 2.4. Moreover, for any T > 0, u satisfies

E(u Hz(mm))gMeMT( (olP) + 7+ [ E(lo(o)P)as
[T E(ls@IP+ X laoP)at), )

keN
where M > 0 is a constant independent of ug, ¢, T, p and T.

Proof. We only need prove the existence and uniqueness of solutions for abstract fractional
stochastic lattice system (23). By Lemma 2.5 and Lemma 2.6, we know that there exists {); C ()
with P(QQ\ (1) = Osuch thatforalln >0, w € Qg and t > 7,

7(w) = lim 7 (w) = o, (59)
Up1(EA Ty, ) = up(EA Ty, w). (60)

By (59) and (60), we know that for every w € () and t > T, there exists ny = ng(t,w) > 1 such
that

Ty (w) > t, and hence u,(t, w) = uy,(t,w), foralln > ny. (61)
One can define a mapping u : (T — p,00) x Q — (2 by

(L) = { uy(t,w), ifwe O andt e (t—p,mw)], @)

u(s,w), ifweQ\Qy,se(—p0andt e (T —p, ).
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Since uy, is a continuous /?-valued process, we infer from (62) that u is almost surely continuous
with respect to t in £2. By (62), we see

1Lm uy(t,w) =u(t,w), Ywe Oy, t>1—p. (63)
n—oo
Since u, is F;-adapted, we infer from (63) that u is also F;-adapted. It follows from (45), (63)

and Fatou’s lemma that for every T > 0,

E([lu]?

<M (o)) + T+ [ E(lp(s))a
C([T,T+T],ZZ)>_ ¢ ( Ho 0 pLe °

[T Rl + X Lo P)at),

kelN

where M is the same number as in (45). This shows the desired inequality (58).
On the other hand, it follows from (32) that

un(EAT) =g [ (= (=84)n(s) — Aa(s) + Filin(5)) + 5(6)) s
+ i /MT" (ar(s) + T (1n(s), un(s — p))) dWi(s), (64)
k=17

in ¢2 for all t > 7. By (62) we find u, (t A T,) = u(t A T) a.s.. Then by the definition of f, and
0y k, We see that a.s.,

fa(un(s)) = f(u(s)) and oy (un(s), un(s —p)) = ox(u(s), u(s —p)), Vse[tr,). (65)
Therefore, by (64)-(65) we see that a.s.,

u(tnm) = o+ [ (= (=80 () = Au(s) + F(u(s)) +(5))ds
1 [ le) + oulus) s ) ani(s) (66
in ¢2 for all t > 7. Since nli_r)rolo_’fn = 00 a.s., we obtain from (66) that a.s.,
w(t) = o+ [ (= (~Au(s) ~ Au(s) + F(u(s)) + 8(5))ds
£ 1 [ (00l) + (u(s), u(s = p)))dWis)

in (2 for all t > 7. This implies that u is a solution of system (23) in the sense of Definition 2.4.
We now prove the uniqueness of solutions of system (23). Let u; and u; are two solutions of
(23). For every n > 0 and T > 0, we define another stoping time:

T = (T4 T)ANinf{t > 7 ||us(£)]| > nor ||ux(t)|| > n}. (67)
By (23), we get

(EAT) ~ (AT + [ (=80 (0 (6)) — (~A0) () s

P [ (o) (o + [ (Flun(s)) — Flua(s))ds

=u1(7) —up(7) + kZ: /MT" (o (ua(s), u1(s — p)) — ox(ua(s), ua(s — p)))dWi(s).  (68)
=177
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By Ito’s formula and (68), we obtain that a.s.,
EAT,
o (EAT) = ua(t AT 2420 [ an(s) = wa(s) P
f/\Tn
+2/ (=8a)"(u1(s)) — (=Ba)" (u2(s)), ua(s) — uz(s))ds
t/\T,,
—2/ fui(s)) — f(ua(s)), ur(s) — uz(s))ds

tAT,

+2 [ et (s) (s = p)) = (o), uals ) s
+2 kf L7 (w1(5) = 12(9)) (01(3(5), 10— ) — (), s — p)))AWR(5).  (69)
-177

Next, we estimate all terms of (69). By (16), (67) and Cauchy-Schwarz inequality, we get that
the second term on the left-hand side of (69) satisfies

tATy
2 < ZL/ i (s) — ua(s) || ds.
T

(70)

/TtATn ((=Dg)*(u1(5)) — (=Dg)*(ua(s)), ur(s) — ua(s))ds

For the first term on the right-hand side of (69), by (19), (67) and Cauchy-Schwarz inequality,
we obtain that

t/\Tn
2/ fui(s)) — f(ua(s)), ur(s) — uz(s))ds

<2./Ls(n) / () — ua(s)||ds. (71)

