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Abstract

This research we examine a Kirchhoff type equation in R3 involving a potential that changes sign. By
imposing appropriate conditions on V and making spectral assumptions, we successfully establish the
existence of multiple solutions for this particular issue using variational methods.
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1 Introduction and main result

This study focuses on the existence of multiple solutions for the following equation of Kirchhoff
type.

−
(

a + b
∫

R3
|∇u|2 dx

)
∆u + V(x)u = Q(x)g(x, u), in R3. (1)

where a > 0, b ≥ 0 are constants.
The Kirchhoff equation has a strong physical background and the following equation is

obtained when studying changes in elastic chord length

ρ
∂2u
∂t2 −

(
P0

h
+

E
2L

∫ L

0

∣∣∣∣∂u
∂x

∣∣∣∣2 dx

)
∂2u
∂x2 = 0

first introduced by Kirchhoff [14]. This model is an extension of the classical d’Alembert wave
equation regarding the length variation of strings during vibration, where L represents the
chord length, h represents the cross-sectional area, E is the Young’s modulus of matter, ρ is
density, and P0 represents the initial tension. In addition, it has extensive applications in
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various fields such as cosmic physics, elasticity theory, and non Newtonian mechanics. For
more information on its physical background, we can refer to literature [4, 5, 6, 7]. Problem
(1) has attracted significant attention since Lions [15] introduced an abstract framework for it.
Moreover, in [13] Xu L, Li F, and Xie Q investigate the existence and multiplicity of normalized
solutions for the Kirchhoff equation with unknown parameters.

First, assuming that the functions Q(x) and V(x) meet the requirements:

(Q) inf
x∈R3

Q(x) = Q0 > 0, where Q0 is a positive constant, and there is a positive constant

0 < α ⩽ 1, such that sup
x∈R3

Q(x) ⩽ α.

(V1) V(x) ∈ Lq
loc(R

3) is real valued function, and denote that V− := −min {V, 0} ∈ L∞(R3) ∩
Lq(R3) where q ≥ 2.

From the condition (V1), it is known that the Schrödinger operator T := −a∆ + V is self-
adjoint and semi-bounded on L2(R3) (see [1, 12]). Denote the spectrum of T is σ(T), the the
essential spectrum of T is σess(T), and the pure point spectrum of T is σd(T). Moreover, we
make the following general spectrum assumption:

(V2) γ := inf σ(T), δ := inf σess(T), −∞ < γ < δ, and δ > 0.

(g1) g ∈ C(R3 × R), and
g(x, u)

u
is bounded on R3 × (R\ {0}).

(g2) g∗ := lim sup
|x|→+∞

sup
u ̸=0

g(x, u)
u

< δ.

Corresponding to (g2), we assume P is continuous, bounded and real-valued function,
define a set as follows:

Γ :=

{
P|P∗ := lim sup

|x|→+∞
P(x) < δ

}
. (2)

And suppose there exist P1(x), P2(x) ∈ Γ such that

(g3) g(x, u) = P1(x)u + o(|u|) with u → 0 uniformly in x ∈ R3,
(g4) g(x, u) = P2(x)u + Ru(x, u), with R(x, u) ≤ 0 for all (x, u), where R(x, u) =

∫ u
0 Ru(x, t)dt,

Function i(P) can be defined as the dimension of the negative eigenspace corresponding to
−a∆ + V − P. It is also noted that i(P) is nondecreasing with respect to P. The i(P) is called
the index of P and the nullity of P is the ν(P). Denote

ν(P) = ker(−a∆ + V − P).

We have obtained some characters with respect to P in the next Section. For more details about
this, it can refer to [1].

We have the following main results regarding the existence of a solution to this problem (1)

Theorem 1.1. Suppse that the equation satisfied (Q), (V1), (V2), and (g1)− (g4), we have a conclusion
that the problem (1) has at least i(P0) pairs of nontrivial solutions.

In studying periodic solutions of Hamiltonian systems, the index theory was widely applied
(see [2, 16, 17]). The theory of classification presented in this article exhibits a strong correlation
with the aforementioned indicator theory. Although our methods of constructing the classifi-
cation differ from those employed in the indicator theory, they are still technically distinct in.
[2, 16, 17]. The essential spectrum poses several additional challenging issues (see [1]) that need
to be addressed. .
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Let:

λn := inf
Yn

sup
u∈Yn\{0}

∫
R3
(a |∇u|2 + V(x)u2)dx∫

R3
u2dx

,

the family of n-dimensional subspace of C∞
0 (R3) denoted by Yn (see [18]). And

λ∞ = lim
n→∞

λn, and λ∞ = inf σess(T),

if λ∞ < +∞ and the inequality λn < λ∞ be satisfied, then λn ∈ σd(T). Thus, if λ∞ > 0,
obviously, T satisfies condition (V2).

