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Abstract

This paper studies the global attractors of 2D Navier-Stokes equations with delay defined in unbounded
Channel-like domains. We establish the uniform tail-ends estimates of the solutions by establishing all
the solutions are uniformly small for overcome the non-compactness of the solutions.
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1 Introduction
This paper considers the delay 2D Navier-Stokes equations defined on O = R x (0, d):

up—Au+au+ (u-Viu=g(u)+Vp+ f(x), diou=0,
u(t,x) =0, t>0,x €90,

u(0,x) =up(x), x€ O,

u(x,t)=¢(t—1,x), te(t—hr1),xe0,

)

where u and p are the velocity and the pressure of the fluid, « > 0, f € Lz(O) is given, gisa
Lipschitz nonlinear function with delay, » > 0 is constants,

u(0) =u(t+0), voe (—r0). ()

When g(u;) = 0, then (2) is the standard Navier-Stokes equations. When (2) does not
contain the delay term, Wang has investigated the existence of the global attractors of the 2D
Navier-Stokes equations on the Channel-like unbounded domains in [1]. Caraballo has studied
the attractors of 2D Navier-Stokes equations with delay on bounded domains in reference [2],
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and then proved the existence of pull-back attractors for non-autonomous 2D Navier-Stokes
equations with delay on unbounded domains. This paper mainly studied the asymptotic
compactness of the solutions of (2) defined in unbounded Channel-like domains O. It is well
known that such compactness is crucial for understanding the long term asymptotic behavior
of the solutions, including the existence, stability and convergence of the global attractors.
In bounded domains, the asymptotic compactness of Navier-Stokes equations follows the
compactness of the standard Sobolev embeddings (see reference[3]). In unbounded domains,
the main difficulty is non-compactness of Sobolev embeddings.

In fact, we can be overcome difficulty by Rosa’s idea of the Ball energy equations proposed
(in reference [4],[5]), which is the only method to establish asymptotic compactness of the
Navier-Stokes equations solutions when O is unbounded in the phase space L?(0O,R?) (see
references [6] - [11]. In order to overcome the non-compactness of Sobolev embeddings in
unbounded domains, we used uniform tail-ends estimates methods for the solutions is proposed
in reference[12] to proved the asymptotic compactness of the solution to the reaction-diffusion
equations on IR"(see references [13],[14]).

In this paper, we will derive the uniform tail-ends estimates of solutions of the 2D Navier-
Stokes equations under the suppose conditions p = 0 and divu = 0. To that end, we will employ
the scalar stream function for the Navier-Stokes equations (see [6],[13]), and first derive the
uniform tail-ends estimates of the stream functions (see lemma3.1 and lemma3.2). Based on the
uniform tail-ends estimates, we immediately obtain the asymptotic compactness of solutions of
(2) defined in O (see lemma3.1) and hence the existence of global attractors in H (see lemma3.2).

This paper is organized as following, we will review some basic concepts and results in
Section 2. In Section 3, we will discuss the uniform estimates of the solutions in H and V.
At last,we will devoted to the uniform tail-ends estimates of solutions of (2) as well as the
asymptotic compactness and the existence of global attractors in H.

In the sequel, we will denote the norm and the inner product of the L2(O,R?) by || -
|| and (-, -). The norm of V is defined by ||u||v = ||Vu|| for u € V. The duality between V and
V* is written as (-, -). we will denote the norm and the inner product of the Cy = (—r,0; H) by

(,)cy and || - [[c-

2 Preliminaries

In this section, we recall some basic results and knowledges.
We first give the Poincare inequality: there exists A > 0 such that

IVul> > Allull?, Vu € Hy(O,R?). (©)
Letu,v,w € V , we denoted
2 90
_ g
b(u,v,w) = i};/oulaxiw]dx. (4)

Then we have for all u,v,w € V,
b(u,v,w) = —b(u,w,v), b(u,v,v) =0
and
b, 0,w)| < lul[s0) Vol lwllrso) < cllullviivllviwlv, ®)

for every ¢ > 0. By(4), we define a bilinear operator B : V x V — V* given by, for every
u,v,w eV,

(B(u,v), w(=b(u,v,w),
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which along with (5) implies that for all u,v € V,

[B(w,0)[lv+ < cllullv|lo]lv. (6)
For u € VN H?(O,R?), we also have
1 1
[B(u, u) || < clluf|2[[Vull[|Au]2. 7)
We suppose
& =A— L.

