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1 Introduction

We study in this paper, the existence and multiplicity of solutions to nonlinear discrete problems
with inclusions of the form

−M(I(u))
[
∆(a(k − 1, ∆u(k − 1)) + φp(k)(u(k))

]
∈ λ∂F(k, u(k)) + µ∂G(k, u(k)),

k ∈ Z[1, T],

(a(0, ∆u(0)),−a(T, ∆u(T))) ∈ ∂j(u(0), u(T + 1));

(1)

where
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# leizon71@yahoo.fr; Stanislas Ouaro # ouaro@yahoo.fr

© 2024 The Author(s). Published by Mersin University Press. This is an Open Access article distributed under the
terms of the Creative Commons Attribution 4.0 International License, which permits unrestricted use, distribution,
and reproduction in any medium, provided the original author and source are credited.

24

 https://doi.org/10.61383/ejam.20242473
https://orcid.org/0009-0009-0847-903X
https://orcid.org/0009-0003-5894-8582
https://orcid.org/0000-0001-9108-4577
https://orcid.org/0000-0003-0671-2378
mailto:o.yascool@yahoo.fr
mailto:douaziz01@yahoo.fr
mailto:leizon71@yahoo.fr
mailto:ouaro@yahoo.fr
https://creativecommons.org/licenses/by/4.0/


Discrete Multiparameters Potential Boundary Value Problems Yassia Ouedraogo et al. | 25

I(u) =
T+1

∑
k=1

A(k − 1, ∆u(k − 1))−
T

∑
k=1

(
1

p(k)
|u(k)|p(k)

)
.

T ≥ 2 is an integer, Z[1, T] is the discrete set {1, 2, ..., T},
∆u(k) = u(k + 1)− u(k) is the forward difference operator; u(k) ∈ R, for all k ∈ Z[1, T]. φ is
an homomorphism defined by φs(y) = |y|s−2y and
M : (0, ∞) → (0, ∞) is a non-decreasing continuous function. λ and µ are positive real
parameters such that (µ ≤ λ). j : R × R → (−∞, ∞] is convex, proper i.e. D(j) := {z ∈
R × R : j(z) < ∞} ̸= ∅), lower semicontinuous and ∂j denote the subdifferential of j where,
for s′ ∈ R × R, the set ∂j is defined by

∂j(s′) = {υ ∈ R × R : j(τ)− j(s′) ≥ (υ, τ − s′), for all τ ∈ R × R}, (2)

where (., .) stands for the usual inner product in R × R.
F and G belongs to S , where S is the set of all locally Lipschitz continuous function H :
Z × R −→ R which satisfy

(s1) : H is periodic with respect to k, i.e. there exists m ∈ Z such that
H(k + m, u) = H(k, u), for all (k, u) ∈ Z × R.

(s2) : H(k, 0) = 0 for all k ∈ Z.

∂F(k, u) and ∂G(k, u) are the Clarke subdifferential of the functions F and G with respect to the
second variable.

Difference equations arise in many areas of applied mathematics and for this
reason, the study of this type of equations has received great attention by now
(see [1, 3, 6, 28, 31, 36, 37]).
The presence of the non-local term I(u) is an important feature of this article. Indeed, Kirchhoff
in 1876 (see [21]) suggested a model defined by the following equation

ρ
∂2u
∂t2 =

T0 +
Ea
2L

L∫
0

∣∣∣∣∂u
∂x

∣∣∣∣2 dx

 ∂2u
∂x2 , (3)

where ρ > 0 is the mass per unit length, T0 is the base tension, E is the Young modulus, a is the
area of cross section and L is the initial length of the string.

Equation (3) takes into account the change of the tension on the string which is caused by
the change of its length during the vibration. After that, several physicists also considered such
equations for their research in the theory of nonlinear vibrations theoretically or experimentally
[7, 8, 26, 27]. On the other hand, Kirchhoff’s equation received much attention only after Lions
in 1978 (see [24]) established an abstract framework for the problem related to the stationary
analog of the equation of Kirchhoff type. Some important and interesting results can be found
in [2, 9]. In recent years, discrete Kirchhoff-type problems have been widely investigated. We
refer the readers to papers [10, 18, 22, 28, 29, 33, 34, 35] and references therein.

To our knowledge, very few papers can be found in the literature dealing with the multi-
plicity of discrete inclusions involving the p(k)-Laplacian operator of Kirchhoff type subjected
to potential boundary values conditions. We refer the readers to the work done by Ouaro and
Zoungrana and Dianda and Ouaro (see [13, 28]) and the references therein.
For instance, in [19] Heidarkhani and Moghadam dealed with the following problem.

−∆
(

φp (∆u(k − 1))
)
+ qk φp(u(k)) = λ f (k, u(k)) + µg(k, u(k)), k ∈ Z[1, T]

u(0) = u(T + 1) = 0,
(4)
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where T is a fixed positive integer, Z[1, T] is the discrete set {1, 2, ..., T};
∆u(k) = u(k + 1) − u(k) is the forward difference operator. f , g : Z[1, T] × R → R are
two continuous functions; λ, µ ≥ 0 are two parameters, qk ∈ R+

0 for all k ∈ Z[1, T] and
φp(s) = |s|p−2s, 1 < p < ∞. They used two kind of three critical points theorems obtained in
[4] and [5], to ensure the existence of at least three solutions for problem (4).
If we take µ = 0 and φp = 0, problem (1) is reduced to the problem (5) studied by Dianda and
Ouaro in [13] under inclusion and potential boundary conditions. In [13], firstly, the authors
applied the direct method of the calculus of variations and the Mountain pass technic in order
to prove the existence of at least one non-trivial solution. Secondly, they applied three critical
points theorem for locally lipschitz fonctionnal established by Cabada, Iannizzotto and Tersian
and also by Galewski and Glab (see [15, 20]) to prove the existence of multiple solutions for the
following problem.