When λk < 0 ⩽ λk+1 for some k, problem (1) has achieved some results for the existence of
solutions. In [9, 10, 11] the authors study the existence of multiple solutions by using variant
Clark’s Theorem, Three Critical Points Theorem and Clark’s Theorem. In this article, to deal
with the problem (1), we need to encounter various difficulties. On the one hand, due to
the indefinite of V(x) in sign, the functional I does not have mountain path geometry, then
the Mountain Pass Theorem can not be applied. On the other hand, under our assumptions,
the Sobolev embedding H1(R3) ↪→ L2(R3) is not compact, which is crucial in verifying the
Palais–Smale condition.

2 Preliminaries

Let Lp (R3) be the standard Lp space for 1 ≤ p < ∞ associated with the norm

|u|p =

(∫
R3

|u|p dx
)1/p

, u ∈ Lp (R3) ,

and let H1 (R3), D1,2(R3) be the usual Sobolev space with a norm

||u||H1(R3) =

(∫
R3

[
|∇u|2 + u2

]
dx
)1/2

, ||u||D1,2 =

(∫
R3

|∇u|2 dx
)1/2

.

Due to 0 is, at most, an eigenvalue with finite multiplicity, then it assume that 0 /∈ σ(T).
Furthermore, based on the spectral property (V2), we can induce an orthogonal decomposition
as follows

L2 = L− ⊕ L+, u = u− + u+,

such that T is negative definite on L− and positive definite on L+. The notation N = D(|T|1/2)
introduces a Hilbert space equipped with an inner product as follows, where |T| is the absolute
value of T.

(u, w) = (|T|1/2 u, |T|1/2 w)2,

and norm
||u||2 = (u, u).

Meanwhile, we can obtain the following orthogonal decomposition

N := N− ⊕N+,

where
N± = N ∩ L±.

The space N ↪→ H1(R3) is continuous embedding, and then, N ↪→ Lp(R3) is continuous
embedding for p ∈ [2, 6].
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It is easy to know that problem (1) has the energy functional

I(u) =
1
2

∣∣∣∣u+
∣∣∣∣2 − 1

2

∣∣∣∣u−∣∣∣∣2 + b
4

(∫
R3

|∇u|2 dx
)2

−
∫

R3
Q(x)G(x, u)dx, u ∈ N .

where

G(x, u) =
∫ u

0
g(x, s)ds.

I is of class C1 on N and the derivative function of I has the following form

(
I
′
(u), v

)
=
(
u+, w+

)
−
(
u−, w−)+ b

∫
R3

|∇u|2 dx
∫

R3
∇u · ∇vdx −

∫
R3

Q(x)g(x, u)vdx. (3)

Recall Γ defined in (2), we can define the following form of quadratic

qP(u, w) =
(u+, w+)− (u−, w−)− (Pu, w)2

2
, ∀u, w ∈ N .

Remark 2.1. In the reference [8], introducing an important concept–the PS-condition. If con-
dition I (un) → c and I

′
(un) → 0, as n → ∞ satisfied, we say that this sequence is a (PS)c

sequence. Moreover, if each such sequence contains a convergent subsequence, then we say
that the function I satisfies (PS)c condition. As an important theoretical support, this is crucial
for us to study the existence of solutions to the Kirchhoff equation. Meanwhile, (PS) conditions
play an important role in nonlinear analysis theory and are the core of the entire theoretical
analysis framework.

Theorem 2.2 ( [3]). Let I ∈ C1(N , R3) be an even functional on a Banach space N . Assume that
I(0) = 0 and I satisfies the (PS) condition. If

(I1) there exists a set N1 ⊂ N , dimN1 = k1, and ρ > 0 such that

sup
u∈N1

⋂
Sρ

I(u) < 0;

(I2) there exists a set N2 ⊂ N , codimN2 = k2 < k1 such that

inf
u∈N2

I(u) > −∞,

then I has at least k1 − k2 pairs of critical points with negative critical values.

3 Proof of main result

Lemma 3.1. Assume that (V1), (V2), (Q) and (g4) are satisfied. Then the functional I is coercive.

