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Abstract

This research we examine a Kirchhoff type equation in R? involving a potential that changes sign. By
imposing appropriate conditions on V and making spectral assumptions, we successfully establish the
existence of multiple solutions for this particular issue using variational methods.
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1 Introduction and main result
This study focuses on the existence of multiple solutions for the following equation of Kirchhoff
type.
- <a + b/3 ]Vu|2dx> Au+V(x)u = Q(x)g(x,u), inR 1)
R

where a > 0,b > 0 are constants.
The Kirchhoff equation has a strong physical background and the following equation is
obtained when studying changes in elastic chord length

9%u Py, E [L 2 9%u
0o <h+zL/o S Eraa
first introduced by Kirchhoff [14]. This model is an extension of the classical d’Alembert wave
equation regarding the length variation of strings during vibration, where L represents the

chord length, I represents the cross-sectional area, E is the Young’s modulus of matter, p is
density, and Py represents the initial tension. In addition, it has extensive applications in
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various fields such as cosmic physics, elasticity theory, and non Newtonian mechanics. For
more information on its physical background, we can refer to literature [4, 5, 6, 7]. Problem
(1) has attracted significant attention since Lions [15] introduced an abstract framework for it.
Moreover, in [13] Xu L, Li F, and Xie Q investigate the existence and multiplicity of normalized
solutions for the Kirchhoff equation with unknown parameters.

First, assuming that the functions Q(x) and V(x) meet the requirements:

(Q) inf Q(x) = Qo > 0, where Q is a positive constant, and there is a positive constant

0 < a < 1, such that sup Q(x) <

reR3
(Vi) V(x) € L] _(IR®) is real valued function, and denote that V~ := —min {V,0} € L*(R%) N
L7(R?) where g > 2.
From the condition (V}), it is known that the Schrodinger operator T := —aA + V is self-

adjoint and semi-bounded on L2(IR%) (see [1, 12]). Denote the spectrum of T is ¢(T), the the
essential spectrum of T is 0,55 (T), and the pure point spectrum of T is 0;4(T). Moreover, we
make the following general spectrum assumption:

(V2) 7 :=1info(T),d := infoess(T), —o0 < 7y < J,and § > 0.

(g1) ¢ € C(R®x R),and g(a;,u) is bounded on R3 x (R\ {0}).
8(x,u)
u

(g2) & :=limsupsup < 6.

|x| =00 u#0
Corresponding to (g2), we assume P is continuous, bounded and real-valued function,
define a set as follows:

r:= {P\P* :=limsup P(x) < (5} . ()

|x| =00
And suppose there exist P;(x), P»(x) € I such that

(g3) g(x,u) = Py(x)u +o(|u|) with u — 0 uniformly in x € R®,
(g4) g(x,u) = Py(x)u+ Ry(x,u), with R(x,u) < 0 forall (x,u), where R(x, u) fo (x,t)dt,

Function i(P) can be defined as the dimension of the negative eigenspace Correspondmg to
—aA +V — P. Itis also noted that i(P) is nondecreasing with respect to P. The i(P) is called
the index of P and the nullity of P is the v(P). Denote

v(P) = ker(—aA +V — P).

We have obtained some characters with respect to P in the next Section. For more details about
this, it can refer to [1].
We have the following main results regarding the existence of a solution to this problem (1)

Theorem 1.1. Suppse that the equation satisfied (Q), (V1), (Va), and (g1) — (ga), we have a conclusion
that the problem (1) has at least i(DPy) pairs of nontrivial solutions.

In studying periodic solutions of Hamiltonian systems, the index theory was widely applied
(see [2, 16, 17]). The theory of classification presented in this article exhibits a strong correlation
with the aforementioned indicator theory. Although our methods of constructing the classifi-
cation differ from those employed in the indicator theory, they are still technically distinct in.
[2, 16, 17]. The essential spectrum poses several additional challenging issues (see [1]) that need
to be addressed. .


https://ejamjournal.com/

Multiplicity Results for a Kirchhoff-Type Equations ... Linsong Chen et al. | 3

Let:
/ (a|Vu|* + V(x)u?)dx
Ay :=inf sup K

Yu uey,\ {0} / u?dx ,
R3

the family of n-dimensional subspace of CJ(R®) denoted by Y; (see [18]). And

Ao = lim A, and Ao = infopss(T),
n—oo
if Ao < 400 and the inequality A, < Ao be satisfied, then A, € 0y4(T). Thus, if Ae > 0,
obviously, T satisfies condition (V2).

When Ap < 0 < Ay for some k, problem (1) has achieved some results for the existence of
solutions. In [9, 10, 11] the authors study the existence of multiple solutions by using variant
Clark’s Theorem, Three Critical Points Theorem and Clark’s Theorem. In this article, to deal
with the problem (1), we need to encounter various difficulties. On the one hand, due to
the indefinite of V(x) in sign, the functional I does not have mountain path geometry, then
the Mountain Pass Theorem can not be applied. On the other hand, under our assumptions,
the Sobolev embedding H!(IR?®) — L2(IR%) is not compact, which is crucial in verifying the
Palais—Smale condition.