−M (A (k − 1, ∆u(k − 1)))∆a (k − 1, ∆u(k − 1)) ∈ λ∂F(k, u(k)), k ∈ Z[1, T]

(a(0, ∆u(0)),−a(T, ∆u(T))) ∈ ∂j(u(0), u(T + 1)).
(5)

By the way, the main operator in problem (1.1) can be seen as the discrete counterpart of the
following anisotropic operator

N

∑
i=1

∂

∂xi
ai

(
x,

∂

∂xi
u
)

.

Motivated by the above mentioned results, we study the problem (1). The paper is organized as
follows. Section 2 provides some necessary background materials for the use of critical points
theory. Section 3 and Section 4 are devoted to some classical results of existence of critical points
and the relationship between critical point of the energy functional associated and the solution
to problem (1). In the last section, we prove the multiplicity of solutions to problem (1).

2 Mathematical Background

Let (X, ∥.∥) be a real Banach space. We denote the dual space of X by X∗. A function J : X −→ R

is called locally Lipschitz when for every u ∈ X, there exists a neighbourhood U of u and a
constant K ≥ 0 such that

|J(z)− J(w)| ≤ K∥z − w∥, for all z, w ∈ U.

For all u, z ∈ X, we write J0(u; z) for the generalized directional derivative of J at the point u
along the direction z, i.e.

J0(u; z) := lim
w→u

sup
t→0+

J(w + tz)− J(w)

t
.

• If φ, ψ : X −→ R are locally Lipschitz functions, then

(φ + ψ)0 (x, v) ≤ φ0(x, v) + ψ0(x, v), for any x, v ∈ X. (6)

The generalized gradient of the function J in u, denoted by ∂J(u), is the set

∂J(u) := {u∗ ∈ X∗ : ⟨u∗, z⟩ ≤ J0(u; z), for all z ∈ X}.

The basic properties of generalized directional derivative and generalized gradient were studied
in [11] and [12].
Inequality (6) lead to the following result.
• If φ, ψ : X −→ R are locally Lipschitz functions, then.

https://ejamjournal.com/


Discrete Multiparameters Potential Boundary Value Problems Yassia Ouedraogo et al. | 27

i. ∂ (φ + ψ) (x) ⊂ ∂φ(x) + ∂ψ(x) for all x ∈ X, with equality if one of the sets ∂φ(x), ∂ψ(x)
is a singleton.
ii. ∂(αψ)(x) = α∂ψ(x) for all α ∈ R, x ∈ X.

We recall that if J is continuously Gâteaux differentiable at u, then J is locally Lipschitz at u and
∂J(u) = {J

′
(u)}, where J

′
(u) stands for the first derivative of J at u.

Furthermore, a point u is called a critical point of the locally Lipschitz continuous function J, if
0X∗ ∈ ∂J(u) i.e.

J0(u; z) ≥ 0, for every z ∈ X.

Clearly, if J is continuously Gâteaux differentiable at u, then u becomes
a (classical) critical point of J, that is J′(u) = 0X∗ .

• A locally Lipschitz continuous functional J : X −→ R satisfy the Palais-Smale (PS) con-
dition if every sequence {un} in X such that {J(un)} is bounded and

J0(un; u − un) ≥ −ϵn∥u − un∥

for all u ∈ X, where ϵn −→ 0+ as n −→ ∞, possesses a convergent subsequence.

Definition 2.1. A function Φ defined on a normed space X into R is said to be coercive over an
unbounded part P of X if lim

∥x∥−→∞
Φ(x) = ∞, where x ∈ P.

Φ is said to be anti-coercive if (−Φ) is coercive.

Theorem 2.2. [14, 32] Let X be a real Banach space. Assume that X := X1 ⊕ X2, with X2 a finite-
dimensional subspace of X. Let J : X −→ R be a locally Lipschitz continuous functional satisfying the
(PS) condition and such that.

(2.1.1) : J(u) ≤ 0,
(
∀u ∈ B(0, τ) ∩ X2

)
,

(2.1.2) : J(u) ≥ 0,
(
∀u ∈ B(0, τ) ∩ X1

)
,

for some τ > 0. Assume also that J is bounded from below and

(2.1.3) : inf
u∈X

J(u) < 0 .

Then, J has at least two nonzero critical points.

Theorem 2.3. [20] Let (X, ∥.∥) be a banach space, dim(X) < ∞ and J ∈ C1(X, R) be a coercive
functional having at least two strict local minimizers x0, x1 ∈ X. Then, J has a critical point x2 ∈
X \ {x0, x1}.

Theorem 2.4. [25] Let (X, ∥.∥) be a real Banach space and let J : X −→ R be a locally Lipschitz
continuous functional satisfying (PS) condition. If there exist u1, u2 ∈ X, u1 ̸= u2 and s ∈ (0, ∥u2 −
u1∥) such that

inf{J(u) : ∥u − u1∥ = s} ≥ max{J(u1), J(u2)}.