We will make appropriate suppose for the delay term. Let ¢ : (—7,0; H) — L?*(O,R?) satisfy
the following conditions: (1) g(0) = 0; (2) there exists Ly > 0, such that vV ¢, € (—7,0; H)

18(6) —g(m)| < Lgllg —7llc,- (8)

where HuHCH = SuP—rgsgo ‘u<t +5s, x)’

3 Uniform estimates of solutions
In this section, we will derive the uniform estimates of solutions of (2) in H and V.
Lemma 3.1. If (2.6) holds, then for every ug € H, the solution u of (2) satisfies for all t > 0,
t
u(t)]|? +2/ e [lu(s)|[Fds < e |uo|* + Cy,
0
and forall t > r >0,
t
2 [ @26 fu(s)|[Fds < o2 g 2+ Cu(1+ £ =),

where Cy > 0 is a number depending only on A, Ly and f, but not on t, r or uy.

Proof. Fort >0,

d
O + 2] Vu@®) |2 + 2allu()|* = 2(g(w), u(t)) + 2(f, u(t)). ©)
By (8) we have
2(g(ue), u(t)) < 2lg(ur)|u(t)] < Lglluellg,, + [lull*. (10)
By Young’s inequality we have
2(f,u(t)) < [IFI7+ [Ju)| (11)
By (3) and (9)-(11), we have for t > 0,
d
O + 2] Vu(@) |2 + 2allu()|* < 2[|u() [ + Lellur|* + [L£] (12)
Solve (12) to obtain for all ¢t > 0,
t t
IIM(t)HZJr2/0 PO Tu(s)|Pds < e(’2“+2)t|\uoll2+/0 P2y o,y ds + 72| £
(13)
Integrating (12) on (r,t) with 0 < r < t, by (13) we have
t
Z/r IV u(s)|Pds < [[u(r) >+ I F1*(t = r) < P72 ug||* + 2| £II* + >[I f*( = ).
(14)
Then (13) and (14) conclude the proof. O
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Next, we prove the uniform estimates of the solutions in V for ¢t > 0 with initial data in H.

Lemma 3.2. If (8) holds, then for every uy € H, the solutions u of (2) satisfies forall t > 1,

t+1 t+1
IVu()P+ [ au(s) Pds+ [ lou(s) s < o
t

where Cy > 0 is a number depending only on A, Ly and ug, but not on t.

Proof. By a limiting process, we will derive the uniform estimates. We have for t > 0,

%Ilw(rf)ll2 +2[Au(b)[|? + 2| Vu(t)[|* =2(B(u(t), u(t)), Au(t))

—2(g(ue(t)), Au(t)) = 2(f, Au(t)).  (15)
For the first term on the right-hand said of (15) we have

2(B(u(t), u(t)), du(t)) < [lullpsor) [ Vitll so,me) | A
1 3 1
<crflull2|Vul[|Aulz < LlAul® + cal|uf* [ Vul?, (16)
where ¢; > 0 depends only on O. By (8) and Young’s inequality, we have
1
—2(g(wi(t)),0u(t)) — 2(f, du(t)) < L[| Aul|* + 8| f]]* + 8LE |t 2, (17)
It follows from (15)-(17) that for t > 0,
d 3
FIVu®I + Slau®)]* < eallul*|Vae | + 8] £ + 8LE fluel|*. (18)
By Lemma 3.1 we get that for all t > 0,
) t+1 )
@ P+ [ Iu(s)l3ds < cs,
where c3 > 0 depends on A, Lg, f and ug, which implies that for all t > 0,
41 t+1
[ IvuEPds < e, [ u()PIVu(E)|Pds < &,
t t

and by Gronwall Lemma we get for all t > 1,
IVu(t)|* < ca, (19)

where ¢4 > 0 depends on A, L, f and ug. Integrate (18) on (t,t 4+ 1) to get
t+1
[ lauts)Pds < s,
t

where c5 > 0 depends on A, Lg, f and ug. This (7) and (19) are proved. O

From Lemma 3.2, we have that the following uniform estimates for large time are also
proved.