Proof. We adopt the method of proof by contradiction, we can choose {un} ⊂ N , and M > 0

such that I(un) ≤ M as ||un|| → +∞. Let vn =
un

||un||
, then ||vn|| = 1. From condition (Q) and

https://ejamjournal.com/
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(g4), there exists P∞ ∈ Γ such that

M

||un||2
≥ I(un)

||un||2

=

1
2
||u+

n ||
2 − 1

2
||u−

n ||
2
+

b
4

(∫
R3

|∇un|2 dx
)2

−
∫

R3
Q(x)G(x, un)dx

||un||2

=
1
2

∣∣∣∣v+n ∣∣∣∣2 − 1
2

∣∣∣∣v−n ∣∣∣∣2 − 1
2
(P∞vn, vn)2 −

∫
R3

Q(x)R(x, un)dx

||un||2

+

b
(∫

R3
|∇un|2 dx

)2

4 ||un||2

= qP∞(vn, vn)−

∫
R3

Q(x)R(x, un)dx

||un||2
+

b
(∫

R3
|∇un|2 dx

)2

4 ||un||2
.

It follows from R(x, un) ≤ 0, thus

o(1) ≥ qP∞(vn, vn).

Based on the definition of the set Γ and by using [3] Proposition 1 (iv), we can choose ε > 0
small enough such that P∞ + ε ∈ Γ and ν(P∞ + ε) = 0. Moreover, by calculating we have

qP∞+ε(vn, vn) = qP∞(vn, vn)−
ε

2
|vn|22 ≤ o(1). (4)

By [3] Proposition 1 and ν(P∞ + ε) = 0, we have the following qP∞+ε-orthogonal decomposition
of vn:

vn = vn,1 + vn,2 ∈ N−(P∞ + ε)⊕N+(P∞ + ε),

and
qP∞+ε(vn, vn) = qP∞+ε(vn,1, vn,1) + qB∞+ε(vn,2, vn,2).

Then, by (4) we have

−qP∞+ε(vn,1, vn,1) + o(1) ≥ qP∞+ε(vn,2, vn,2).

Recalling ||vn|| = 1, we may assume vn ⇀ v in N , since dimN−(P∞ + ε) < +∞, we have
vn,1 → v1 and vn,2 ⇀ v2.

We claim that v1 ̸= 0. If v1 = 0, then vn,1 → 0 in N and qP∞+ε(vn,1, vn,1) → 0. By [3]
Proposition 1 (v), there exists constant c such that

qP∞(vn,2, vn,2) ≥ c ||vn,2||2 ,

which implies that vn,2 → v2 = 0 and vn → 0. Contradiction with ||vn|| = 1. Thus, v1 ̸= 0 and
v ̸= 0. By the Fatou’s lemma, let n → ∞

o(1) =
I(un)

||un||4

=
qP∞(un, un)−

∫
R3

Q(x)R(x, un)dx +
b
4
(
∫

R3
|∇un|2 dx)2

||un||4

≥ o(1) +
b
4
(
∫

R3
|∇v|2 dx)2

> 0.
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it’s a contradiction.

Lemma 3.2. Assume that (V1), (V2), (Q), and (g1), (g3) can be held. Then there exist ε, ρ > 0 and
P0(x) ∈ Γ, such that

sup
N−(P0−ε)∩Sρ

I(u) < 0.

Proof. By condition (g3), we have

g(x, u) = P1(x)u + g1(x, u),

and
g1(x, u) = o(|u|).

as |u| → 0 uniformly in x ∈ R3. Set

G1(x, u) =
∫ u

0
g1(x, t)dt.

Fix any s ∈ (2, 6). For any ε > 0, there is a Cε > 0 such that

g1(x, u) ⩾ −εu − Cε |u|s−1 ,

which implies that

G1(x, u) ⩾ − ε

2
|u|2 − Cε

s
|u|s .

Since the embedding N ↪→ Ls(R3) is continuous, there exists a positive constant C∗
ε which

depends on s, such that ∫
R3

G1(x, u)dx ⩾ − ε

2
|u|22 − C∗

ε ||u||
s .

Let P0(x) = Q(x)P1(x), then P0(x) ∈ Γ. Noting that N−(P0 − ε) is finite dimensional, by the
Proposition 2. 2. (v), there exist constants c1, c2 such that

c1 ||u||2 ⩽ −qP0−ε(u, u) ⩽ c2 ||u||2 .

Due to the equivalence of norms in finite dimensional spaces, there exists C > 0 such that for
all u ∈ N−(P0 − ε), we have

I(u) =
1
2

∣∣∣∣u+
∣∣∣∣2 − 1

2

∣∣∣∣u−∣∣∣∣2 + b
4

(∫
R3

|∇u|2 dx
)2

−
∫

R3
Q(x)G(x, u)dx

⩽ qP0−ε(u, u) +
b
4
|∇u|42 + C∗

ε ||u||
s

⩽ −c1 ||u||2 + C ||u||4 + C∗
ε ||u||

s .