Then, c := inf
γ∈Γ

max
x∈[0,1]

J(γ(x)) ≥ max{J(u1), J(u2)} is a critical value for X and Kc − {u1, u2} ̸= ∅,

where Kc is the set of critical points at the level c and Γ the family of continuous paths γ : [0, 1] −→ X
joining u1 and u2.
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3 General multiplicity result

In this section we are concerned with the existence of multiple solutions. We recall the tools
used in [14, 15, 17, 20].

Theorem 3.1. [17] Let (X, τ) be an Hausdorff space and Φ, J : X −→ R be functionals. Let M be the
set (possibly empty) of all global minimizers of J and define

α := inf
x∈X

Φ(x),

β :=

 inf
x∈M

Φ(x) if M ̸= ∅

sup
x∈X

Φ(x) if M = ∅.

Let α < β and assume that the set

{x ∈ X : Φ(x) + σJ(x) ≤ ρ},

for every σ > 0 and every ρ ∈ R, is sequentially compact (if it is non empty). Then, at least one of the
following conditions holds.
(a) There exists a continuous mapping h : (α, β) −→ X with the following property: for every
t ∈ (α, β),

Φ(h(t)) = t

and for every x ∈ Φ−1(t) with x ̸= h(t),

J(x) > J(h(t)).

(b) There exists λ > 0 such that the functional Φ + λJ admits at least two global minimizers in X.

Theorem 3.2. (see [15, 20]) Let X be a finite dimensional real Banach space. Let µ : X −→ R be a
coercive C1-functional such that µ(0) = 0 and let J : X −→ R be locally Lipschitz. Let s > 0 and
0 < r < s be fixed. Assume that.

(d1) : lim
µ(u)−→∞

inf
J(u)
µ(u)

≥ 0;

(d2) : inf
u∈X

J(u) < inf
µ(u)≤s

J(u);

(d3) : J(0) ≤ inf
r≤µ(u)≤s

J(u).

Then, there exists λ > 0 such that the functional µ + λJ has at least three critical points in X, at least
two of which are non-trivial.

Theorem 3.3. [14] Let X be a finite dimensional real Banach space. Let µ : X −→ R be a coercive
C1-functional such that µ(0) = 0 and let J : X −→ R be a locally Lipschitz functional bounded from
below. Let s > 0 and 0 < r < s be fixed constants. Assume moreover that conditions (d2) and (d3) hold.
Then, there exists λ∗ > 0 such that the functional µ + λJ has at least three critical points in X.

4 Assumptions and preliminary

Define the space

HT =
{

u = {u(k)}k∈Z : u(k) ∈ R, u(k + T) = u(k), k ∈ Z
}

,

https://ejamjournal.com/
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which, endowed with the Euclidean norm

∥u∥ :=

(
T

∑
k=1

|u(k)|2
) 1

2

is an Hilbert space.

Let Wb :=
{

u = {u(k)}k∈Z : u(k) = b, k ∈ Z
}

and Zb := W⊥
b , with b ∈ R.

From [28], one has the decomposition

HT = Zb ⊕ Wb, for any b ∈ R.

In addition, we introduce the functional J : HT −→ (−∞, ∞) by

J(u) = j(u(0); u(T + 1)), ∀u ∈ HT (7)

where j is proper, convex, l.s.c, (0, 0) ∈ ∂j(0, 0) and j(0, 0) = 0 (see [3]).
Note that as (0, 0) ∈ ∂j(0, 0) and j(0, 0) = 0, then J(u) ≥ J(0) = 0, for all u ∈ D(J).

We assume the following conditions on the data.

a(k, .) : R −→ R is continuous ∀k ∈ Z[0, T]

and there exists a mapping A : Z[0, T]× R −→ R which satisfies

a(k, x) =
∂

∂x
A(k, x), A(k, 0) = 0, ∀k ∈ Z[0, T]. (8)

We also assume that there exists a positive constant C1 such that

|a(k, x)| ≤ C1

(
1 + |x|p(k)−1

)
(9)

and
|x|p(k) ≤ a(k, x)x ≤ p(k)A(k, x), ∀x ∈ R. (10)

The following relations hold true for all k ∈ Z[0, T].

(a(k, x)− a(k, y))(x − y) > 0, ∀x, y ∈ R, x ̸= y. (11)

p is a T-periodic function i.e. p(k + T) = p(k), for all k ∈ Z[0, T]. (12)

a is a T-periodic function with respect to k i.e.

a(k + T, x) = a(k, x) for all (k, x) ∈ Z[0, T]× R. (13)

For the function M : (0, ∞) −→ (0, ∞), we suppose that it is continuous, non-decreasing and
there exist positive numbers R1, R2 with R1 ≤ R2 and δ an even number such that

R1tδ−1 ≤ M(t) ≤ R2tδ−1, for t > 0. (14)

Example 4.1. As functions which satisfies assumptions (8)− (14), we can give the following.

• A(k, x) =
1

p(k)
|x|p(k) ; a(k, x) = |x|p(k)−2x; x ∈ R; k ∈ Z, with p(k) ≥ 2.

• M(t) = ctδ−1 + d, where c and d are two positive constants.
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In this paper, we assume that the function p : Z −→ [2, ∞).
One denotes by

p− := min
k∈Z[0,T]

p(k) and p+ := max
k∈Z[0,T]

p(k).

Lemma 4.2. (see [16]) The following properties hold true.