Lemma 3.3. For every R > 0, there exists To = To(R) > 0 such that for all t > Ty and uy € H with
lluo|| < R, the solutions u of (2) satisfies

t+1 t+1
VeI + [ Iau) s+ [ () < G,

where M3 > 0 is a number depending only on A, Ly and f, but not on t or uy.
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4 Uniform tail-end estimates

In this section, we will prove the uniform estimates on the tail of the solutions of (2), which
will be used to prove the asymptotic compactness of the solutions and the existence of global
attractors in H.

Let ¢ : R — R be a smooth function such that 0 < ¢ <1 and

P(s) = 0,15 < 5 p(s) =1,1s| < 1.

2
Note that there exists C > 0 such that |¢/(s)| + |¢"'(s)| < C forall s € R. Given k € N and

x = (x1,x2) € O, let ¢y (x) = p(2).
We first give the following inequalities.

Lemma 4.1. ()Ifu € H'(O), then
Cy
eVl = [V (prae) I < == [luell.
(i)lfu € H?(O), then
C
[l pedull = |A(peu) I < fH”HHl(@)o

(iii)If u € H}(O), then
1 C
|6V ull = A2l — =7 Jul.

(iv)lfu € H*(O) N H{(O), then

G

1
Ipedsull = A2 [|gVull = —=[lullr (o),

where C4 > 0 is a number independent of k and u.
Proof. (i) Note that V(1) = uVer + ¢V,
c
lpeVull = IV (pa)l[] < leVu = Vigru)|| = Vel < Llull,

where ¢ > 0 is a number independent of k and u.
(ii) Suppose A(¢pxu) = u(Adx) + Pp(Au) + 2V ey - Vu such that

[ (Au) = Alru) | < u(A) | +2[[ Ve - V| < %(HMH + [ Vul]).

(iif) Since ||V (¢xu) || > A2 | geull, by (1) we get [|gVul| > A2||geu] — ]|l
(iv) Note that

IV () |2 = (V(ae), V(ute)) = —(A(gte), prtt)
< || A () || ael| < A2 (| A (gre) ||V (pias) |

and ||V (¢eu)|| < A~2||A(¢gu) . By (i) and (ii) we have
c _1 C
eVl < 119 (@) | + Zllull < A2 A ()| + 7 ul

_1 c3 C2 1 C4
< A2 (llprdull + =l o)) + L llull < A2 [[gedu]| + 2l o),
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which shows that : oo
A eVl < | geduf| + A2 [l o)

as proved.
Next, we give a scalar stream function for (2). Given u = (u1,up) € Vand x = (x1,x2) € O,
define

(x1,%2)
i(x) =u(xy,x) = /( 1) ’ —updxy + urdxo. (20)
0,0

Since # = 1 on 00 and div(u#) = 0 in O, integral (20) is independent of the path of the
integration. Therefore, we get

Ox, il = —Up, Ox,il = Uj, (21)
and
illpo =0, Vii|so =0. (22)
Let £ be the curl operator given by
Tu = Oy, 1 — Oy U, Yo = (11, Up). (23)
First applying (21), and then (23), we get from (2) the following equation for i
ANl = A’ — aATT + B(iT, it) + 3(us) + f, (24)
where
§(u)) = T(g(ur)), F=Tf, B(@,0) = s, (3, 1)AR) — s, (3, 1)ARD).

For convenience, for every k € IN, denote Oy = (—k, k) x (0,d). By using equation (24) for
the stream function, we can prove the uniform estimates on the tail of the solutions of (2) on
O\ Oy as below. O

Lemma 4.2. For every uy € H and ¢ > 0, there exists K = IC(A, L, f, ug,€) > 1 such that the
solution u of (2) satisfies, forall t > 1 and k > K,

t,x)|Pdx < e.
Jo o It < ¢

Proof. We derive the uniform estimates, but all calculations can be justified by a limiting
process. By (24) we get

