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Abstract
This study explores the existence of solutions to the following Kirchhoff-type problem

—(a+0b [gs |[VulPdx) Au+ V(x)u = f(x,u), inR3,
LS,

where a and b are postive constants, and the potential V (x) is continuous and indefinite in sign. With
suitable assumptions on V(x) and f, we establish the existence of solutions using the Symmetric
Mountain Pass Theorem.
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1 Introduction and main result

This study explores the existence of solutions to the following Kirchhoff-type problem

{ —(a+Db [ |Vul’dx) Au+ V(x)u = f(x,u), inRR,
u € HY(R%),

where a and b are postive constants, and the potential V(x) is continuous and indefinite in
sign. The nonlinear term [, |Vu|*dx appears in (1), which implies that (1) is not a pointwise
identity. This has resulted in certain mathematical challenges, rendering this research especially
intriguing. (1) possesses a fascinating physical background. When V(x) = 0, and a bounded
domain O C RV is substituted R®, then we obtain the following nonlocal Kirchhoff-type
problem

)

—(a+0b [o|Vul?dx) Au = f(x,u), inQ, 2
u=20, on 0Q).
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The problem (2) is regard to the stationary analogue of the equation

U — (a + b/Q \Vu|2dx> Au = f(x,u), 3)

which was presented by Kirchhoff in [1], and (3) extends the classical D’ Alembert wave equation,
applied to the free vibration of elastic strings. Since Lions introduced an abstract framework for
problem (3) in [2], it has garnered increasing attention. For the background on the physics and
mathematics of this problem, see [3,4,5].

In recent years, there has been a great deal of researches on the Schrodinger-Kirchhoff
equations, numerous papers have made different assumptions about V(x) and f, refer to [6-23].
In [6-15], the potential V(x) is assumed to be positive definite. In [6], Wu used a Symmetric
Montain Theorem obtained nontrivial and high energy solutions for equations similar to (1)
in RN. In [12], by applying Ekeland’s variational principle and the Montain Pass Theorem,
Cheng obtained a large number of nontrivial solutions for the nonhomogeneous Schrodinger
Kirchhoff type problem in RN. The indefiniteness of the potential V(x) has been discussed in
[16-23]. In [18], Chen and Wu got a nontrivial solution and an unbounded sequence of solutions
for the problem (1) in RN via the Morse Theory and the Fountain Theorem. In [22], using the
Local Linking Theorem and Clark’s Theorem, Jiang and Liu obtained the existence of multiple
solutions for problem (1).

Set F(x,u) = [y f(x,s)ds, V*(x) = max {£V(x),0}, then V(x) = V*(x) — V" (x). Before
stating our main result, we make the following assumptions:

(V1) V(x) € C(R3% R), V(x) is bounded from below, and there is M > 0 such that the set

{x € R3|V*(x) < M} is nonempty and has finite measure.
(V2) There is a constant 1p > 1 such that

= (a IVul* + V+u2) dx
T = inf

> 1.
ueH! (R3)\{0} Jrs V- uldx =

(f1) f € CY(R? R), and there are constants g € (2,6) and ¢ > 0 such that
If(x,u)| <c(1+u)Th), V(xu)eR®xR.
(f2) f(x,u) =o(u)asu — 0uniformly in x € R3, and is 4-superlinear at infinity,

lim &;u) = +o00.
|u|—o0 u

(f3) There exist ap, by > 0and 0 € (0, 6,) such that

0<(4++)F(x,u)§uf(x,u), for x € R® and u # 0,
LZQ|M’ + by
where 6, := min {q’,5¢" — 6}, % + % =1.

