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Abstract

In this paper, we introduce the notions of left rank-preserving and right rank-preserving matrices, and
establish three equivalent conditions of a left rank-preserving complex matrix. Furthermore, we obtain a
kind of classification for all m x n left rank-preserving complex matrices if m < 3 orn < 3.
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1 Introduction

Matrix preserver problems mainly concern the characterization of maps that preserve specific
invariants (e.g. rank functions, matrix relations, subset structures, etc.) between distinct matrix
spaces Vi and V; (e.g. see [1, 2, 3,4, 5, 6, 7,12, 24]). Given its broad practical applications in
fields such as differential equations, system control, quantum mechanics, and mathematical
statistics, this problem has emerged as a prominent research topic in matrix theory. In 1897,
Frobenius [8] characterized linear transformations preserving the determinant. Since that time,
much research has been published on linear preserver problems. See [9, 10, 11, 13, 14, 15, 16, 17,
18,19, 20, 21, 22, 23] for an excellent survey.

Let My, (IF) denote the set of all m x n matrices over the algebraically closed field IF, and let
rank(A) denote the rank of A. Define the maps Ly : My, ,(F) — M, ,(IF) and Rg : M, ,(F) —
M,,m(F) by

Lg(A) =ATA, Rpg(A) = AAT forall A € M,,,(F),

where AT denotes the transposed matrix of A. The map Lg : My, ,(F) — M,,,(F) is left
rank-preserving if rank(Lg(A)) = rank(A), i.e., rank(AT A) = rank(A), so, the matrix A is
also called left rank-preserving matrix over field F. And the map Rg : My, n(IF) — My, (F) is
right rank-preserving if rank(Rp(A)) = rank(A), i.e., rank(AAT) = rank(A), so, the matrix A
is also called right rank-preserving matrix over field IF. A matrix A over a field FF is called rank-
preserving if it is both left rank-preserving and right rank-preserving. When the field F is the real
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field R, it is evident that the maps Lg : My, ,(R) — M, ,(R) and RR : My n(R) = My,m(R)
are left rank-preserving and right rank-preserving, respectively, namely, (e.g. see [25])

rank(A' A) = rank(A) = rank(AA") forall A € M,,,(R).

While the field F is the complex field C, this assertion is not true. For example, let A =
C _11) , we have Lc(A) = AT A is zero matrix 05,. Obviously, we have rank(AT A) = 0, but
rank(A) =1 # 0. Hence, a quite relevant question arises: for any complex matrix A € M, ,(C),
what is the condition that satisfies the following equation

rank(A'A) = rank(A)?

After searching the literature, we found no references to this issue. The main purpose of
this article is to discuss the map Lg rank-preserving problem. In this paper, we obtain three
equivalent conditions of a left rank-preserving complex matrix. Moreover, we give a kind of
classification for all m x n left rank-preserving complex matrices if m < 3 orn < 3.

The paper is organized as follows. Section 2 gives a brief preliminary discussion. In section
3, we obtain three equivalent conditions of a left rank-preserving complex matrix and a kind
of classification for all m x n left rank-preserving complex matrices if m < 3 or n < 3. Some
remarks and comments are also given in this section.

2 Preliminaries

Given an m X n matrix A = (ai]-)mxn with entries ajj, a minor of A is the determinant of
a smaller matrix formed from its entries by selecting only some of the rows and columns.
Let K = {ki,ko--- ,kp} and L = {l;,I,--- ,1,} be subsets of {1,2,---,m} and {1,2,--- ,n},
respectively. The indices are chosen such thatk; <k, <--- <kpandl; <l <--- <I,. The
p-th order minor defined by K and L is the following determinant

Ayly  Agl, 0 O,

A ki ko oo kp ) _ ol Akl ~ 0 Okl
Lo b - L, ) : : - :

yly  Akyly =7 Akl

If p exceeds either m or n, then the minor is automatically zero. When p = m = n, the minor is
simply the determinant of the matrix. If K = L, then the minor is called principal.

Lemma 2.1. (Cauchy-Binet formula) (eg. see [25]) Let A be an m X n matrix and B an n X m matrix.
Then the determinant of their product C = BA can be written as a sum of products of minors of A and

B:
| = Z B<12n>A<111122 zn).

1<iy <ip<-+<im<n koo e
Basically, the sum is over the maximal (n-th order) minors of A and B. If n > m, then neither A nor
B have minors of rank n, so |C| = 0. If m = n, this formula reduces to the usual multiplicativity of
determinants |C| = |AB| = | A||B].
1 2 - n

Suppose B = AT, then the determinant B < .

