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Abstract

This manuscript deals with a thermo-viscoelastic system describing the vibrations of a flexible structure.
We study this structure’s stabilization problem when subjected to Kelvin-Voigt damping and the second
sound. Cattaneo-Vernotte’s law governs the thermal effect, eliminating the physical paradox of equal
speed of waves in the classical thermoelastic theory. Semigroup theory proves the solution’s existence
and uniqueness. Exponential stability is proved by the energy method.
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We consider the longitudinal displacement of a flexible structure with viscoelastic material
given by Kelvin-Voigt damping (see [9], pp. 22-26). The problem of vibration control in such
structures is suppressing their oscillatory disturbances, which can eventually damage the
structures. Due to its wide application in structural engineering and industry, the vibration
stability analysis of such problems is a rich subject area from both theoretical and practical
perspectives. In recent years, several structural vibration control systems have been developed
to improve the performance and protection of structures against vibration events of natural
origin or man-made. These control mechanisms are classified as passive, semi-active, active,
and hybrid control [18, 27]. Passive control systems can contain springs, masses, and dampers,
which generate a controlled force in response to structural motion and are most widely present
in civil structures due to their simplicity and do not depend on external forces.
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Passive control is incorporated as damping in a structure to absorb part of the input energy,
reduce structural damage and stabilize vibrations (see also Skvorc et al. [24]). Some of these
controls are incorporated through a viscoelastic element, a thermal source, or a heat flux. These
dampers are essential because they dissipate energy at all levels of distortion and over a wide
range of frequencies. In this context, this manuscript deals with non-homogeneous flexible
structures in thermo-viscoelasticity with second sound, see [22], given by

p(xX) @it — (5(x) @x +25(x) st ), + a0x + Bgx =0, (1)
O+ kqx + ktgie + @y =0, ()
Tt + g+ kO + Boxe =0, 3)

with initial conditions

¢(x,0) = @o(x), ¢:(x,0) = ¢1(x), 8(x,0) = o(x), 4(x,0) = qo(x) (4)
and boundary conditions
(0,t) = @(L,t) =0, 8(0,t) =0((,t) =q(0,t) =q(¢,t) =0. ®)

In the sequel, we present a brief mathematical formulation.

0.1 Mathematical formulation

According to Kirchhoff’s hypothesis and neglecting the rotatory inertia, as in [16], for longitudi-
nal displacement, ¢ of a clamped elastic structures of length ¢ made of a viscoelastic material,
the gradient of the displacement ¢, represent the strain. The equation of balance of linear
momentum is

P —0ox =0 (6)

where the coefficients p and ¢, depending on the strain, are the mass per unit length and the
stress. The equation

0= 0(Px, Prx) = Sy + APyt (7)

gives the velocity viscoelastic material with Kelvin-Voigt constitutive relation.

From (6) and (7), the longitudinal vibrations of the structure are modeled by the following
equations and initial-boundary conditions

p@u(x,t) = (s@x(x, 1) + agx(x,t)), = 0, in (0,£) x (0,00), (8)
(P(X,O) = q’O(x)/ got(x,O) =9 X), X e (016)/ ©)
¢(0,t) = @(£,t) =0, t € (0,00), (10)

with the coefficients p, s, a > co > 0.

New advances in material science lead to the reduction of vibrations with patches made of
smart material to the structure under passive and active damping. Equations (8) model these
phenomena by taking the coefficients with particular forms, see [4]. The material properties,
such as the density, Young’s modulus, and damping coefficients, are changed due to the patches.
Considering a non-uniform body with the mass per unit length not constant, in the case of the
stress depending on the position in the body, we have

0 = 0(@x, Prx) = 5(X) Px +26(x) Pt
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From (8) the longitudinal vibrations is given by

p(xX) @i (x, 1) — (s(x)px(x, 1) +25(x) Pt (x, 1)), = 0. (11)

The mass per unit length p(x), the stiffness related to the velocity of longitudinal vibrations
s(x), and the coefficient of internal damping é(x) are positive functions responsible for the
non-homogeneous properties of the structure. From now on, we assume that

p(x), s(x), 6(x) € WLle(0,0),
essinf(p), essinf(s), Jp := essinf(d) > 0. (12)

0.2 Heat conduction

The viscosity reflects several damping situations intrinsic to the constitutive relationships of
the material. As we consider the temperature difference between the material and the medium
O(x,t) := T(x,t) — Tp, given by the Fourier law [7, 25]

O(x,t) + kgy(x,t) =0 and g(x,t) +kd(x,t) =0, k > 0 a constant, (13)

where q = q(x, t) is the heat flux, in equation (13), the temperature has an infinite speed.

