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Abstract

The Caputo-Hadamard derivative was used to investigate the problem of functional recovery in this
study. This problem is ill-posed, we propose a novel Quasi-reversibility for reconstructing the sought
function and show that the regularization solution depends on space. After that, the convergence rates
are established under a priori and posterior choice rules of regularization parameters, respectively.
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1 Introduction

In last decades, fractional derivatives have been widely used in many scientific fields, such
as biology, physics, and chemistry [1,2, 3,4, 5,6,7,8,9, 10, 11]. In 1892, Hadamard proposed
another powerful and valuable essential differential [12]. In 2012, Jarad et al. proposed an-
other subsidiary, which was changed by Caputo subordinate and is called Caputo-Hadamard
subsidiary [13]. The presence and uniqueness of arrangement of C-H fragmentary differen-
tial condition are concentrated in [14]. In this work, we study the following problem with
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Caputo-Hadamard fractional derivative [1, 2] as follows:

cuDJ,0(x, 1) + (=0)0(x, 1) = S(x)Q(t), xeQte(dT],0<y<1,d>1,

6(x,d) = G(x), xeQ, 1)
0(x,t) =0, x € o)t e (dT],
0(x, 7) = H(x), x e,

where H is the terminal data, where 0 < Q1 < Q(#) < Qp,and CHDL is the Caputo-Hadamard
fractional derivative of the order 7 defined by [15]

1 t _
cuDy,0(x,t) = M/d (logt —logs) "66(x,s)ds,0 <y <1,

d
where § = ta, I'(x) is a Gamma function. In problem (1), the source term S(x) is unknown,

and the initial value G(x) is known. The final value 6(x, .7) = H(x) is the given data. This
paper uses the final value (x) to identify the source term S(x). Assume that the couple exact
data {G, 1} and the measurement data {G€, H¢} satisfy

1G° = Glo+ |H’ —H|2 < 6. 2)

where || - |2 is the L2(Q) norm, and € > 0 is the measurement error.

The inverse source problems have concerned many researchers during the past decade
years, these problems aim to identify a term in the right-hand side of parabolic equations from
some over-specific measurements that are known to be ill-posed, see in [16, 17, 18]. Regarding
the regularization methods used, we introduce some of the following methods : the logarithmic-
type regularization method [19], a quasi-boundary value method [20], the generalize Tikhonov
method [21], a fractional Tikhonov method [22], the exponential Tikhonov method [23], a finite
difference method [24]. However, the Quasi-reversibility method is the method we use in this
study, with the following ideas [25] and their references.

The paper is organized as follows. In Section 2, we introduce paramilitaries. In Section 3,
we show the mild solution of the problem (1), the condition of f is given by and Theorem 3.1.
Next, in Section 4, based on the quasi-reversibility Method, we show the convergent rate in two
cases: A priori parameter choice rule as posteriori parameter choice rule.

2 Preliminaries

We begin this section by introducing some notations and assumptions that are needed for our
analysis in the next sections.

Definition 2.1. [26] The Mittag-Leffler function is

00 k

4

E,p(z) = k;:) ki p) C eC,

where v > 0 and B € R are arbitrary constants.

Definition 2.2. The Hilbert scale space H°, (s > 0) defined by

H(Q) == {f € L*(Q): il)\ﬁ%f,cpnﬁ < oo}.
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Lemma 2.3. If A > O, then the following equation holds

Bkty—1 g\ dt kisP—r 1
lo (k)
A —slog & (]()g(t/d)) Eﬁ,y(j:)\(log(t/d)) ) ; (S,Bq:/\)kH,Re(S) > ’/\‘ﬁ/

m
where E/(st? (y) = ;;mE g,y (y). The Lemma 2.3 means that the Laplace transformation of
By —11(k) tvpy . KISPTT
(logc) EﬁW(iA(logc) )15 CENE

Lemma 2.4. For 0 < B <1,z > 0, we have 0 < Eg1(—z) < 1. Moreover, Eg1(—z) is completely
monotonic, that is,

1(—2z) >0,z > 0.

di’l
—1)"
(=1
Lemma 2.5. [15] For any A, that satisfies 0 < Ay < A,,, there is a positive number C that depends on
v,d, 7, and Ay such that

Qc _ 7 .
= < |7 (1og 7 1ogy)” "y (— Aa(log 7 — logy) ) 0(n) Y <
An d y

where C =1 —E,1(— M (log 7 —logd)”).