Thus, this lemma follows by choosing ρ small enough.

Lemma 3.3. Under our assumptions, the functional I fulfills the Palais-Smale condition.

https://ejamjournal.com/


Multiplicity Results for a Kirchhoff-Type Equations . . . Linsong Chen et al. | 7

Proof. We can choose a sequence {un} which is a (PS)c sequence, i. e. I(un) → c and I
′
(un) → 0.

By Lemma 3. 1, we know that I satisfies coercive condition, then I(un) → c implies that {un} is
bounded in N . Suppose un ⇀ u in N . Set ωn = un − u. Then

ωn ⇀ 0, ω+
n ⇀ 0, ω−

n ⇀ 0, in N ,

by (3), we have

o(1) =
(

I
′
(un), ω+

n − ω−
n

)
= o(1) + ||ωn||2 −

∫
R3

Q(x) f (x, un)(ω
+
n − ω−

n )dx

+ b
∫

R3
|∇un|2 dx

∫
R3

∇un∇(ω+
n − ω−

n )dx.

(5)

By the Hölder inequality, let n → ∞ and R → ∞, then we have∣∣∣∣b ∫
R3

|∇un|2 dx
∫

R3
∇un∇(ω+

n − ω−
n )dx

∣∣∣∣
⩽

∣∣∣∣b ∫|x|⩽R
|∇un|2 dx

∫
|x|⩽R

∇un∇(ω+
n − ω−

n )dx
∣∣∣∣

+

∣∣∣∣b ∫|x|⩾R
|∇un|2 dx

∫
|x|⩾R

∇un∇(ω+
n − ω−

n )dx
∣∣∣∣

⩽

∣∣∣∣b ∫|x|⩽R
|∇un|2 dx

∣∣∣∣ |∇un|L2(PR(o))

∣∣∇(ω+
n − ω−

n )
∣∣

L2(BR(o))

+

∣∣∣∣b ∫|x|⩾R
|∇un|2 dx

∣∣∣∣ |∇undx|L2(Pc
R(o))

∣∣∇(ω+
n − ω−

n )
∣∣

L2(Pc
R(o))

→ 0

(6)

Here, we have used
|∇un|L2(Pc

R(0))
→ 0, as R → ∞.

Since {un} is bounded, and N locally compact embedding to L2(BR(0)), thus∣∣∇(ω+
n − ω−

n )
∣∣

L2(BR(0))
→ 0, as n → ∞.

Combining (5) and (6) , we know that

o(1) = ||ωn||2 −
∫

R3
Q(x) f (x, un)(ω

+
n − ω−

n )dx.

Let P1 be the spectral projection of T associated with (δ − ε,+∞], and P2 be the spectral projec-
tion of T associated with (−∞, δ − ε). Then P2 is finite dimensional with P2ωn → 0 and

||ωn||2 = ||P1ωn||2 + o(1), ||P1ωn||2 ⩾ (δ − ε) |P1ωn|22 .

Consequently,

o(1) = ||P1ωn||2 −
∫

R3
Q(x)

f (x, un)

un
(ω+

n − ω−
n )undx

= o(1) + ||P1ωn||2 −
∫

R3
Q(x)

f (x, un)

un
(P1ωn)

2dx

⩾ o(1) + ||P1ωn||2 − α f ∗
∫

R3
(P1ωn)

2dx

⩾ o(1) + (1 − α f ∗

δ − ε
) ||P1ωn||2 .

(7)
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That implies ||P1ωn|| → 0. Hence, un → u in N .

Proof of Theorem 1.1. Let g is even funciton, then I is even. According to Lemma 3.2. we know
that I satisfies condition (I1) of Theorem 2.2. with N1 = N−(P0 − ε). By (ii) and (iv) of
Proposition 2. 2. we have

dimN1 = i(P0 − ε) = i(P0),

by choosing ε small enough. Moreover, from Lemma 3.3. we know that I satisfies the Palais-
Smale condition. By Lemma 3.1, condition (I2) of Theorem 2.2 holds by N2 = N with
codimN2 = 0. Thus, according to the Theorem 2.2 we can conclude that I has at least i(P0) pairs
of nontrivial critical points.

4 Conclusions

In this article, we obtained some results on the existence of solutions to the Kirchhoff equation.
Due to the appearance of nonlinear terms

∫
R3 |∆u|2 dx in this paper, which mean that (1) is

not a pointwise identity. This has brought some mathematical difficulties to our research.
This leads to some classical theories no longer being applicable. In order to overcome these
difficulties, we utilized the methods mentioned in the reference [3] which studies a class of
Schrödinger-Poisson equations (This is different from our research), important conclusion on
the existence of solutions to the Kirchhoff equation be obtained.