Modeling the thermo-diffusion phenomenon with (13) differs from reality. To avoid this
inconsistency, we take the modified coupling coefficient via the Cattaneo-Vernotte law, intro-
ducing the parameter T > 0 describing the time lag in the response for the temperature, which
leads to an equation

O(x,t) +kgx(x,t) =0 and q(x,t+ 1)+ ko (x,t) =0. (14)

After retaining the first order term of 7 in the Taylor series of g(x,t 4+ 7) about ¢, we get
approximately

Or(x,t) +kgy(x,t) =0 and q(x,t) + tqe(x,t) + kO (x, ) = 0. (15)

Consider another modification: g(x, t + T) = q(x, t) + 14¢(x, t) introduced in both equations
of (13), so we have

O(x, t) + kgx(x, t) + ktge(x, ) =0, (16)
g(x,t) +tqe(x, t) + ke (x, 1) =0 (17)

Equations (16) and (17) coupled with (11) is a hyperbolic system that has a finite speed of
propagation, and then the paradox of equal speed of waves is eliminated.

0.3 Related models

Fourier’s law cannot be applied to specific scientific areas such as nano-scale heat transfer
analysis like small periodic heat flow, laser heating, etc. [3, 6, 21, 26]. Maxwell first introduced
the most popular modification to avoid this paradox for non-Fourier heat conduction. Cattaneo
and Vernotte [5, 7] generalized by introducing the second sound phenomenon. The above
mathematical concepts lead to a vibration model of a flexible viscoelastic structure (1)-(3).

The uniform exponential decay of the initial value and boundary problem associated with
equation

m (s — (p(x)1ty +26(x)uxe),, = f.
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describing the longitudinal vibrations of an non-homogeneous structure with Kelvin-Voigt
damping, was proved in [10].

In [11] was proved exponential stability for the non-homogeneous viscoelastic system with
Cattaneo-Vernotte’s law

m(x)uy — (p(x)ux +26(x)uxt), + 0x = F(x, 1),
TOk + 0 — POxx +nuy =0,

where F : (0,L) x (0,00) — R is appeared as the distributed input disturbing force in the
model.

In [20], was proved exponential stability for the non-homogeneous viscoelastic system with
Fourier’s law given by

m(x)uy — (p(x)ux +26(x)ux), +kbx = f,
91} — exx + kuxt =0.

Memory damping combined with heat conduction given by the Cattaneo-Vernotte law was
considered in [12]

m(x)iuge — (p(x)itx +26(x)uxr) , + 16 + /Ooog(s)uxx(x,t _s)ds =0,

Ot + kgy +nuy =0,
Tq: + Bg + kb =0,

and under suitable conditions on the relaxation kernel g(s) was obtained the exponential decay.
In [13] was considered micro-temperature effect

m(x)uy — (p(xX)uy + 20(x)uxt), + 16x + dw, =0,
cOr — kOyx + uy + kywy, =0,
Twy — k3Wyyx + kow + k10y + dug, = 0,

and proved the exponential stability.

In [8] memory and a thermal effect given by the Green-Naghdi type III was considered and
the exponential stability was proved. A particular case of (1)-(3) with f = 0 was considered in
[2].

Others comprehensive study can be found in [14, 15] including the time delay term. Recently,
a numerical simulation using the finite difference method with an stability results for coupled
wave equations and with the thermal diffusion equation are available in [19, 23].

Now, we briefly describe how this paper is organized: in Section 1, we prove the well-
posedness using the semigroup theory. Our main results are demonstrated in Section 2. We
prove exponential stability using the energy method and suitable multipliers to construct a
Lyapunov functional.