&
An’

3 The mild solution of problem

The solution of problem (1) is obtained by using the separated variable method as follows:

(o]

0t =3 (Eﬂ(—An<1ogt—1ogd>7><g,¢n>

n=1

t
_ d
+ [ (1ogt ~10gy)” 1EW(_An(logt_logy)*)g(y)yy) (S,0a)0n(x). ()
d

From (3), we know that

(0(.,t),¢u) = <E%1( — A (logt —logd)") (G, ¢u)

t
_ d
+/(10gff—logy)7 1Ew(—An(logf—logy)7)9<y)yy><5,4>n>-
d
Using the condition (6(-, 7), ¢n) = H(x), we receive

(H, ) = (00, 7),¢) = (G, ) (Ey (= An(log 7 ~logd)") )
T
+<8,<Pn>/(log=7—logy)71Em(—An(logf—logy)y)Q(wdyy- 4)
d

Through simple transformations for (4), we get

(S/@u) = (H,Pn) = (G, Pn)Eya (= An(log T —logd)T)

g -1
X (/(1089—10%)7_1%,7(—An(log(T/y))v)Q(y)d]Q - 5)
d
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To simplify the formula (5), we denote it

By (logt —logy) = ;(logt — logy)%lE,m< — )\n(logt — logy)v).
This leads to
((P,0) (G, 90) s (~ Ayl 7 o))

(S, pu) = > (6)
(df B (log 7 — logy)Q(y)dy>
From (6), it yields
_ 2 (P = (G (= Mullog 7 —logd)
. <af B (log 7 —logy)Q(y)dy)
Denote
(H,n) = (G, du)Ex1 (= Au(log 7 —logd)") = (£, du).
This implies that
-1
E (€ @n)n(x (/B 10g9—10gy)9(y>dy> : (7)

Defining operator K : § — ¢, then problem (1) can be write to the following operator equation:
IS (x) = ¢(x). Its singular value is

T
{on} oy /B (log 7 —logy) Q(y)dy.
d

When n — o0, A, — 00,0, 1 o0, so from formula (7), the small perturbation of ¢(x) will cause
a great change in the source term S(x). Hence, the inverse problem is ill-posed, see [27]. Next,
we give the conditional stability.

s SM, Q(t) € L%(d, T), for any t € [d, T], we have

HSHZ = (Qlc)SLMSLHEHSL/T > 0.
1

4 A Quasi-reversibility method and convergence rates

This section provides two convergence estimates under an a priori regularization parameter
choice rule and a posteriori regularization parameter choice rule, respectively, and suggests
a quasi-reversibility approach to solve issue (1). Let 6;(x, t) be the solution of the following
regularized problem

CHD;tG(;(x,t) + (—=A)0s(x, t) = Ss(x)Q(t) — B(ASs) (x)Q(t), xe€ O, te (d,T],d>1,

0s5(x,d) = Gs(x), xeQ,
05(x,t) =0, x €90, t € (d, 7],
0s5(x, 7) = Hs(x), xeq,

(8)
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where 0 < v < 1, and B > 0 is a regularization parameter. By the separation of variables,
thanks to the Laplace transform and inverse Laplace transform, showing the 65(x, t) as follows

[ee]

(05(-, 1), pn) = Y <E%1( — An(logt —logd)”){(Gs, ¢u)

n=1

+ (14 BAxn) d/ (logt — 1ogy)7flgw( — An(logt — logy)'Y) Q(y)dyy> (S5, ¢n)-

From the terminal data in (8), we get

(Mo, 9n) = Ex1(— Au(log 7 —logd)")(Gs, ¢u)

T
_ d
+ ((1+f5?\n)/(logf—logy)7 1Em(—An(logf—logy)v)Q(y)yy><85,4>n>-
d
This implies that
Hs, pn) — Eq1(— An(log T —logd)")(Gs, ¢n
(Ss,pn) = Jdul = Bl 1(Og et )
(1+61) [ (log 7 —1ogy)" " Eyy (— Au(log 7 —logy) ") Q(y)
which leads to

3(5,;;(36) _ i E<;-[5/ 47n> — E%l( - A” (log T - log d)’y) <g5’ 4)”> (Pn (x)/

) [ (log 7 —10gy)" 'y (= Au(log 7 —logy)") Q(y) Y

and
Spx) =Y ;Hz¢n> — Eya(— Au(log 7 —logd)") (G, n)

1+ BA) J (log 7 ~logy)"'Eyy (— Au(log 7 —logy) ") Q)Y

¢n(x). (11)

After that, two convergence estimates for ||S; 5 — S Hz by using an a priori and an a posteriori
choice rule.

5 Convergence estimate

5.1 An a priori regularization parameter choice rule

Theorem 5.1. Suppose the a priori condition in Theorem 3.1 and the noise assumption (2) hold, then
(P(D, 0,,C) +cl)Ms%usﬁ, 0<s<1,

- (P(D, Q1,C) + ;) Edet, s> 1.