(a1) For every m > 0,
T

∑
k=1

|u(k)|m ⩽ T∥u∥m, for all u ∈ HT.

(a2) For every m ⩾ 2,
T

∑
k=1

|u(k)|m ⩾ T
(2−m)

2 ∥u∥m, for all u ∈ HT.

(a3) For all u ∈ HT,
T

∑
k=1

|∆u(k − 1)|p(k−1) ⩽ T
(

2p+∥u∥p+ + 1
)

.

We define the energy functional associated to problem (1) by ΓT : HT −→ R such that

ΓT(u) = M̂
( T+1

∑
k=1

A(k − 1, ∆u(k − 1))−
T

∑
k=1

1
p(k)

|u(k)|p(k)
)
− λ

T

∑
k=1

Ψ(k, u(k)) + J(u), (15)

where M̂(t) =
∫ t

0
M(s)ds and Ψ(k, u(k)) = F(k, u(k)) +

µ

λ
G(k, u(k)).

Definition 4.3. A solution of problem (1) is a function u ∈ HT such that


−M (I(u))

[
T

∑
k=1

∆a(k − 1, ∆u(k − 1))v(k) +
T

∑
k=1

|u(k)|p(k)−2u(k)v(k)

]
+

j′((u(0), u(T + 1)), (v(0), v(T + 1)))− λ

(
T

∑
k=1

F0(k, u(k)) +
µ

λ

T

∑
k=1

G0(k, u(k))

)
v(k) ≥ 0,

for all v ∈ HT with v(k) ≥ 0 and for all k ∈ Z[1, T]; which in turn is a classical solution of
problem (1).

Proposition 4.4. Suppose that (14) hold. Then, ΓT is locally Lipschitz
continuous.

Proof. Taking y, z ∈ HT and recall that

ΓT(u) = M̂
( T+1

∑
k=1

A(k − 1, ∆u(k − 1))−
T

∑
k=1

1
p(k)

|u(k)|p(k)
)
− λ

T

∑
k=1

Ψ(k, u(k)) + J(u)

or

ΓT(u) = M̂(I(u))− λ
T

∑
k=1

Ψ(k, u(k)) + J(u), (16)

where I(u) =
( T+1

∑
k=1

A(k − 1, ∆u(k − 1))−
T

∑
k=1

1
p(k)

|u(k)|p(k)
)

.

https://ejamjournal.com/
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From (16), we deduce that

∣∣ΓT(y)− ΓT(z)
∣∣ =

∣∣∣M̂(I(y)
)
− M̂

(
I(z)

)
− λ

T

∑
k=1

Ψ(k, y(k)) + λ
T

∑
k=1

Ψ(k, z(k)) + J(y)− J(z)
∣∣∣

≤
∣∣∣M̂(I(y)

)
− M̂

(
I(z)

)∣∣∣+ λ
T

∑
k=1

∣∣∣Ψ(k, z(k))− Ψ(k, y(k))
∣∣∣+ |J(y)− J(z)|

≤
∣∣∣∣∣
∫ I(z)

I(y)
M(s)ds

∣∣∣∣∣+ λ
T

∑
k=1

∣∣∣Ψ(k, z(k))− Ψ(k, y(k))
∣∣∣+ |J(y)− J(z)|

≤
∣∣∣∣∫ I(z)

I(y)
R2sδ−1ds

∣∣∣∣+ λ
T

∑
k=1

∣∣∣Ψ(k, z(k))− Ψ(k, y(k))
∣∣∣+ |J(y)− J(z)|

≤ R2

δ

∣∣∣I(z)δ − I(y)δ
∣∣∣+ λ

T

∑
k=1

∣∣∣Ψ(k, y(k))− Ψ(k, z(k))
∣∣∣+ |J(y)− J(z)|.

Firstly, we suppose that y = z. We deduce that there exists a constant C2 > 0 such that

|ΓT(y)− ΓT(z)| ≤ C2∥y − z∥. (17)

Secondly, we suppose that y ̸= z then, ∥y − z∥ ̸= 0 and since the quantity

(
T+1

∑
k=1

A(k − 1, ∆z(k − 1))−
T

∑
k=1

1
p(k)

|z(k)|p(k)
)δ

and

−
(

T+1

∑
k=1

A(k − 1, ∆y(k − 1))−
T

∑
k=1

1
p(k)

|y(k)|p(k)
)δ

are finite, then there exists a constant C3 > 0 such that∣∣∣I(z)δ − I(y)δ
∣∣∣ ≤ C3∥y − z∥.

In addition, from [3], Ψ(k, .) and J are locally Lipschitz continuous, then, for all u ∈ HT, there
exist a neighbourhood Vu of u and a constant C4 > 0 such that |Ψ(k, z(k)) − Ψ(k, y(k))| ≤
C4∥y − z∥, and a neighbourhood V ′

u of u and a constant C5 > 0 such that |J(y) − J(z)| ≤
C5∥y − z∥.

Therefore, ∣∣ΓT(y)− ΓT(z)
∣∣ ≤ K∥y − z∥,

where K =
R2

µ
C3 + λTC4 + C5. Thus, ΓT is locally Lipschitz continuous.

Lemma 4.5. Let u ∈ HT be a critical point of ΓT. Then, u is a classical solution of the problem (1.1).