> is the transposed deter-
11 Ip -+ 1y

. i iy e : . .
minant of A ( 11 22 o ;ll ) . Since every determinant must be equal to its transposed
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determinant, and if n < m, we have
2
1 2 ...
IATA| = Y (A(, : n))
1<ki<ko<---<kyp<n 11 1p -+ 1y

Remark 2.2. For any complex matrix A € M, ,(IF), it holds over C that A is left rank-preserving
if and only if its transpose A" is right rank-preserving. The introductory example in this article
demonstrates the existence of complex matrices that are not left rank-preserving. Interestingly,
a matrix that is left rank-preserving over C need not be right rank-preserving over C, and
conversely, a right rank-preserving matrix may fail to be left rank-preserving. For instance,
there exists a matrix A = (1, i) that is left rank-preserving but not right rank-preserving;

conversely, another matrix B = < 1 > may be right rank-preserving without being left rank-

preserving.

3 Left rank-preserving complex matrices

In this section, we obtain three equivalent conditions of a left rank-preserving complex matrix
and give a kind of classification for all m x n left rank-preserving complex matrices if m < 3 or
n < 3.

For simplicity, let

LAnn={A € M, (C): rank(ATA) = rank(A) }

and
RAmn=1{A € My,(C): rank(AA") = rank(A) }.

Theorem 3.1. Let A be an m X n nonzero matrix of rank r over the field C. Then, A is left rank-
preserving if and only if there exists a submatrix Ay fromed by selecting r columns from A, such that
|A] A1| #0.

Proof. Since rank(A) = r > 0, we show that there are an inverse matrix P € M, ,(C) and a
matrix Ay € M, ,(C), such that

AP = (A4, 0), and rank(A;) = 7.

Obviously, P is also invertible, and

PT(ATA)P = (AP)T(AP) = (A01T> (A1, 0) = (AlTOAl g) . 1)
Moreover, we have
rank(AP) = rank(A), and rank(PTATAP) = rank(A ' A).
On the other hand, from AP = (A1, 0) and Eq.(1), it is easy to see that
rank(AP) = rank(A;), and rank(P' AT AP) = rank(A] A;).
Then we get rank(A) = rank(A;) and rank(A" A) = rank(A; A;). Therefore,
rank(A' A) = rank(A) < rank(A{ A;) = rank(A4;).

Note that AlTAl is a square matrix of order r, and the matrix A; has full column rank, i.e.,
rank(A;) = r. Then we get

rank(A] A1) = rank(A;) < |A] Aq| #0.
The proof of Theorem 3.1 is completed. O
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Base on Theorem 3.1, we show that
rank(AT A) = rank(A) < |A{ Aq| #0.

Let A = (a;;), and let A; be the submatrix formed by the ji-th, j>-th, ..., j,-th columns of A.
Then

111]'1 az]'l R am]-] alh 121]'2 ce al]-r
611]'2 El2]‘2 A amjz lejl az]‘2 .. El2]‘
AIAl = . . . . . . . ' ’
aljr a2j, e le]‘r lejl amjz e [’ijr
namely
m 5 m m
Z Ellh 2 (11']'1{11']'2 e 2 al'jllll']‘r
=1 i=1 i=1
m m m
2
):az--Zaz--] Zﬂ" ):az--Zai-
Ala == B SR =
m ‘ m m 5
Z aijyaz-jl 2 az-]»raz-jz . Z Eli]-r
i=1 i=1 i=1

Thus, when r = 1, we get
T 2 2 2
‘Al Al’ = 111]'1 +a2]'1 —+ .. +am]‘1-

And when r = 2, we obtain

/ . 2 u 2 - 2
|ATA| = (Z”zj&) (E”liz) - (Zaihai]é) :
i=1 i=1 i=1
From theorem 3.1, we get the following Proposition.

Proposition 3.2. Let A = (a;;) be an m x n matrix over the complex field C.

(1) Let A bean m x n matrix with rank(A) = 1. Then A is left rank-preserving if and only if there
exists a column index j (1 < j < n) such that the squared norm of the j-th column is non-zero, i.e.,

(2) Let A be an m x n matrix with rank(A) = 2. Then A is left rank-preserving if and only if there
exist two distinct column indices j; and j, (1 < j1, jo < n) such that the corresponding columns of A
satisfy the following equation:

2
<;a12]1> (;a12]2> - (;aihaiﬁ) # 0.