2 Preliminaries

Let L7 (IR®) be the standard L? space for 1 < p < oo associated with the norm

1/p 3
_ P 4
MP_(/]RsM dx) , uell(R%),

and let H! (R?), D'?(R?) be the usual Sobolev space with a norm

I _ / [qu|2+u2] o 1/2 el — / Vul 1/2
H(R3) R® ’ D12 - .

Due to 0 is, at most, an eigenvalue with finite multiplicity, then it assume that 0 ¢ o(T).
Furthermore, based on the spectral property (V2), we can induce an orthogonal decomposition
as follows

L>’=L"a@L", u=u+u",
such that T is negative definite on L~ and positive definite on L*. The notation N' = D(| T|1/ %)
introduces a Hilbert space equipped with an inner product as follows, where |T| is the absolute

value of T.
(u,w) = (IT|"*u,|T|"?w),,

and norm
2
[ul|* = (u,u).

Meanwhile, we can obtain the following orthogonal decomposition
N:=N"aNT,
where
N+==NNL~

The space N' — H!(IR?®) is continuous embedding, and then, N' — L?(R%) is continuous
embedding for p € [2,6].
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It is easy to know that problem (1) has the energy functional

2
1) = 3 |l | = 2 [ |2+ (/R yw|2dx> - [ QG u)dx, u e N.

where

G(x,u) = /Oug(x,s)ds.

I is of class C! on A and the derivative function of I has the following form
(I,(u),v> = (", w") - (u,w) —l—b/1R3 |Vu|? dx /]R3 Vu - Vodx — /]R3 Q(x)g(x, u)vdx. (3)

Recall I" defined in (2), we can define the following form of quadratic

+ oot — (y= W) —
gp(u, w) = (@) = (u éw ) (Pu,w)zl Yu,we N.

Remark 2.1. In the reference [8], introducing an important concept-the PS-condition. If con-
dition I (u,) — ¢ and I (un) — 0,as n — oo satisfied, we say that this sequence is a (PS).
sequence. Moreover, if each such sequence contains a convergent subsequence, then we say
that the function I satisfies (PS), condition. As an important theoretical support, this is crucial
for us to study the existence of solutions to the Kirchhoff equation. Meanwhile, (PS) conditions
play an important role in nonlinear analysis theory and are the core of the entire theoretical
analysis framework.

Theorem 2.2 ( [3]). Let I € CY(N,IR?) be an even functional on a Banach space N'. Assume that
1(0) = 0 and I satisfies the (PS) condition. If

(L) there exists a set N1 C N, dim N = ky, and p > 0 such that

sup I(u) <0;
MGN]ﬂSP

(Ip) there exists a set No C N, codimN> = ko < kq such that

inf I(u) > —oo,
HGNQ

then I has at least ki — ko pairs of critical points with negative critical values.

3 Proof of main result

Lemma 3.1. Assume that (V1), (Va), (Q) and (g4) are satisfied. Then the functional 1 is coercive.

Proof. We adopt the method of proof by contradiction, we can choose {u,} C N,and M > 0
such that I(u,) < M as ||uy|| — +oo. Letv, = “n_ then ||on|| = 1. From condition (Q) and

[[24n] |
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(g4), there exists Ps € I' such that

M > I(un)2
a7 [l
L1~ P2 ([ 19l a) [ 06t w)a
2 Uy 7 Uy 4\ Jps Uy| ax - X X, Uy )dx
20
R(x,uy)dx
1 2 1 2 1 /3Q(x)
:EHZ}:{H _EanH _E(Poovn/vn)z— R 3
[
2
b(/ \Vu,fdx)
R3
+ 2
4 |[un|
2
[ 0wRGudr b [ 1Vl ax)
= qp,,(0n, On) — B 5 + R 5 .
1 4 foan]|

It follows from R(x, u,) < 0, thus
0(1) > qp, (vn,vn).

Based on the definition of the set I' and by using [3] Proposition 1 (iv), we can choose ¢ > 0
small enough such that Py, + € € I and v(Pw + €) = 0. Moreover, by calculating we have

I3
qPute(On, Un) = qp (Vn, Un) — > |vn|% <o(1). 4

By [3] Proposition 1 and v(Ps + €) = 0, we have the following gp,_ +.-orthogonal decomposition
of v,:
Opn =0p1 +0p2 EN (Po+¢e) BN (P +¢),
and
JPy+e (Un/ Un) = qPoo+£(vn,1/ Z771,1) + qBoo+e(vn,2/ Z7n,2)-
Then, by (4) we have

—qPute(Un,1,0n1) +0(1) > gpote(Vn2,Un2)-
Recalling ||v,|| = 1, we may assume v, — v in N, since dim N~ (P + ¢) < +o0, we have
v,1 — U1 and v,0 — vs.
We claim that v; # 0. If v; = 0, then v,; — 0in N and gp_;¢(vy1,0,1) — 0. By [3]
Proposition 1 (v), there exists constant ¢ such that
qr. (U2, Un2) > c||onal)?,

which implies that v,» — v, = 0 and v, — 0. Contradiction with ||v,|| = 1. Thus, v1 # 0 and
v # 0. By the Fatou’s lemma, let n — oo

o(1) = Ltn)