Proof. Suppose that u ∈ HT is a critical point of ΓT. Then, for any v ∈ HT, Γ0
T(u, v) ≥ 0. Using
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(15), we obtain

ΓT(w + sv) = M̂
( T+1

∑
k=1

A(k − 1, ∆(w + sv)(k − 1))−
T

∑
k=1

1
p(k)

|w + sv|p(k)
)

− λ
T

∑
k=1

Ψ(k, (w + sv)(k)) + J(w + sv)

= M̂
( T+1

∑
k=1

A(k − 1, ∆w(k − 1) + s∆v(k − 1))−
T

∑
k=1

1
p(k)

|w + sv|p(k)
)

− λ
T

∑
k=1

F(k, w(k) + sv(k))− µ
T

∑
k=1

G(k, w(k) + sv(k)) + J(w + sv)

and

ΓT(w + sv)− ΓT(w) = M̂
( T+1

∑
k=1

A(k − 1, ∆w(k − 1) + s∆v(k − 1))−
T

∑
k=1

1
p(k)

|w + sv|p(k)
)

−M̂
( T+1

∑
k=1

A(k − 1, ∆(w(k − 1))−
T

∑
k=1

1
p(k)

|w|p(k)
)

−λ

[
T

∑
k=1

F(k, w(k) + sv(k))−
T

∑
k=1

F(k, w(k))

]
+ J(w + sv)− J(w)

−µ

[
T

∑
k=1

G(k, w(k) + sv(k))−
T

∑
k=1

G(k, w(k))

]
. (18)

Dividing (18) by s and letting s −→ 0 and w −→ u, we get

Γ0
T(u, v) = M (I(u))

[
T+1

∑
k=1

a(k − 1, ∆u(k − 1))∆v(k − 1)−
T

∑
k=1

|u(k)|p(k)−2u(k)v(k)

]

− λ
T

∑
k=1

F0(k, u(k))v(k)− µ
T

∑
k=1

G0(k, u(k))v(k) + j′(u, v) ≥ 0, (19)

where I(u) =
( T+1

∑
k=1

A(k − 1, ∆u(k − 1))−
T

∑
k=1

1
p(k)

|u(k)|p(k)
)

.

Otherwise, we use Abel’s summation as in [14] and [23] to obtain

T+1

∑
k=1

a(k − 1, ∆u(k − 1))∆v(k − 1) =
T

∑
k=1

a(k − 1, ∆u(k − 1))v(k)−
T

∑
k=1

a(k, ∆u(k))v(k)

−a(0, ∆u(0))v(0) + a(T, ∆u(T))v(T + 1),

which gives

T+1

∑
k=1

a(k − 1, ∆u(k − 1))∆v(k − 1) = −
T

∑
k=1

∆a(k − 1, ∆u(k − 1))v(k)− a(0, ∆u(0))v(0)

+a(T, ∆u(T))v(T + 1).
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As v ∈ HT is arbitrary chosen, thus if v(0) = v(T + 1) = 0 and Γ0
T(u, v) ≥ 0, it follows that

M (I(u))

[
T

∑
k=1

−∆(a(k − 1, ∆u(k − 1))v(k)−
T

∑
k=1

|u(k)|p(k)−2u(k)v(k)

]

−λ
T

∑
k=1

F0(k, u(k))v(k)− µ
T

∑
k=1

G0(k, u(k))v(k) ≥ 0. (20)

Thus, 0H∗
T
∈ ∂ΓT(u).

We now prove that (a(0, ∆u(0)),−a(T, ∆u(T))) ∈ ∂j(u(0), u(T + 1)). Indeed, one use (19) and
(20), to obtain

−M (I(u))

[
T

∑
k=1

∆(a(k − 1, ∆u(k − 1))v(k) +
T

∑
k=1

|u(k)|p(k)−2u(k)v(k)

]
+

j′((u(0), u(T + 1)), (v(0), v(T + 1))) + M(I(u))(a(T, ∆u(T))v(T + 1)− a(0, ∆u(0))v(0))

−λ
T

∑
k=1

F0(k, u(k))v(k)− µ
T

∑
k=1

G0(k, u(k))v(k) ≥ 0.

Then,

j′((u(0), u(T + 1)), (v(0), v(T + 1))) ≥ M(I(u)) (−a(T, ∆u(T))v(T + 1) + a(0, ∆u(0))v(0)) .

From (14), we have

j′((u(0), u(T + 1)), (v(0), v(T + 1))) ≥

K′
(

T+1

∑
k=1

A(k − 1, ∆u(k − 1))−
T

∑
k=1

1
p(k)

|u(k)|p(k)
)δ−1

(−a(T, ∆u(T))v(T + 1) + a(0, ∆u(0))v(0))

with

K′ =


R1 if − a(T, ∆u(T)) + a(0, ∆u(0)) ≥ 0

R2 if − a(T, ∆u(T)) + a(0, ∆u(0)) ≤ 0.

Taking w = K′

(
T+1

∑
k=1

A(k − 1, ∆u(k − 1))−
T

∑
k=1

1
p(k)

|u(k)|p(k)
)δ−1

, we obtain

j′((u(0), u(T + 1)), (v(0), v(T + 1))) ≥ [−a(T, ∆u(T))(wv)(T + 1) + a(0, ∆u(0))(wv)(0)] .

We put (wv)(0) = p′ and (wv)(T + 1) = q′, for all v ∈ HT where p′, q′ ∈ R are arbitrarily
chosen, to obtain

j′((u(0), u(T + 1)), (v(0), v(T + 1))) ⩾ −a(T, ∆u(T))q′ + a(0, ∆u(0))p′.