Let A; be an m x (m — 1) column full-rank matrix over the complex field. Then there exist
m — 1 row vectors in A; that are linearly independent, while the remaining 1 row vector is a
linear combination of these m — 1 row vectors. Let a1, ao, ..., &;; denote the set of row vectors
of A;. Without loss of generality, assume the first m — 1 row vectors are linearly independent.
Then there exist m — 1 complex numbers ki, ko, ..., ky—1 such that

Wy = ki +kooy + - -+ k10,1 (2)
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Suppose «; = (ap, aip, ..., Aim—1), i = 1,2, ..., m, and let My be the minor of order m — 1
formed by the first r rows of A1, then

a1 a1 ... A1m-1
az axp ... A2m-1
My = ; . ) # 0.
An-11 Am—-12 -+ Am—-1m-1

Let M; (fori =1,2,...,m — 1) be the minor of order m — 1 formed by deleting the i-th row of
A; and retaining the remaining m — 1 rows, i.e.,

a11 ap ... A1 m-1
a1 azp ... A2m-1
Ml‘: ai_11 ai—12 .. Aji—1 m—1 ,iZl,Z,...,ﬂ’l—l.
Aiy11 3412 -+ Ai4l m—1
Am1 Am2 -« Amm-1

From Eq.(2), apply elementary row operations to the matrix

a1 az ... A2 m-1

az1 asz2 ... 43 m—1
1= . . . . ’

Aml Am2 -+« Am m—1

i.e., subtract k; 1 times the i-th row from the last row of My (fori = 1,2,...,m — 1). The
resulting determinant has every element in its last row equal to k; times the corresponding
elements of the first row of A;. Factor out the common factor kj, then successively swap the
last row with the row above it until it reaches the first position. This row swapping process is
performed m — 2 times, ultimately yielding the determinant My, we have

My = (—1)""%k; M.
Similarly, we obtain
M, = (=1)"3kyMy, M3 = (=1)"*k3My, ..., My_1 = (=1)°k,,_1 M.
According to the lemma 2.1, we have

|A] Ayl = MG+ Mi+ M3+ + M,

m—17s

and
A A= 1+ +K3+---+K,_ ) M2

Notice that My # 0, then we have
|A{ A1l #0 & 1+ +k+- - +K3_1 #0.

Let A be an m x m matrix of full rank, then both A; and AlT are invertible. Since the
product of invertible matrices remains invertible, the matrix A; A; is consequently invertible
with |A A1| # 0. By Theorem 3.1, we obtain the following result.
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Proposition 3.3. Let A = (a;j) be an m x n matrix over C.

(1) Suppose A is an m X n matrix where m — 1 of its row vectors ay, ..., &y, —1 are linearly independent,
and the remaining one row vector can be expressed as mil kio; with coefficients ky,. .., kyy—1. Then A
is left rank-preserving if and only if .

1+k+k5+- +k5 #0.
(2) If A has full row rank (rank(A) = m), then it is left rank-preserving.

By applying Proposition 3.2 and Proposition 3.3, we can establish a kind of classification
of all m x n left rank-preserving complex matrices when either m < 3 or n < 3. In fact, when
m=1:

e If A is the zero matrix, it is trivially left rank-preserving.
* Otherwise, A has full row rank. By Proposition 3.3, such matrices are also left rank-
preserving.

When n = 1, Proposition 3.2 implies that a left rank-preserving matrix A must be either:
e The m x 1 zero matrix O,,«1, or

m
* Anon-zero m x 1 vector (aj,a,- -+ ,a,) " satisfying ¥ |a;|> # 0.
i=1

This characterization directly yields the following corollary.

Corollary 3.4. (1) Every 1 x n complex matrix with full row rank is left rank-preserving, i.e, LA, , =
Ml,n (C )

(2) The set of m x 1 left rank-preserving complex matrices can be divided into two types, one kind is
a zero matrix Omx1, another kind is the form such as the complex matrices (a1, az, . . ., am)T, where
a?+a3+ -+ a3 # 0, namely,

ﬁAmJ = Om><1 U {(al, ar,..., Hm)T € Mm,l(C) :tl% +IZ%+ cee +ll%1 7& 0}

A similar discussion leads to the following four corollaries.

Corollary 3.5. The set of 2 x n left rank-preserving complex matrices can be divided into four types,
they are

(1) 2 x n zero matrix Oyyn;

(2) N1:{<0 0 0) eMz,n(C):a?+ﬂ%+"'+”%7£0}"

a az ... A4y

ka; kar ... ka,
(4) N3 ={A € M,(C): rank(A) = 2}, namely:

,CAz,n = Osxn UNl UNz UN3.