- 4
1

o (tnstn) = [ QUORGx, ) + Z(/R Vg P )2

4
14|
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it’s a contradiction.
]

Lemma 3.2. Assume that (V1), (V2), (Q), and (g1), (g3) can be held. Then there exist €, p > 0 and
Py(x) € T, such that

sup I(u) <0.
N- (PU—S)QSP
Proof. By condition (g3), we have
g(x,u) = Pr(x)u + g1 (x,u),

and
81(x,u) = o([ul).

as |u| — 0 uniformly in x € R3. Set

u
Gi(x,u) = / Q1(x, t)dt.
0
Fix any s € (2,6). For any € > 0, there is a C; > 0 such that
g1(x,u) = —eu — Ce |u|s_1 ,

which implies that

C
Gix,u) > = uf* = = Jul".

Since the embedding A/ < L*(R%) is continuous, there exists a positive constant C; which
depends on s, such that

€ 2 *
[, Gilxwydx = =2 juy = ¢ [Jull*.

Let Py(x) = Q(x)Pi(x), then Py(x) € T. Noting that N~ (Py — ¢) is finite dimensional, by the
Proposition 2. 2. (v), there exist constants ¢y, c; such that

e [l [* < =g, 1) < co||ul

Due to the equivalence of norms in finite dimensional spaces, there exists C > 0 such that for
allu € N~ (Py — ¢), we have

2
1) = 5 o P = 5 P+ § (19 ) = [ 06w

b 4 *
< e, u) + 7 [Vuly + C [ |ul*
2 4 *
< =t [[ul |7+ Clful[* 4+ CF [Ju]

Thus, this lemma follows by choosing p small enough.

Lemma 3.3. Under our assumptions, the functional I fulfills the Palais-Smale condition.
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Proof. We can choose a sequence {1, } whichis a (PS). sequence, i. e. I(u,) — cand I' (u,) — 0.
By Lemma 3. 1, we know that I satisfies coercive condition, then I(u,) — ¢ implies that {u,} is
bounded in N. Suppose u, — uin . Set w, = u, — u. Then

wy, =0, wi—=0 w, =0 in\,
by (3), we have

o(1) = <I,(un),wn+ —wn>
—o(1) +[|wnl®~ [

R3

Q(x)f (x, tn) (wyy — w;, )dlx ()
+b/ \Vun]2dx/ Vu,V(w, — w, )dx.
R R3
By the Holder inequality, let n — oo and R — oo, then we have
’ / Vi, dx/ Vu,V — w, )dx

< e Vi, |? dx/| Vu,V(w,! —w, )dx
x|<R x|<R

+ ‘b/ |Vun|2 dx/ VunV(aJ;r — wy, )dx
|x|>R x|>R (6)
< |b ek Vit |* dx| Vit 12y 0y |V (@ — ) 2o
2 N -
+ ‘b/pc}R |V, |*dx \VundXILZ(plg(o)) \V(wn w, )}LZ(Plg(o))
—0

Here, we have used
[Vitu|p2(pg (o)) = 0, as R — 0.

Since {u, } is bounded, and A locally compact embedding to L?(Bg(0)), thus
|V (w,f — w”_)}U(BR(O)) —0, asn— co.

Combining (5) and (6) , we know that

(1) = Il = [ Q) Flox,n) (e} — ey )
Let P; be the spectral projection of T associated with (6 — ¢, +o0], and P, be the spectral projec-
tion of T associated with (—oo,d — ¢). Then P, is finite dimensional with P,w, — 0 and
[leon] > = [|Preow][* +0(1),  [|Prewul* > (6 — &) [Preval.
Consequently,

o1) = 1Pl = [ ) 2 o —

—o1) + ||~ [ @0 (b,

" )
o(1) + ||Preonl [~ af* [ (Preoy)dx

>o(1)+ (1 - 1) P .
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That implies ||Pywy|| — 0. Hence, u,, — uin N.
O

Proof of Theorem 1.1. Let g is even funciton, then I is even. According to Lemma 3.2. we know
that I satisfies condition (I;) of Theorem 2.2. with N7 = N~ (P —¢). By (ii) and (iv) of
Proposition 2. 2. we have

dim./\/l = i(P() — E) = i(Po),

by choosing e small enough. Moreover, from Lemma 3.3. we know that I satisfies the Palais-
Smale condition. By Lemma 3.1, condition () of Theorem 2.2 holds by N, = N with
codimN, = 0. Thus, according to the Theorem 2.2 we can conclude that I has at least i(Py) pairs
of nontrivial critical points.

O

4 Conclusions

In this article, we obtained some results on the existence of solutions to the Kirchhoff equation.
Due to the appearance of nonlinear terms [p; |Au|? dx in this paper, which mean that (1) is
not a pointwise identity. This has brought some mathematical difficulties to our research.
This leads to some classical theories no longer being applicable. In order to overcome these
difficulties, we utilized the methods mentioned in the reference [3] which studies a class of
Schrodinger-Poisson equations (This is different from our research), important conclusion on
the existence of solutions to the Kirchhoff equation be obtained.
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