By ([30],Theorem 23.2), we deduce that

(a(0, ∆u(0)),−a(T, ∆u(T))) ∈ ∂j(u(0), u(T + 1)).
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5 Existence of multiple solutions

This section is devoted to the study of the existence of T-periodic solutions for the problem (1).
For that, we make the following additional assumptions on the data.

(H1): There exist three T-periodic functions r : Z −→ [2, ∞), a1 : Z −→ (0, ∞) and a
function b1 : Z −→ R such that

min{F(k, u),−|G(k, u)|} ≥ a1(k)|u|r(k) + b1(k), for all k ∈ Z and u ∈ R. (21)

We define r− := min
k∈Z[1,T]

r(k); a−1 := min
k∈Z[1,T]

a1(k); b−1 := min
k∈Z[1,T]

b1(k).

Assume further that

(H2) : lim
|u|→0

F(k, u)
|u|r−

= 0 and lim
|u|→0

G(k, u)
|u|r−

= 0 uniformly in k ∈ Z. (22)

(H3): There exist three constants η0, η1, η2 > 0, with η2 > η1 > η0, such that for all k ∈ Z,
(t2) : min{F(k, u), G(k, u)} ≥ 0 with |u| ≤ η0,
(t3) : max{F(k, u), G(k, u)} < 0 with η1 ≤ |u| ≤ η2.

Example 5.1. As example of nonlinear terms which respect assumptions S and (H1)− (H3),
we can give the following.

H(k, u) :=


16u4 if |u| ≤ 1

2
−4|u|+ 3 if |u| ∈

]
1
2

, 1
[

u4 + |u − 1| − 2 if |u| ≥ 1

(23)

and function r : Z −→ [2, ∞) such that

r(k) :=


4 if k = 2n

2 if k = 2n + 1 with n ∈ Z.

(24)

Lemma 5.2. Suppose that (8)− (14) and (21) are satisfied with r− > δp+. Then, the functional ΓT is
anti-coercive on HT.

Proof. Recall that

ΓT(u) = M̂
( T+1

∑
k=1

A(k − 1, ∆u(k − 1))−
T

∑
k=1

1
p(k)

|u(k)|p(k)
)
− λ

T

∑
k=1

Ψ(k, u(k)) + J(u),

= M̂(I(u))− λ
T

∑
k=1

Ψ(k, u(k)) + J(u).

From (8)− (11), we deduce that

T+1

∑
k=1

A(k − 1, ∆u(k − 1))−
T

∑
k=1

1
p(k)

|u(k)|p(k) ≤ C1

T+1

∑
k=1

|∆u(k − 1)|+ C1

T+1

∑
k=1

|∆u(k − 1)|p(k−1)

p(k − 1)

+
1

p−

(
T

∑
k=1

|u(k)|p+ +
T

∑
k=1

|u(k)|p−
)

≤ 2C1
√

T + 1∥u∥+ C1

p−
T+1

∑
k=1

|∆u(k − 1)|p(k−1)

+
2

p−
T

∑
k=1

|u(k)|p+ .
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We use inequality (14) and Lemma 4.2, to obtain

M̂(I(u)) ≤ R2

δ

(
T+1

∑
k=1

A(k − 1, ∆u(k − 1))−
T

∑
k=1

1
p(k)

|u(k)|p(k)
)δ

≤ R2

δ

[
C1

p−
T+1

∑
k=1

|∆u(k − 1)|p(k−1) +

(
2T
p−

+ 2C1
√

T + 1
)
∥u∥p+

]δ

≤ R2

δ

[
(T + 1)C1 +

(
2T
p−

+
2p+C1(T + 1)

p−
+ 2C1

√
T + 1

)
∥u∥p+

]δ

.

According to (21), we have

min{F(k, u),−|G(k, u)|} ≥ a1(k)|u|r(k) + b1(k).

Therefore,

−λ
T

∑
k=1

Ψ(k, u) ≤ −λ
T

∑
k=1

F(k, u)− µ
T

∑
k=1

G(k, u)

≤ −(λ + µ)
T

∑
k=1

[
a1(k)|u|r(k) + b1(k)

]
≤ −(λ + µ)

(
a−1 T

2−r−
2 ∥u∥r− + b−1 T

)
.

From [13], there exists a positive constant C5 > 0 such that J(u) ≤ C5∥u∥δp+ . Then, we obtain

ΓT(u) ≤ R2

δ

[
(T + 1)C1 +

(
2T
p−

+
2p+(T + 1)

p−
+ 2C1

√
T + 1

)
∥u∥p+

]δ

− (λ + µ)
(

a−1 T
2−r−

2 ∥u∥r− + b−1 T
)
+ C5∥u∥δp+ .

We use the convexity of the functional x 7→ xδ, to obtain

ΓT(u) ≤ R2

δ

(
1
2δ

)[
((T + 1)C1)

δ +

(
2T
p−

+
2p+(T + 1)

p−
+ 2C1

√
T + 1

)δ

∥u∥δp+
]

− (λ + µ)
(

a−1 T
2−r−

2 ∥u∥r− + b−1 T
)
+ C5∥u∥δp+ , (25)

since r− > δp+, then ΓT is anti-coercive on HT.

Lemma 5.3. Suppose that (8)− (14) and (21) are satisfied with r− = δp+. Then, there exists λ0 > 0
such that for any λ > λ0, the functional ΓT is anti-coercive on HT.