(fa) ‘]}‘13100 |Sl‘13 W = 0 for every | > 0.
ul<
We are now prepared to present the main result of this paper:

Theorem 1.1. Under assumptions (V1), (Vz) and (f1)-(fa), if f(x, u) is odd in u, then problem (1)
has infinitely many solutions.
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2 Preliminaries

We work in the Hilbert space
E:= {u € H'(R?) : /RS VH(x) |uff dx < —1—00},
and define the inner product
(u,w) = /1R3 (aVuVw + V7 (x)uw) dx, Yu,w € E,

with the norm
lul = (u,u)*?, Vu €E.

The problem (1) possesses a variational structure, thus a weak solution to problem (1) is a
critical point of the following functional ¥ : E — R

1 2 2 b 2\
‘I’(u)—i/]R3 (a|Vul® +V(x)u )dx+1 </]R3]Vu| dx —/]R3F(x,u)dx. 4)
Then under assumptions (V4), (1) and (f2), the functional ¥ € C!(E,R) and for any u,w € E,
(¥ (u), w) :/ (aVuVw + V(x)uw) dx+b/ |Vu|2dx/ Vqudx—/ f(x, u)wdx. (5)
R3 R3 R3 R3

For any t € [2,6], since the continuous embedding E < L!(IR?®), there exists a constant
{t > 0 such that

\uly < C¢l|ul|, Yu € E. (6)
Forthermore, it follows from (V;) that

To -1
0

lul = [ (alVuP +V jul?) dx = 2 u]. )

We use the following Symmetric Mountain Pass Theorem to prove theorem 1.1.

Theorem 2.1. ([24]) Let X be an infinite dimensional Banach space, X = Y @ Z, where Y is finite
dimensional. If I € C'(X,R) satisfies (C).-condition for all c > 0, and

(i1) 1(0) =0,I(—u) = I(u), Vu € X;
(i) there exist constants o, p > 0, such that I|ap,nz > &;
(i3) for any finite dimensional subspace X C X, there is R = R(X) > 0, such that I(u) < 0 on

X \ B R,
then I possesses an unbounded sequence of critical values.

Definition 2.2. ([25]) Let E be a Banach space, and ® € C!(E, R). For given ¢ € R, a sequence
{u,} C Eis called a Cerami sequence of P at a level c (shortly, (C). sequence) if

D(un) = ¢, (1+ |Junl) || D" (un)|| — 0. 8)

We say that ® satisfies the Cerami condition at level ¢ (shortly, (C).-condition) if every (C).
sequence of ® contains a convergent subsequence. If ® satisfies (C).-condition for every ¢ € R,
then we say that @ satisfies the Cerami condition..
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3 Proof of main results

In this section, we will first prove that the functional ¥ satisfies (C).-condition, subsequently
show the Y satisfies (i) and (i3) of Theorem 2.1, and finally, demonstrate problem (1) has
infinitely many solutions.

Lemma 3.1. Suppose that (V1) and (f1)-(f3) are satisfied and ¢ € R. Then any (C). sequence of ¥ is
bounded.

Proof. From (f3), we know that

f(x,u) >0, Yu#0,x € R3.

1
uf(x,u)—4F(x,u) > u
flxw) () 4ag |u)® + 4by + 1

Let {u,} be a (C). sequence of ¥. Set Q) := {x € R¥: |u,(x)| < 1} and QF := R\ Q. Then
there exist two constants ¢y, ¢; > 0 such that

4ag |u,|® +4bp+1<1/cy, Vx € Q,

and
4ag |u,|® +4bo +1 < |un|® /c1, Vx € Q.
For large n, there exists M; > 0, such that
M] 2 4‘{](””) - <T/(un), un>

T —1
> B a4 [ Conf (3 100) = 4F (3, 0)) d

> [ Gl 00) — 4F () d ©)
>/ unf(xrun)

- 1R34a0\un]9+4b0+1
Zco/Q unf(x,un)dx—1—61/Q |un|_9unf(x,un)dx.