By (21), (67) and Cauchy-Schwarz inequality, we get that the second term on the right-hand
side of (69) satisfies

o tAT,
Y. / 1o (u1(s), 11 (s — p)) — ox(ua(s), uz(s — p)) || *ds
k=177

2L, (n) / M (s) — wa(s) [ 2ds. (72)

Then we obtain from (69)-(72) that

EAT,
lur (A To) = u2(t A T)|1? < 67/ lu1(s) — ua(s) s
T

tAT,

+2 Z / —us(s)) (ox(ur(s), u1(s — p)) — ox(uz(s), ua(s — p)))dWi(s),  (73)

T
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where ¢; = 2(L + ,/L¢(n) + Ly(n)). By (73) one gets that

t
]E< sup ||u1(s A Ty) —uz(s A Tn)||2> < C7/ sup IE<||u1(s ATy) —uz(s A Tn)||2>dr
T

T<s<t T<s<r

2 s 5 [ 0) ) 00— )~ o s~ ).
(74)

For the last term in (74), we get from (72) and the Burkholder-Davis-Gundy inequality that
there exists a constant cg > 0 such that

2]E< sup i/: (u1(r) — uz(r)) (ox(ua (r), ur (r — p)) —(Tk(uz(f)/uz(r—P)))de(f)>

T<S<tATy k=1

gchJE(( [ (1t - u2<r>r|2§1 (a7, 1+ = p)) = (s, il — p)) ) ) )

T<r<t

§208]E< sup |lur(r A Ty) — ua(r A Ty) ||

1

(L ot = o) aula(r) o o) o )

<2cg Lg(n)]E< sup [[ug(r A Ty) —uz(r A Ty)||

T<r<t

</:/\Tn (Jlur (r) — ua(r)||* + [|ur (r — p) — ua(r — P)Hz)d7> 2>

<2v/2cg La(n)IE< sup |lui(r ATy) —ua(r AT, || </TtATn s (1) —uz(r)||2d1’>2>

T<r<t

1
§71E< sup ||u1(s A Ty) —uz(s A Tn)||2>

2 T<s<t

t
—|—4C§Lg(n)/ ]E( sup Hul(s/\Tn)—uz(s/\Tn)H2>d1’. (75)

T T<s<r

Therefore, by (74) and (75) we get

IE( sup |[ui(s A Ty) —uz(s A Tn)||2>

T<s<t

t
§2(C7+4C§Lg(n))/ E( sup (s AT) — wa(s AT)|12)dr,

T T<s<r

which combined with Gronwall lemma yields

1E( sup Hul(s/\Tn)—uz(s/\Tn)HZ) = 0. (76)

T<s<t+T

This implies that ||u1(t A T,) — uz(t A Ty)|| = 0 for all t € [t, T+ T] almost surely. Note that
T, = T+ T for large enough n due to the continuity of u; and u; in t.



18 | Electron. J. Appl. Math. 2024, Vol. 2, No. 4

Therefore, we obtain that ||u1(t) — ua2(t)|| = 0 for all t € [T, T + T| almost surely. This yields,
forevery T > 0,

]P(Hul(t)—uz(t)ﬂ =0, Vte [m+T]) = 1. (77)
Since T is an arbitrary number, we obtain from (77) that

]P(Hul(t) — ()| =0, V> r) = 1.

Then the uniqueness of the solutions follows. This completes the proof. O

3 Weak pullback mean random attractors

In this section, we establish the existence and uniqueness of weak pullback mean random
attractors of the fractional stochastic lattice systems driven by nonlinear delay noise (1) in
L2(Q), F; 0%) x L2 (Q, F;L2((—p, O),EZ)). We first define a mean random dynamical system
and then derive uniform estimates of the solutions. Note that the fractional stochastic lattice
systems driven by nonlinear delay noise (1) can be rewritten as abstract system (23) in /2, we
will consider the abstract system (23) in what follows.