— (9T, @70) = — (A0, 9F7) — a (AT, ¢F7) — (B(@, i), $77) — (8 (ur), 970) — (f, 97@).  (25)
For the left-hand side of (25) we have
— (9, ¢Fil) = ;;t / PF| Vii|*dx + / (Vily, Vg7 tidx
> o5 [ apivarax— L vaal, (26)

where ¢; > 0is independent of k. For the first term on the right-hand side of (25) we obtain

— (&%, ¢F0) = — | Ai(gEAT+ (AgF)i +2VgF - ViT)dx

< —lgram]| + ki\!u!!\!Au!! + IHWHIIAMH- (27)
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By Lemma 4.1 we find that there exists c3 > 0 independent of k such that
1 ~ ~ €3~
A e Vitl] < ligedtt]| + 22l o)

and hence by Young’s inequality we have

~ ~ 2c3 i~ 2
Mg Vidl]* < || i) + ~ lgebilll[itl o + k%HuHHlo

~ ~ (4 — )03 C% ~(12
< || peait]|* + i* + 5=l o) + 21 in o)
4A R 4Ac3
= o g+ 23 i,
we have
. 1 . (4N — a)c3
2 2y 3
—llpeal|” < (g —A)ll¢x V] TH 310y (28)
By (27) and (28) we have
PP 1 ~ Cappn~
— (A%, gtt) < (== )¢ Va]* + Lllad]?, (29)
where c4 > 0 is independent of k.
For the second term on the right-hand side of (25) we obtain
—a (AL, QP10 = zx/ (Vi - Vi) iidx + oc/ 7| Vu|*dx
@] o
c A~ (]~
< [ gIvufax-+ £l al. (30)

For the second term on the right-hand side of (25), by the divergence formula we obtain

~(B(w, ), 070) = — [ (AT)(00,7) (0n, D)
< Zlaa||lls(0) I3zl 13(0)

3 ~ ~
fllul\ IVl < 2 (llam))? + (Vi) (31)

<7
k
where ¢; > 0 is independent of k.

Suppose g(u;) = (g1(ut), §2(ut)) and f = (f1, f2). Then for the last two terms on the
right-hand side of (25), by (8), (21) we have

~ (@), 930) — (F,930) = [ (=ga(un),1(u)) - V(gimax + [ (~fo, 1) - V(GFD)d
< Jo A g(uley + s+ [ aldsCu)|+ ATl
<L [ gRIVaR,dx+ [ GVl s+ [ [al(L VAl + |F])|Vyldx

1 . 1 c .
< (Lot g0) ORIV, dx+ o [ I Pax+ LAV + A1),
(32)

where cg > 0 is independent of k. which along with (25)-(32) we have

d . N c - . ~
EH%WHZ +al| g Vit]* < f(HWtH%H + | Val|® + |7l + I £117) + collgefII?,  (33)
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where c9 > 0 is independent of k. By (21) and (33) we have

d c
i el + el * < %(HWII%:H + {lull® + 20 Vul* + [ £117) + collgpief 1% (34)
Solve (34) on (1, ) for t > 1 to have

i (£)[1* < €1 e (1)]2
C9

t
5, OO (lur(s) I3, + lu() 1 +21|Vu(s) |I* + [ £II*)ds + coa @I, (35)

For the first term on the right-hand side of (35), we have for t > 1,

0 lgen(1)]| < (L, x)Pdx =0, k= co. (36)

/{(Xllxz)GOZME%k}

For the second term on the right-hand side of (35), by Lemma 3.1 and Lemma 3.2 we have for
t>1,

co [t s
2 [ s 2, + 1)1 + 20V u(s)2+ 1£12)
< D er+ I [ e s [ ()2, as

2
Zlew+ £+ ?(/1 e Juy(s) |8, ds + - + /M e [l (5) 12, ds)

| /\

c c o [?
< Len+IFN)+ LD [ ()2, ds+ -

w0 [T R, s+ [ T, b

Cl1 | Cll, a(2-t) a([-t)y « G1 | C1 a([f—t)yoc0 —aj
< C < :
_k+k( + ot )_k+ke Z2or
< C;(l C}1{1 (1—e 04)—1 » 0, k — oo, (37)

where c1; > 0 depends on A, L, f and ug, but not on k.
Since f € H, for the last term on the right-hand side of (35), we have

con cha’l/ x)[Pdx — 0, k — oo. 38
oa” || f " = co ()0 5163 |f(x)] (38)