Proof. By the triangle inequality, we know

1556 = Sll, < [[Sap = Spll, + 1155 = S|l (12)
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We first give an estimate for the first term. From (9), (10) and (11), we have

HSM _S5H2
_ H i (Hs —H, u) + Eq1( — An(log 7 —logd)7) (G — Gs, pu) 5 (x)H
- 4 _ "l
(14 B / (log 7 —logy) "' Eyy (— Au(log 7 —logy)") Q(y) ¥
(1+D) An 0 (1+D) Ay 5
< < - P(D, 94, 13
=000 M) S8 oc Wi S g PO 19
Now we estimate the second term in (12). By (10) and (11), we can deduce that
1S = Sl
_ H i": BAn  (Hs—H,¢n) +Ey1(— An(log T —logd)")(G — Gs, pn) p (x)H
— 1+ BAy 7 _ ! 2
. ndf(logﬁ—logW "Eyy(— Au(log 7 —logy)") Qy)
BAL=S CiMPBs, 0<s<1,
<M <
N 1T AN - |GaMB, s> 1.
Combining the above two inequalities, we obtain
) CiMpB, 0<s<1,
Ssp— S|, < =P(D,,C
H 5,6 H2—ﬁ ( Ql )+{C2Mﬁ, SZl
We choice B by
(%)% , 0<s<1
B= 521
() s=21,
then we have
P(D,21,C) + Ci)Ms1s51, 0<s <1,
HS5/13_SH2§ E ) 1.1
P(D,Q1,C)+C)EdsE, s>
The proof is completed. O

5.2 Convergence estimate under an a posteriori regularization parameter choice rule

We use the discrepancy principle in the following form:
Hﬁ(—A)(l — BA) T (KSsp—45) H2 = 16, (14)

where T > 1is a constant. According to the following lemma, we know there exists a unique
solution for (14) if ||¢s]|2 > ©é > 0.

Lemma 5.2. Set p(B) = ||B(—A)(1 —BA) ! (KSs5 —¢) H2 IfHE(;HZ > >0, then
e 0(B) is a continuous function;
* limg0p(B) = 0;
e limg 0 p(B) = || 4],
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* p(B) is a strictly increasing finction over (0, c0).

The proof is straightforward results by virtue of

_ = BAn ! 2%

Theorem 5.3. Suppose the a priori condition (3.1) and the noise assumption (2) hold, and there exists
T > 1+ D such that ||{s||, > T6 > 0. The regularization parameter p > 0 is chosen by discrepancy
principle (14). Then

HSM;—SHZ is of order 571,
Proof. * For0 <s <1, weget
IS5 =S|, < [|Ssp = Spll, + 1S5 = S,
From (14), there holds

= H Z <1+ﬁ/\ )2 ‘5’4’”>4’”(x)Hz

i<uw

>2 <€5 _£f¢n>‘l’n(x) 2+
%0 2
2 ()

T
X (/ (log 7 —logy)" 'Eyr (= An(log 7 —logy)”
d

<o(1+

SN—
SN—
©
=
S
N—
S

d
y )Am%& Pu)Pn(x)

2

<§(1—|—D)+Msup< AT )2
B nelN 1+.BA"

T
' (/(10g«7—108y)”_15w(—An(logf—logy)v)Q(y)dy%;S
d

y
BA N2
<é6(1+D)+M
<6(1+D)+ inlelﬂl\)l(l—i'ﬁ)‘n)
<5(14 D) + MQp .
This yields
1 1 ST MQy\
2
<= )
i< (=1=5) (55 ®
Substituting (15) into (18), we get
s MQy N+
“85”3—8’5“2 S 05+ (m) P(D, Ql,C) (16)

From (13), and the a prion bound condition in 3.1, we know

155 = S1l,
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- & S e,

o B df(logf—logy)“’1Em(—An(logf—logy)v)Q(y)dyy S/ BA, O\
= ,§1< 1_}_‘1/[/\” ) <1+,3/\n)
(S, n)pu(x)

7 S
(df (log 7 —1ogy)" " Evs (= Au(log 7 —logy) ") Q(y) %)

T

o B[ (log 7 —logy)" "By (— An(log 7 —logy)) Q)Y
<|x(—* . )

n=1 n
() (S, n)pn(x) &

1 Ay T - -

o (df(logﬂ—logy)”’ 1EAW(—/\n(logﬂ—logy)v)g(y)%o 2

> (B \T (S, () &

(df(logy—logy) E’Y'y( (10g9—logy) )Q(y)?> 2

0 ‘BAn 2

< 5 ()

7
X (/ (log 7 —logy)" "Eyy (— Au(log 7 —logy)") Q yy)<5 ) n (x)
d

i (S, ¢n)

T s
" (df (log 7 ~logy)" 'Ey; (~ Au(log 7 — logy)") Q») % )

< (15 () e rommio] + | () ool )

<5+1<1—|—D—|—T) T M S +1(Q1 );1 (17)

From (13), we have

>,

Hsé,ﬁ_SﬁHZ < =P(D, Q;,0C). (18)

|

Combining (17) and (16), we obtain

./\/;Qz )ﬁ

1S58 =S|, < (Sﬁ(T_ — 5 P(D, Q1,C) 4+ 6+1(1 +D+T)ﬁM”%(Qlc)i,
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e For s > 1, because H° is imbedded into L?(Q)), we can get the conclusion and this
completes the proof.
O

6 Conclusion

In this work, by using the Quasi Reversibility method, we evaluate the error between the exact
solution and the regularized solution and present the errors with the choice of the a priori and
a posteriori regularization parameters. In the future, we will conduct a survey of the source
function recovery problem and the initial value problem in the same model.
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