Note that @ < 59" — 6 by (f3). We have

l<£< 6 and L<L
g 59 " 6+6 2460 646
Then we can chose a constant s € (0, 1) such that
6 2 6
— s <5< — 1
max{sq,,2+0}_s_6+9 (10)

Letr:=s/(1—s) >0, then 1 + L =1. By (9) and the inverse Holder inequality we have
M; > co/Q unf (X, un)dx + 1 /Q |1t ™ i f (3, 100 )dx

n
> CO/QH Unf(x, )

1/s 1/(-r)
+c1 (/QC (u,,f(x,un))sdx> </QC |un\9rdx> (1)

1/s
" C n rtn sd
> CO/Q unf(x,un)dx+c1 (fnn (M f(x u )) x)

0
|u"|0r
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By (f1) and (f2) we have
Gl < (el D )] ) = e (uf (), ¥ Ju] > 1,

Fx ) < caful |f(x,u)| = cquf(x,u), ¥V |u| < 1.
Then by (11), we have
(s

n

1/9's
! 9 !
£, um“dx) < e |21, (12)

( /Q £ (x, w)ﬁdx)m < ce. (13)

Taking into account (10), we can easily detect that q's > 1, 0r € [2,6] and (g's)" € (2,6],
where (9's)’ = ¢'s/ (¢'s — 1). Consequently, by (12) and (13), for n large enough,

/]R3 (a|Vun|* + V(x)u2) dx = (¥’ (un),un) — b </1R3 \VunIde>2 + /]R3f(x,un)undx

<Nl + [ o)

) 1/2
<o+ (17 Pax)

(/.

n

, 1/4's
£ Gty )7 dx) ] gy

0/q
S"u”|‘+c6’un’2+c5‘un‘9r ’un’(qls)/

<7 ||l + cs [luul| [ual|®7,

where c7, cg > 0 are some constants.
Therefore by (7) and constants cg, c19 > 0, we have

J1aull < o+ cro a7
where 6 < g'. Then it is easy to verify that {u,} is bounded. O
Lemma 3.2. Suppose that (V1) and (f1)-(fa) are satisfied and ¢ € R. Then ¥ satisfies (C).-condition.

Proof. Let {u,} C E be any bounded (C), sequence of ¥. Then, passing to a subsequence, we
may assume that u,, — u in E.
Note that, by (5)

(Y (tn), i —uy = / a|Vu,)*+Vv* 2) dx — / (aVu,Vu+ V¥uuu) dx
/ V’uzdx—i—/ V- unudx—/ f(x,uy)(ty — u)dx.
+b/ ]Vun\zdx/ Vu,V(u, —u)dx
RR? R?
= (Up, Uy — U) —b/ |Vun]2dx/ Vu,V(u—u,)dx
R3 R3

— /]R3 V= uy (uy —u)dx — /Wf(x,un)(un — u)dx,
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we have
0 < lim sup (||u,1|y2 - ||u||2> = lim sup (14, 1y — 1)
n—00 n—o0
=lim sup [(‘I’/(un),un — u> + / V=uy, (uy, —u)dx (14)
n—r00 R3
2
+b/1R3 |V, dx/lR3 Vu,V(u—u,)dx + /]Rsf(x,un)(un — u)dx].

From (8)

(¥'(un),un —u) — 0, as n — oo. (15)

Moreover, through the boundedness of {u,} and u, — u in E, we have
b/ ]Vun|2dx/ Vu,V(u—u,)dx — 0, as n — oo. (16)
R3 RR3

According to the definition of V~(x) and (V}), there is V— € L®(IR?®). Furthermore, by (V) that
{V* = 0} has finite measure, that is to say meas {V~(x) > 0} < +oo0. Since u, — u in E, then
u, — uinL! _(R3),t € [2,6), we have

Vo uy(uy — u)dx < HV’HOO/ [ty |ty — u| dx
R3 W
1/2 17)

1/2
<V </ |un|2dx> </ |un—u|2dx> — 0, as n — oo.
W W
where W := suppV .