It follows from (34)-(38) that for every ¢ > 0, there exists K = K(A, L, f, uo, €) > 1, such that for
allt >land k > K,

u(t, x)2dx < ||oeu(D)|? <e,
/{(x1/x2)601|x1|2k}‘ ( )‘ ||(Pk ()”

are proved. O

Next, we consider an improvement of Lemma4.3 for the tail-ends estimates of the solutions
which are uniform with respect to bounded initial data in H.

Lemma 4.3. For every R > 0 and ¢ > O, there exists Ty = Ti(A,Lg, f,R,e) > 0and K =
K(A,Lg, f,e) > 1, such that if ug € H with |lug|| < R, then the solution u of (1.1) satisfies, for

allt > Tyand k > K,
u(t,x 2dx < e.
/(D\Ok’( )’ B
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Proof. Letuy € H with ||up|| < R. Then by Lemma 3.3 we have that there exists Ty = To(R) > 0
such that for all t > T,

t+1
IVuP+ [ Jam(s)|Pds < €, 39)

where C; > 0 depends only on A, Lg and f, but not on ug or R.
Solve (34) on (T, t) for t > Tj to obtain

Ieee(u)|[* < e 07| gy (To) |
+ % /T: e ([lur($) I, + lu)I® +2)Vuls) |2 + I £I*)ds + con™ || grf 1% (40)
For the first term on the right-hand side of (40), by Lemma 3.1 we have for t > Ty,
T gran(To) |2 < e~ Ju(Tp) |2 < 0= (722 R 4 ),

where C; > 0 depends only on A, Lg and f, but not on g or R, for every ¢ > 0, there exists
Ty = Ti(A, Lg, f, R, €) > Ty such that for all t > Ty,

078 || g (To) |I* < . (41)

NN

For the second term on the light-hand side of (40), by (39) we have for t > Ty,

c ! a(S—
z . e (ur(s) Iz, + ()1 + 21 Vau(s) 2 + [1£11%)
0

< 2+ P [ o) s
<+ 1t To t(s)llcy,

(¢] t
Ll W OTX S WO D

Cy CGC (G
< =
ST T Tk
where C3 > 0 depends only on A, Lg and f, but not on k, ug or R.
By(39)-(42) and (38), we have that there exists K = K(A, Lg,€) > 1 such that forall t > Ty

and k > IC,

1—e*)1 =0, k— oo, (42)

ut/x 2dx< ut 2<8.
/{(xl,xZ)GO:|x1|2k}‘ ( )‘ = ||(Pk ()H >

By a consequence of Lemma4.3, we have the asymptotic compactness of the solutions in
H. O

Lemma 4.4. Under condition (2.6), if {10, }5°_; is bounded in H and t,, — oo, then {S(t, )t} q is
precompact in H.
Proof. Since {ug,}$_; is bounded in H, by Lemma4.3 we have that for every ¢ > 0, there exist
N; = Ni(e) > 1and K = K(e) > 1 such that forall n > Ny,
€
15 (tn)ttonll20000) < 7 (4.23)

By Lemma3.3 we have that there exists N = Na(e) > Np such that {S(t.)uou},_y, is
bounded in V. Then by the compactness of the embedding H'(Ox) < L?(Ok) we infer
that {S(t,)uo,,}5_; has a finite cover of radius % in L2(Ok), which along with (42) implies that
{S(tn)uon}s  has a finite cover of radius ¢ in H.

From Lemma3.3 and 4.4, the existence of global attractors of (2) follows. O

Theorem 4.5. If (8) holds true, then system (2) has a unique global attractors in H.
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5 Conclusion

We establish the uniform estimates of 2D Navier-Stokes equation of the solution in H and v
to obtain uniform estimates of the solution. We proved the asymptotic compactness and the
existence of global attractors in H by the uniform tail-end estimate.

6 Declarations
Funding
This work is supported by the Innovation Projects of Qinghai Minzu University (No.07M2024007)

Competing Interests

Not applicable

Ethical Approval
Not applicable.