Proof. By reasoning as in the proof of Lemma 5.2, using inequality (25) we obtain

ΓT(u) ≤
[

C5 +
R2

δ

(
1
2δ

)(
2T
p−

+
2p+(T + 1)

p−
+ 2C1

√
T + 1

)δ

− (λ + µ)a−1 T
2−r−

2

]
∥u∥δp+

+
R2

δ

(
C1(T + 1)

2

)δ

− (λ + µ)b−1 T.
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We choose

λ0 =
T

r−−2
2

a−1

C5 +
R2

δ

(
1
2δ

)(
2T
p−

+
2p+(T + 1)

p−
+ 2C1

√
T + 1

)δ
 ,

to get that ΓT is anti-coercive on HT for any λ ∈ (λ0, ∞).

Note that for any p+ ≥ 1, the functional ∥.∥p+ : Zb −→ R defined by

∥u∥p+ :=

(
T+1

∑
k=1

|∆u(k − 1)|p+
) 1

p+

is a norm on Zb, while it is obviously not a norm on HT. As all norms in Zb are equivalent then,

there exists a constant C′′ > 0 small enough with
C′′

T
<

p+

p−
such that

T+1

∑
k=1

|∆u(k − 1)|p+ ≥ C′′∥u∥p+ , for all u ∈ Zb. (26)

We can state the first main result of this section.

Theorem 5.4. Suppose that (8)− (14) and (H1)− (H3) are satisfied with
r− > δp+. Then, for all λ > 0, the problem (1) has at least three T-periodic solutions such that at least
two of which are non-trivial.

Proof. According to (H2) and inequality (t2) of assumption (H3), there exists
τ ∈ (0, η0) ∩ (0, 1) such that

min{F(k, u), G(k, u)} ≤ ϱ|u|r− for |u| ≤ τ, (27)

with ϱ a positive number. If u ∈ Zb with ∥u∥ ≤ τ, then |u(k)| ≤ τ for all k ∈ Z.
From (10) and (14), one has

M̂

(
I(u)

)
≥ R1

δ

(
T+1

∑
k=1

A(k − 1, ∆u(k − 1))−
T

∑
k=1

1
p(k)

|u(k)|p(k)
)δ

≥ R1

δ

(
T+1

∑
k=1

|∆u(k − 1)|p(k−1)

p(k − 1)
−

T

∑
k=1

1
p(k)

|u(k)|p(k)
)δ

. (28)

For all k ∈ Z, we have |u(k)|p(k) ≤ |u(k)|p+ + |u(k)|p− . From inequality (a1) of Lemma (4.2),
we obtain

T

∑
k=1

|u(k)|p+ ≤ T∥u∥p+ and
T

∑
k=1

|u(k)|p− ≤ T∥u∥p− , ∀u ∈ Zb. (29)

Then, according to (26) and (29), it follows that

M̂

(
I(u)

)
≥ R1

δ

(
1

p+
T+1

∑
k=1

|∆u(k − 1)|p+ − 2T
p−

∥u∥p−
)δ

(30)

M̂

(
I(u)

)
≥ R1

δ

(
C′′

p+

)δ

∥u∥δp+
(

1 − 2Tp+∥u∥p−

p−C′′∥u∥p+

)δ

(31)

M̂

(
I(u)

)
≥ R1

δ

(
C′′

p+

)δ

∥u∥δp+
(

1 − 2Tp+

p−C′′ ∥u∥p−−p+
)δ

. (32)
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As ∥u∥ ≤ τ < 1, then 1 − 2Tp+

p−C′′ ∥u∥p−−p+ < −1. Thus,

(
1 − 2Tp+

p−C′′ ∥u∥p−−p+
)δ

> 1. (33)

Therefore,

M̂

(
I(u)

)
≥ R1

δ

(
C′′

p+

)δ

∥u∥δp+ . (34)

Using (22), one has

−λ
T

∑
k=1

Ψ(k, u) ≥ −(λ + µ)ϱ
T

∑
k=1

|u(k)|r− .

Since J(u) ≥ 0, we deduce that

ΓT(u) ≥
R1

δ

(
C′′

p+

)δ

∥u∥δp+ − (λ + µ)ϱ
T

∑
k=1

|u(k)|r−

≥ R1

δ

(
C′′

p+

)δ

∥u∥r− − (λ + µ)ϱT∥u∥r−

≥ ∥u∥r−
(

R1

δ

(
C′′

p+

)δ

− (λ + µ)ϱT

)
.

Taking ϱ ≤

R1

δ

(
C′′

p+

)δ

(λ + µ)T
, we obtain ΓT(u) ≥ 0. Thus,

ΓT(u) ≥ ΓT(0) for all u ∈ Zb with ∥u∥ ≤ τ.

Hence, we get condition (2.1.2) of Theorem 2.2.
To show condition (2.1.1), note that for all u ∈ Wb, u(k) = u(k − 1), ∀k ∈ Z. Using (8) with

F, G ∈ S , one obtains

ΓT(u) = −λ
T

∑
k=1

F(k, u(k))− µ
T

∑
k=1

G(k, u(k)) + J(u),

for all u ∈ Wb, ∀b ∈ R. If u ∈ Wb with ∥u∥ ≤ τ, then |u(k)| ≤ τ for all k ∈ Z. By (s2), (H1) and
as J is bounded from below, it follows that

ΓT(u) ≤ ΓT(0) for all u ∈ Wb, with ∥u∥ ≤ τ, where b ∈ R.