Next, lete > 0, for I > 1, by (f1) and Holder inequality that

/ fx,up)(uy —u)dx < 2clq_6/ \un\S |ty — | dx
[1n|>1 [un|>1

since ¢ < 6, we may fix [ as large enough, then

/u |>lf(x,un)(un —u)dx < g (18)

for all n. And, from (f4) there is L > 0 such that

f(x un)| _ €
X, ) (g — u)dx < |uy|, |uy, —u su <= (19)
I unlpn —uly swp LIS <
for all n. For ¢ > 0, according to (f1) and (f2), there is C, > 0 such that
f ()| < eful +Ce|ul”", (20)
and c
F ()| < g o @y
where 2 < g < 6. Since u, — u in L!(BL(0)) for t € [2,6), using (20) we have
/ f(x,uy) (1 — u)dx
|un|<1,|x|<L
<s+C/ |+ )T |y — u] dx
S(e+C) | <1, x| <L <’ nl + fu >‘ nu (22)

< (e+Ce) [unly [un —ulp2(p, (o)) + (64 Ce) |”n|Z_1 |tn = 1] a(p, (0))

IN

£
3
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for n large enough. Combining (18), (19), (22), since ¢ is arbitrary, we conclude that

]R3f(x, Uy)(uy —u)dx — 0, as n — oo. (23)

Therefore, by (14)-(17) and (23), we obtain ||u,| — ||u||. Thus, u, — uin E. O

Proof of Theorem 1.1
Let {e;} is a total orthonormal basis of E and define X; = Re;,

m (e}
Y, = @ilei, L = @I,:m_'_lxi, m e Z.
Proof. Obviously, ¥(0) = 0 and ¥ is even due to f is odd, we will verify that ¥ satisfies the

remain conditions of Theorem 2.1.
Firstly, we can check that ¥ satisfies (i2). By (7) and (21) with 0 < e < ©-1 we have

ZT()g%’
/ F(x,u)dx

F(u) >

T —

> Sl - 5y — 5 Jul
1 To — s q

= (% cz) o - Segy e
1T0 g q

- 4 T0 || ” ququ’ Vu e aBp/

where By = {u € E : |ju|| < p}. Hence,

1t—1 C
‘I’|aBmek > 1 OTO Pz - jCqu =a>0

for p small enough.

Secondly, we verify that ¥ satisfies (i3), for any finite dimensional subspace E C E, there
exists a positive integral number k such that E C Ej. Because all norms in finite-dimensional
spaces are equivalent, there exists a constant b; > 0 such that

lul, > by ||u||, Yu € E.

Based on (f1) and (f2), we deduce that for any M, > 4%, there exists a constant C(M;) > 0
1

such that
F(x,u) > My |u|* — C(My) |ul*, V(x,u) € R®xR.

Therefore
1
Yu) < 5 flu I+ 5 IIMH — My [uly + C(My) |uf;

1 2
< 5 lu I”+ - IIuH — Mob [[u]|* + C(M2)Z3 ||ul|

—_

b
5+ c<Mz>é%> a2 = (Mab} = ) ull*, Ve € E.

Hence, there exists a sufficiently large R = R(E) > 0 such that ¥ () < 0 holds on E \ Br.
Based on Lemmas 3.1 and 3.2, it follows that ¥ satisfies (C).-condition, according to Theorem
2.1, problem (1) has infinitely many solutions. O
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4 Conclusions

In this paper, we obtain the existence of solutions to a class of Kirchhoff-type equations with
indefinite potential. Due to the potential V(x) is continuous and indefinite in sign and the
appearance of nonlinear term [p, | Vu|?dx, which lead to two difficulties, namely, verifying
the linking constructure and the boundedness of Cerami sequence of ¥. In order to overcome
these difficulties, we utilize the methods of Chen [25] and Sun [26](They are different from
our research) to obtain the existance of infinitely many solutions to a class of Kirchhoff-type
equations.
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