(3) Nz:{<”1 f - ””)eMz,n(C):1+k27é0, a§+a§+---+aﬁ7éo};

Corollary 3.6. The set of m x 2 left rank-preserving complex matrices can be divided into four types,
they are

(1) m x 2 zero matrix Omx2;
0 ay

0 a 2, 2 2
(2) My = . € Myp(C):aj+as+---+a;, #05;

0 ay


https://ejamjournal.com/

Study of Left Rank-Preserving Complex Matrices Zehui Zhao | 57

ai klll

an k&lz
3) My= o € Mup(C): 1+k*#0,a2+a5+---+a2, #£0 p;

am kapy
a; b

b
(4) Mz = a:z :2 € Miup(C) s (T0ya?) (X0 b2) — (20 aiby)* # 0 p, namely:

am by
»C.Am,z = Omx2 U MU Mo U Ms.

Corollary 3.7. The set of 3 x n left rank-preserving complex matrices can be divided into four types,
they are
(1) 3 x n zero matrix Ozxn;

00...0
(2) 731{(0 0 ... 0) EMa,n(C):a%+a%—|—---+a%;&0};

a dy ... dy

0 0 ... 0
(3) Pr= ar @y ... a4y | € M3u(C): 1+K#0,a7+ a3+ +a; #0p;
kay kar ... ka,

a ar ... dy
(4) P; = kay kpay ... ka, | € M3,(C) : 1+k2—|—127é0,a%—|—a%—|—---—|—a%7€0 ;
la1 lzaz llln
aq bl
00...0 i by
(5) Py = ai ay ... ay | € M3, (C) : rank | . | =25
by by ... by -
Am b
a1 bl
a dz ... 0y ap b2
(6) Ps= kai kay ... kay | € M3,(C): 1+k*#0, rank | | =25
by by ... by, Co
am b
( ay b
a a» an by
(7) Pe= by by b, € M3, (C): 1+ k> +12#0, rank
kai +1by kap, +1by ... ka, +1b,
A b

(8) P;={A e Ms,(C): rank(A) = 3}, namely:

j=7
£A3,n - O3><Il U U P].
j=1

Corollary 3.8. The set of m x 3 left rank-preserving complex matrices can be divided into four types,
they are

(1) 3 x n zero matrix Omx3;
00 a1
00 [75)

(2) Q1 = € Mys(C):a?+a3+--+a2#05;

00 ay
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0 a1 kay
0 a ka; 2 2. 2 2
(3) Q= S € Mys(C): 1+k*#0,a1+a5+---+a; #0p;
0 a, ka,
aq k&ll lll1
an kaz laz
(4 Q5= S € Mys(C): 1+k2+12#0,a7+a3+---+a2, #0y;
Am kay lay
([0 a1 by a by
0 ay by ap by
(5) Q4= o € My3(C) : rank | . . =25;
0 am by Am b
ay kay by a b
a, ka, b a b
(6) Qs = .2 ,2 ,2 € My3(C): 1+Kk> #0, rank .2 _2 =23;
ay by kay +1b a b
ay by kap, +1b a b
(7) Q¢ = .2 .2 ? . > le My 3(C) : 1+ k2 +1%2 #0, rank _2 _2 —2\.
am by kay, + 1y Ay by

(8) Q7 ={A € Myu3(C): |ATA| # 0}, namely:

=7
EAm,B = Om><3 U U Qj-
j=1

Next, we extend the discussion to left rank-preserving complex m x n matrices A where the
rank » = rank(A) satisfies neither r < 2norr > m — 1.

Let A; be an m x r complex matrix with r < m. By the Cauchy-Binet formula 2.1, the
determinant |A{ A;| equals the sum of squares of all r x r minors of A; (over (") possible
choices). This result, combined with the framework established in Theorem 3.1, yields the
following theorem.

Theorem 3.9. Let A be a non-zero m x n matrix over the complex field C with rank(A) = r. Then A
is left rank-preserving if and only if there exists an m X r column submatrix Ay (formed by selecting r
columns of A) such that the sum of squares of all r x r minors of Ay is non-vanishing, i.e.,

Y. [BF#0,

BeM,(Ay)
where M, (Ay) denotes the set of all ¥ x r submatrices of A;.

The smaller matrix A; in the above theorem has full column rank, which implies that it
contains at least one non-zero r X ¥ minor. Let a1, a», ..., &, be the row vectors of A;. Without
loss of generality, we may assume that the first » row vectors of A; are linearly independent. For
every «;, there are r complex numbers t;1, tj, ..., t;, such that a; = tjja; + tppao + - - - + ta,.
In particular, when i < r, we have t;; = J;; (j=1,2,...,r), where ¢ is the Kronecker function.