It follows from Theorem 2.7 that for every T € R, ug € L?(Q), F; (%) and ¢ € L?(Q, Fr;
L?((—p,0), %)), the abstract system (23) has a unique solution u € L*(Q), C([t, T + T], ¢?)) for
all T > 0, which along with the uniform estimates similar to (45) and the Lebesgue dominated
convergence theorem implies that u € C([t, ), L?>((), £?)). Based upon this fact, for every
t € R" and T € R, we define a mapping ®(t, 7) : L*(Q, Fr; £2) x L?(Q, Fr; L*((—p,0),0%)) —
L?(Q, Fry; %) x L2(Q, Frii; L*((—p, 0), £%)) by

O (t,7)(uo, @) = (u(t+ 7,7, u0, @), e (-, T, 10, 9)), (78)

for (ug, ¢) € L?(Q, Fr; £2) x L*(Q, Fr; L2((—p,0), £2)), where u(t, T,ug, ¢) is the solution of
the system (23) with initial data ug and ¢, u;1.(s, T, 1o, ¢) = u(t+ T +s,T,up, @) for s €
(—p,0). Then @ defines a mean random dynamical system for the abstract system (23) on
L>(Q, F; %) x L2(Q, F; LZ((—p,O),€2)) over {F; }ter in the sense of [20, Definition 2.9].

For every T € R, we denote by

He = LX(Q, Fr; 62) x L2(Q, Fr; L2((—p, 0), £2)). (79)
Then H- is a Hilbert space with inner product
0

(10, 9), (20, ) ;. = E(to,00) +]E(/

(@) p(s)ds), 7 (o9, (0, p) € He (80

and norm

NI=

[0, @) 5, = (E(llmoll?) + / (lp()IP)ds)’, ¥ (1o, @) € H. (81)
In the sequel, we assume that
A > 0+ 8|7 (82)
(82) implies that there exists a constant ¥ > 0 such that

K — A+ 90 +4]7|]*(1 + %) < 0. (83)
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Let D = {D(7) C H; : T € R} be a family of bounded nonempty subsets of H: such that

lim_¢*"||D(1)[|, = 0, (84)
T——0Q

where ||D(7)||g, = sup ||(u0, )| - In the following, we will prove that ® has a unique
(uo,9)€H ‘

weak D-pullback mean random attractor in H;, where D is the collection of all families of all

bounded nonempty subsets of H; satisfying (84). To this end, we further make the following

assumption

| B (X )P+ 1g0) ) dr < o, ¥ ER, (85)

- kelN

where « is the positive constant as in (83).
Hereafter, we prove the D-uniform estimates in expectation of solutions of system (23) in
L?(Q, F; 02) x L2(Q, F; L*((—p,0),£2)).

Lemma 3.1. Suppose that the assumptions (2)-(6), (82) and (85) hold. Then for every T € R and
D = {D(7) : T € R} € D, there exists a constant T := T(t,D) > p such that for all t > T, the
solutions of system (23) satisfies the following uniform estimates,

(e, g) )+ [ E (el b, ) )

<M+ My [ eOE( L adnIP +Ig0))dr  @6)

keIN

where x is the same positive constant as in (83), (ug, ¢) € D(T — t) and My > 0 is a positive constant
independent of T and D.

Proof. Applying Ito’s formula to the system (23), we obtain
dllu(®)|? + 2Allu(B)[* +2((—Aa)* (u(t)), u(t)) = 2(f( (£))),u(t))dt +2(g(t), u(t))dt
+ Z ok (8) + onc(ue(t), u(t = ))szt+22( B+ ox(u(t), u(t))dW.  (87)

k=1
(87) and (48) implies
d

LE(u(®)]) + E(lu(t)|) < (c— 20 E(u(®)[) +2E((u(1), u(®))
#2E(3(0)1(0) +2 L E(lax(0)]P) +2 L E(Jon(ute) e~ o)) @9)
For the second term on the right-hand side of (88), we get from (20) that
2B (F(u(1),u(1)) < 200B(Ju()2) + 7= (21617 + 473 (E(o]) )
= a0 (Ju(e)|P) + ”ﬁ”2 9)

For the third term on the right-hand side of (88), by Young’s inequality, we have

2E(g(t), u(t)) < «B(|[u(t)]?) + %IE(Hg(t)HZ)- (90)
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For the last term on the right-hand side of (88), by (22) and Young’s inequality we get that

2]§E(H‘Tk(u(f)/u(t —o))I?) < 4l6]* + 8llvI* (E([u®) ) + E(u(t —p) %) O

Therefore, we obtain from (88)-(91) that

;t E(u(t)|?) +<E(u(t)[?) < 20 — A+ 70 + 4llv[*)E(||u(t)]?)