5 Declarations

Funding

This research received no external funding.

Competing Interests

The authors declare that they have no competing interests.

Ethical Approval

Not applicable.

Author’s Contributions

Linsong Chen writing-original draft preparation, Tianqun Hu, Jian Zhou writing-review and
modify

Availability Data and Materials

Not applicable.

Acknowledgements

The authors would like to thank the anonymous referees for their valuable comments.

References
[1] Y Shan, Morse index and multiple solutions for the asymptotically linear Schrödinger type equation. Nonlinear Anal,

89 (2013), 170–178, DOI:10. 1016/j. na. 2013. 05. 014.

https://ejamjournal.com/


Multiplicity Results for a Kirchhoff-Type Equations . . . Linsong Chen et al. | 9

[2] Conley C, Zehnder E, Morse-type index theory for flows and periodic solutions for Hamiltonian equations. Comm
Pure Appl Math, 37 (1984), no. 2, 207–253, DOI: 10. 1002/cpa. 3160370204.

[3] Y Shan, Existence and multiplicity results for nonlinear Schrödinger-Poisson equation with general potential. Frontiers
of Mathematics in China. 15 (2020), no. 6, 1189–1200, DOI: 10. 1007/s11464-020-0881-6.

[4] A. Arosio, S. Panizzi, On the well-posedness of the Kirchhoff string. T. Am. Math. Soc, 348 (1996), NO. 1, 305-330.
DOI: 10. 1090/S0002-9947-96-01532-2.

[5] M. Cavalcanti,V. Cavalcanti,J. A. Soriano, Global existence and uniform decay rates for the Kirchhoff-Carrier equation
with nonlinear dissipation. Adv. Differ. Equ. 6 (2001), no. 6, 701-730, DOI: 10. 57262/ade/1357140586.

[6] C. Chen,Y. Kuo,T. Wu, The Nehari manifold for a Kirchhoff type problem involving sign-changing weight functions. J.
Differential Equations, 250 (2011), no. 4, 1876-1908. DOI: 10. 1016/j. jde. 2010. 11. 017.

[7] P. D’Ancona,S. Spagnolo, Global solvability for the degenerate Kirchhoff equation with real analytic data. Invent. Math,
108 (1992), no. 1, 247-262, DOI: 10. 1007/BF02100605.

[8] Rabinowitz P H, Minimax Methods in Critical Point Theory with Applications to Differential Equations. CBMS Reg
Conf Ser Math, Providence: Amer Math Soc, 1986.

[9] Y Wu, S Liu, Existence and multiplicity of solutions for asymptotically linear Schrödinger–Kirchhoff equations. Nonlin-
ear Analysis: Real World Applications. 26 (2015), 191–198, DOI: 10. 1016/j. nonrwa. 2015. 05. 010.

[10] S Jiang, S L, Multiple solutions for Schrödinger–Kirchhoff equations with indefinite potential. Applied Mathe-
matics Letters. 124 (2022), 107672, DOI: 10. 1016/j. aml. 2021. 107672.

[11] H Liu, H Chen, Multiple solutions for an indefinite Kirchhoff-type equation with sign-changing potential. Electronic
Journal of Differential Equations, 2015 (2015), no. 274, 1–9.

[12] S Chen, C Wang, Existence of multiple nontrivial solutions for a Schrödinger-Poisson system. J Math Anal Appl, 411
(2014), no. 2, 787–793, DOI: 10. 1016/j. jmaa. 2013. 10. 008.

[13] L Xu, F Li, Q Xie, Existence and Multiplicity of Normalized Solutions with Positive Energy for the Kirchhoff Equation.
Qual. Theory Dyn. Syst. 23 (2024), no. 3, 135, DOI: 10. 1007/s12346-024-01001-3.

[14] Kirchhoff G, Hensel K, Vorlesungen über mathematische Physik, Druck und Verlag von BG Teubner, 1883.
[15] Lions J L, On some questions in boundary value problems of mathematical physics. North-Holland Mathematics

Studies, North-Holland, 30 (1978), 284-346, DOI: 10. 1016/s0304-0208 (08)70870-2.
[16] Y Dong, Index theory for linear selfadjoint operator equations and nontrivial solutions for asymptotically linear operator

equations. Calc Var Partial Differential Equations, 38 (2010), no. 2, 75–109, DOI: 10. 1007/s00526-009-0279-5.
[17] Y Long, Index Theory for Symplectic Paths with Applications. Progr Math, Basel: Birkhäuser, 2002.
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