Thus the r-subdeterminant M, ; ;, . :y, which consisting of the i;-th, ip-th, ..., i,-th rows of Ay,
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can be expressed as

tinar +tipao+ -+ bty

M _ ti,1 1 + tiy 062.+ SRR o A 2

r{i1, iz, ... ir }

tiqor +tipap+ -+t

Letwa; = (a1, app, ..., a;;), i =1,2, ..., m. Then the above formula can be rewritten as

ti11 ti12 . tilr ail a1 ... a1y

tiy1 tiyp oo iy a1 4z ... Ay
Moy =1 . . . . .

ti,l ti,2 cee ti,r ar1 ar2 ... Gy

According to the multiplication theorem of the determinant, we obtain

ti1 tip .. i | |11 12 .. a1y
Meiis iy, iy = ti.21 ti.zz ti.zr a.21 a.zz a.zr 3)
ti1 tin ... tiy || @1 @2 ... Gpp
Note that the first 7 row vectors of A are linearly independent, we have M,(; , . # 0.
According to lemma 2.1, we have
|A] Aq] = Y M iy
1<ii<ip<---<iy<m
Let
tin tio .. by
Dj iy .0, = ti.ﬂ ti.zz ti.zr p 4)
tin tio ... i,

Then formula (3) becomes M, y;, i, iy = Diy i, i, My(1,2,.., - Hence,

|A1TA1| = M${1,2,...,r} Z Dizl/iZ/-wir'

1<ii<ip<---<iy<m

From M,y 5,..,,3 # 0,and the above equation, we have

Al A #£0 & Y Di,  #0.

1<ii<ip<-+-<iy<m

Now, we consider the r determinant D i, of the form (4). Let

i, i, ..,
fn tiz ...ty 1,1 B2 ooe by
T_ t2‘1 f%z t%r and T; — tri2,1 tr—&-.2,2 tr—&-‘Z,r
tr;ll f;;ﬁ tr;w tml w2 oo b

Obviously, every r x r minor of T is a determinant of the form (4), and vice versa. It is easy
to see that T is an (m — r) X r submatrix formed by the last m — r rows of T. Note that when
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i <r,wehavet;=¢;(j=1,2,..., ). By considering the submatrix formed by the first r rows
of T, which is the identity matrix I,, we obtain

Dio...,= L =1

Secondly, suppose the 7 x r minor D;, ;, .. ; of T contains some rows from the first » rows of T
(e.g., the s-th row) and some from the last m — r rows. We demonstrate that when expanding
this minor along the s selected rows from the first » rows via Laplace expansion, its value
becomes A or —A, where A is an (r — s)-minor of T;. Conversely, for any k-minor A of T; with

k < r, there exists an r-minor D;, ;, . ; of T such that

D = EA.

ilri2,~--/ir

The specific construction method is as follows: select the rows of A in T as the last k rows of
D;, i,,...i,, and choose r — k rows from the first r rows of T as the first r — k rows of D;, ;, . ;.
This ensures that the columns of T corresponding to A and the selected r — k rows intersect at
entries that do not contain the value 1.

The above analysis shows that, excluding the r X ¥ minor D; 5 _,, every r X r minor of T
coincides with the absolute value of some k x k minor of T; for 1 < k < r. Conversely, every
k x k minor of T1 (where 1 < k < r) corresponds to an r x r minor of T through this relationship.
Now, let S denote the sum of squares of all k x k minors of T; for each kin 1 < k <, then

2 _
). Diiy,.iy =145,
1<ii<ip<---<iy<m

hence,
Z = Dizl,iz,...,i, #0 & S# -1

1<i1<ip<---<ip <m

From theorem 3.1, we get the next theorem.

Theorem 3.10. Let A be an m x n nonzero complex matrix of rank r over the field C. Suppose the row
vectors wj,, &j, . . ., &;, are linearly independent in A. Let Ty be an (m — r) X r nonzero complex matrix
of rank r over C, whose m — r rows correspond to the coefficients in the linear combinations expressing
the remaining m — r row vectors of A in terms of these r linearly independent rows. Then, A is left
rank-preserving if and only if the sum of the squares of all k x k minors of Ty (for 1 < k < r) is not equal
to —1.

Finally, we briefly introduce the properties of right rank-preserving matrices. Let B = AT,
then each column of B corresponds to a row of A, and vice versa. Note that B'B=AA".Inthe
above discussion, we need to interchange rows with columns, columns with rows, and replace
right multiplications with left multiplications.
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