Authors’s Contributions

Conceptualization, Y. Bai; methodology, Y. Bai and X. Yao; investigation, Y. Bai;writing-original
draft preparation, Y. Bai; writing-review and editing, X. Yao.

Availability Data and Materials

Not applicable.

Acknowledgements

Not applicable.

References

[1] Wang B. Uniform tail-ends estimates of the Navier-Stokes equations on unbounded channel-like domains. Proceedings
of the American Mathematical Society, 151(2003),no. 11, pp.4841-4853.DOI org/10.1090/ proc/16539.

[2] Caraballo T, Kukaszewioz G, Real J. Pullback attractors for non-autonomous 2D-Navier-Stokes equations in some un-
bounded domains. Comptes Rendus Mathematique, 342(2006),no. 4, pp. 263-268. DOI 10.1016/j.crma.2005.12.015.

[3] Temam R, Author, Chorin A ,et al.Navier Stokes Equations: Theory and Numerical Analysis. Journal of Applied
Mechanics, 456(1984),no. 2, pp. 65-77. DOI 10.1115/1.3424338.

[4] Rosa R. The global attractor for the 2D Navier-Stokes flow on some unbounded domains. Nonlinear Analy-
sis,32(1998),n0. 1,pp.71-85, DOI 10.1016 /S0362-546X(97)00453-7.

[5] Ball, John. Global attractors for damped semilinear wave equations. Discrete and Continuous Dynamical Systems,
2003,DOI 10.3934/DCDS.2004.10.31.

[6] Zdzisaw Brzeniak, Li Y. Asymptotic compactness and absorbing sets for 2D stochastic Navier-Stokes equations on
some unbounded domains. Transactions of the American Mathematical Society, 385(2006),no. 12,pp.5587-5629,DOI
10.2307/20161558.

[7] Caraballo T, Lukaszewicz G, Real J.Pullback attractors for non-autonomous 2D-Navier—Stokes equations in some
unbounded domains.Comptes Rendus Mathematique, 342(2006),no. 4,pp.263-268,DOI 10.1016/j.crma.2005.12.015.

[8] LUkaszewicz G, Sadowski W. Uniform attractor for 2D magneto-micropolar fluid flow in some unbounded do-
mains.Zeitschrift fiir angewandte Mathematik und Physik ZAMP, 55(2004),no.2,pp.247-257,D0I 10.1007 /s00033-
003-1127-7.

[9] Moise I, Rosa R, Wang X. Attractors for noncompact non-autonomous systems via energy equations. Discrete Contin.
Dyn Syst. 10(2004),no.2,pp.247-257,DOI 10.3934 / dcds.2004.10.473.

[10] Pedro Marin-Rubio, José Real.Attractors for 2D-Navier—Stokes equations with delays on some unbounded domains.
Nonlinear Analysis, 67(2007),no. 10,pp.2784-2799,DOI 10.1016/j.na.2006.09.035.


https://ejamjournal.com/

Asymptotic Behavior for Delay 2D Navier-Stokes . .. Yang Bai and Xiaobin Yao | 73

[11] Wang B. Periodic random attractors for stochastic Navier-Stokes equations on unbounded domains. Electronic Journal
of Differential Equations, 2012(2012),no. 59,DOI 10.1016/j.jmaa.2011.11.022.

[12] Wang B. Attractors for reaction-diffusion equations in unbounded domains. Physica D Nonlinear Phenom-
ena,128(1999),no. 1,pp.41-52,D0I 10.1016/50167-2789(98)00304-2.

[13] Bates P W, Lu K, Wang B. Random attractors for stochastic reaction—diffusion equations on unbounded domains.
Journal of Differential Equations, 246(2009),no. 2,pp. 845-869, DOI 10.1016/j.jde.2008.05.017.

[14] Wang X, Lu K, Wang B. Wong—Zakai approximations and attractors for stochastic reaction—diffusion equations on
unbounded domains. Journal of Differential Equations, 2017:50022039617304850.DOI 10.1016/j.jde.2017.09.006.



	Introduction
	Preliminaries
	Uniform estimates of solutions
	Uniform tail-end estimates
	Conclusion
	Declarations