S PE(Jute = o)1)+ E(2 1 Il + 1 ls)12) + 12 a2

=1

Then for any t > 0 and s € (T — ¢, 7], multiplying (92) by e*' and integrating the resulting
inequality over (T — t,s), we have

IE(H“(S,T —t,uyp, 4’)“2)

<" IE (||ug||?) +2(k — A + 70 +4H7HZ)/ te"( E(|[u(r)|?)dr

s—p
48yl [ e IE(u(r) Par+ [ e 22|\ak () + <8I dr

2 4(52
LBl 4l9]

KY0 K

S
Se"(f‘t‘s)lﬂ(\luollz)+2(K—/\+70+4||7||2(1+€"p))/ U ([[u(r)|?)dr

+ 8|y ZereK(Tfl‘) 0 eK(rfs)]E A2 dr

v [ IR 2 L o)+ glso?)ar+ L AIE 9

KY0 K

By (82), (83) and (93), we know that for s € (7 — ¢, 1],

E(]lu(s, T — t, u0, 9)|I%)
0
< TR (o ) + 87| [ e (g (r) ) dr
—-p

1 18I, 4017
2, 4 2
i zzuak R (04)

K

We get from (94) that

E(|Ju(t,T —t,u0, 9)|1?)
0
< ([luol?) + 8lly |Peee ™ [ plE(Hco(r)!rZ)dr

2 2
+ [ QL )P+ s P)ar+ 12 S0 %)

Ky K
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and

sup 1E(||u(S,T —t,ug, ¢)||2)

T—p<s<T

0
<ePVE([|uo|?) + 8|||?e 2~ / E([lo(r)I?)dr
-p

T 2 2
. s Ly B, 40l
te /H (ZZHﬂk )I? + Hg(r)ll Jar+ o o Vize 09

By (95) and (96), we know that for t > p,

E(lu( et g)?) + [ E(lutr T~ b uo g)[)ir
0
<(1-+pe) e E(ul?) + 817120 [ E (o))
o[ Y )R+ ) P)ar-+ LA 2R o)
K70 K

By (84) and (up, ¢) € D(t —t) with D € D, we know that as t — +oo,

0
e M E (||uo||?) + 8]|y||2er e~ /_plE(qu(r)Hz)dr
<(e7 + 8|1y |2 (IID(z — )3, ) = 0.

This along with (97) implies that there exists T := T(t,D) > p such that for all t > T,
|| t]|2 + 8| y||2ex D) pr]E(H(p(r)HZ)dr < 1. Thenforallt > T,

E(|u(t, 7 — t, 10, ¢)|? +/ (lu(r +7,7 — t,ug, @) |2)dr
’ 2, 4fle)?
< Ko 2 - 2 H H
<(1+pe >[/_00 (zzuuk 2+ gl )ar+ 1+ 125 4 2,
which combined with (85) deduce the desired result (86). O

Based on Lemma 3.1, we now prove the main results of this section as follows.

Theorem 3.2. Suppose that the assumptions (2)-(6), (82) and (85) hold. Then the mean random
dynamical system ® associated with the fractional stochastic lattice system (1) driven by nonlinear
delay noise has a unique weak D-pullback mean random attractor A = {A(7t) : T € R} € D in
L?(Q, F; 0?) x L2(Q, F; L*((—p,0), %)), that is,

(i) For every T € R, A(T) is a weakly compact subset of L*(Q), F; () x L*(Q), F; L*((—p,0), £%));

(ii) A is a D-pullback weakly attracting set of ®;

(iii) A is the minimal element of D with properties (i) and (ii).

Proof. Firstly, we show that the mean random dynamical system @ has a weakly compact
D-pullback absorbing set. Let K = {K(7) : T € R} € D with

K(t) := {(u,¢) € Hr : ||(u, 9)llE, < R(7)}, (98)
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where
T (o]
R() = Mi+ M [ OB Y la(r)|+ 1g()|1)dr, (99)
- k=1

and M; being the same number as in (86). Then K(7) is a bounded closed convex subset of H,
and therefore K(7) is weakly compact in H-. It follows from (85), (98) and (99) we have

: KT 2 _ 1 KT —
Tgrgwe 1K (T) 1%, —Tg@we R(t) =0, (100)

which means that K € D. Furthermore, it follows from Lemma 3.1 that forevery T € R, D € D,
there exists T := T(t, D) > p such that for all (up, ¢) € D(t—t)and t > T,

0
E(|lu(t, T —t,uo, ¢)|?) —|—/ E(||luc(r, T —t,ug, @)||*)dr < R(7).
-p

This implies that forall ¢t > T,
®(t, Tt —t)D(t —t) C K(7).

This fact along with previous discussions shows that K is a weakly compact D-pullback
absorbing set for the mean random dynamical system @ defined by (78) in L?(Q), F; ¢?) x
12 (Q, F;L2((—p,0), KZ)). Therefore, Theorem 3.2 follows from the abstract result [20, Theorem
2.13]. O
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