To get (2.1.3), let ΥT = −ΓT(u). From (5.2), we deduce that ΥT satisfies the Palais-Smale (PS)
condition. In addition, ΥT is coercive and bounded from below, then it admits a minimizer. We
use (t3) to obtain

inf
u∈HT

ΥT(u) = inf
u∈HT

(−ΓT(u)) = − sup
u∈HT

ΓT(u) < 0.

From theorems 2.2 and 2.4, we deduce that ΓT has at least three critical points such that at
least two of them are non-zero critical points. By Lemma 4.5, the critical points are non-trivial
T-periodic solutions of problem (1.1).



38 | Electron. J. Appl. Math. 2024, Vol. 2, No. 4

Remark 5.5. In the special case r− = δp+. Arguing again as above, but taking into account
Lemma 5.3 and the proof of Theorem 5.4, we can show that for

every λ ∈

T
r−−2

2

a−1

C5 +
R2

δ

(
1
2δ

)(
2T
p−

+
2p+(T + 1)

p−
+ 2C1

√
T + 1

)δ
 , ∞

, the same con-

clusion still holds without any additional assumption. Hence, the problem (1) has at least three
T-periodic solutions, at least two of which are non-trivial.

6 Existence of multiple solutions by three critical points theorem

In this section, we apply the Theorem 3.3, to investigate the existence of multiple solution of
problem (1).

Let functionals φ, υ : HT −→ R be defined by

φ(u) := M̂

(
T+1

∑
k=1

A(k − 1, ∆u(k − 1))−
T

∑
k=1

1
p(k)

|u(k)|p(k)
)

and υ(u) := −
T

∑
k=1

Ψ(k, u(k)),

where Ψ(k, u) = F(k, u) +
µ

λ
G(k, u).

Recall that ΓT(u) = φ̃(u) + λυ(u) where φ̃ = φ(u) + J(u).
Assume that

(E1) : There exists a constant C ∈ R such that

max{F(k, u), G(k, u)} ≤ C for all (k, u) ∈ Z × R.

(E2) : There exist numbers σ1, σ2, σ3 > 0, σ3 > σ2 > σ1 such that for all k ∈ Z :
(E

′
2) : max{F(k, u), G(k, u)} > 0 with 0 < |u| ≤ σ1,

(E
′′
2) : min{F(k, u), G(k, u)} < 0 with σ2 ≤ |u| ≤ σ3.

In the sequel we will consider the problem (1) on Zb.

Remark 6.1. The functional φ̃ is not coercive on HT, but it is coercive on Zb, for b ∈ R. Indeed,
given a sequence {un}n∈N ⊂ Wb, we see that

φ̃(un) = M̂

(
T+1

∑
k=1

A(k − 1, ∆un(k − 1))−
T

∑
k=1

1
p(k)

|un(k)|p(k)
)
+ j(u(0), u(T + 1))

= M̂

(
T+1

∑
k=1

A(k − 1, 0)−
T

∑
k=1

1
p(k)

|b|p(k)
)
+ J(u)

= M̂

(
−

T

∑
k=1

1
p(k)

|b|p(k)
)
+ J(u).

Letting b −→ ∞, we obtain that φ̃ is not coercive on HT.
Let us take u ∈ Zb with ∥u∥ > 1, we have

M̂

(
I(u)

)
≥ R1

δ

(
C′′

p+

)δ

∥u∥δp+
(

1 − 2Tp+

p−C′′

)δ

. (35)

Then, φ̃ is coercive on Zb.

Theorem 6.2. Suppose that (8)− (14) and (E1)− (E2) are satisfied. Then, there exists λ∗ > 0 such
that problem (1.1) has at least three solutions in Zb, at least two of which are necessarily non-zero.
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Proof. Based on results above, φ̃ is coercive on Zb and it is of class C1.

Recall that υ(u) := −
T

∑
k=1

Ψ(k, u(k)). From (E1), we deduce that

υ(u) ≥ −TC
(

1 +
µ

λ

)
> −∞. (36)

Then, υ is bounded from below.
Using (E′′

2), we obtain
−Ψ(u) < 0.

Then, for all u ∈ Zb (b ∈ R) such that σ2 ≤ |u(k)| ≤ σ3 for all k ∈ Z, we deduce that there
exists u ∈ Zb such that υ(u) < 0. From Weierstrass theorem, we obtain

inf
u∈Zb

υ(u) < 0.

Using (11), (E
′
2) and since φ̃ is continuous, coercive, convex, non-negative and φ̃(0) = 0, we get

that there are s, r > 0, such that υ(u) > 0 for r ≤ φ̃(u) ≤ s (see [14, 15]). Hence, (d2) follows.
Since F, G ∈ S , we use inequality (E

′′
2) to obtain

inf
r≤φ̃(u)≤s

υ(u) > υ(0) = 0.

Thus, we get (d3).
Using the relation between critical points of ΓT and problem (1), we deduce by Theorem 3.3

that there exists λ∗ > 0 such that problem (1) has at least three solutions in Zb, at least two of
which are necessarily non-zero.

7 Conclusion

In this work, one has studied some discrete inclusions problems involving the p(k)−Laplacian
operator of Kirchhoff type subjected to potential boundary conditions. One has proved the
existence of multiple solutions by using a three critical points theorem using a variational
approach.
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