1 Well-Posedness

We use the Sobolev spaces, see [1]. LZ(O, ¢) denotes the usual Lebesgue space with the inner
product and induced norm defined by

£ = 2 Lo
(@ ¥)1200) :/o ¢ppdx, and [Pl :/o |¢|° du.
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Denoting v = ¢; and U = (¢,v,9,9)T the system (1)-(4) is write as an abstract Cauchy

problem

dUu .
E = AU(i’), with U(O) =Uy = ((P(),U(), Yo, QQ)T, (18)
being A : D(A) C H — H the differential operator defined by

0

1) [(s(x)@x +25(x)vy), — ady — Bgx]

AU = p(x
— [l;qx + avy + kT4 ]
—; [q + kﬁx + ,Bvx]

where H is the phase space defined by
H = H(0,0) x L*(0,£) x L2(0,¢) x L2(0,£),
which we endow with the inner product
v 0 L o L
(u,u*yy = /0 s(x)q)x@dx—k/o p(x)vo* dx+/0 09+ dx + T/O qq* dx, (19)
where U = (¢,v,9,9)T, U* = (¢*,0*,9*,9*)T € H.

Hypothesis (12) on the functions p,s and ¢ allow us to prove that (19) defines an inner
product on H and makes it a Hilbert space relative to the induced norm

||§0||’H = H\/ Q)XHLZ 0,0) +H\/ HLZ 0,) "’HﬁHLZ 0,0) +H\/>‘1HL2 0,0)"

The domain D(.A) of the operator A is defined by
D(A)= {((p,v 8,q) € M | s(x)gx +26(x)v, € H(0,£), v,8,q Hg(o,e)}.

For the existence and uniqueness of the solution of the evolution problem (18), we apply
the Lumer-Phillips theorem. First, we show that the operator A is dissipative.

Lemma 1.1. For U € D(A) and B < /26y, assuming the hypotheses (12), the operator A is dissipative.
More precisely, we have

Re( AU, U) < — (26 — / 022 dx < 0.
Proof.
¢ ¢ ¢ _ ¢
<AU,U>H:/ s(x)vx@dx—l—/ x vtﬁdx—i—/ 19tl9dx—|—1'/ g:q dx
0 0
¢
:/o s(x )vxq)xdx—i—/ X)@x 4 25(x)vy)x — a0y — Bgy] Ddx
—/ (kqx+kthx+omx)§dx—/Ol(q+kl9x+[5vx)ﬁdx
= ZZIm/ x)0x Py — kgy® — 0,0 — B, 0] dx

+k/ (g + kOx + Box)x 19dx—2/ x)|ve|? dx — / |g)? dx.
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Taking the real part,
¢ __ t ¢
Re( AU, U) = Re <k / g0, dx + kp / 0.0 dx> ye / 92 dx
0

—2/ \vx|2dx—/ |g)? dx

¢
— _/ e [(kdx) - (q+ Box)] dx — kz/o |9, dx

—2/ |vx|2dx—/ |g)* dx

k2 2 ZE 2
< |19|dx+/q+ﬁ 02) dx k/owx\dx

—2/ |vx|2dx—/ |g]? dx.

Then
l
Re( AU, U) < — (250 — 52)/ lox?dx < 0,
0

for B < /260, and we conclude that the operator A is dissipative. O
Lemma 1.2. If ¢(.A) is the resolvent set of the operator A, then 0 € o(A).

Proof. By definition, D(.A) is dense in H. For a given F = (f1, f2, f3, f1)T € H, we must show
that there is a unique U = (¢, v, ¢, q)T € D(A) such that AU = F, that means,

v=Ff € Hy(0,0), (20)

(s(x)@x +20(x)vy)r —aly — Bgx = p(x)f2 € Lz(olg), (21)
— [kgy +avy +kg] = f5 € L%(0,0), (22)

—% [g+ ko, 4+ Bo] =1fs € L*0,0). (23)

From (20) and (22) we deduce that there is a unique solution g of (22) such that (q + 74;)x €
L%(0,¢) and then

g€ HY(0,¢). (24)

By using similar procedure, from (20) and (24) we get 9, € LZ(O, ¢), and then, due to boundary
conditions (5) we deduce that ¢ is a unique solution of (23) in H& (0,2).
Now, by using (20) and (21) we have a unique ¢ solution of (21) such that

(s(x)px +26(x)vy)x = p(x)fo — ¥y — Bgx € L2(0,¢),
from where follows
s(x) @y 4 25(x)vy € HY(0,0).

Thus, there exists a unique U = (¢, v, 8, )T € D(A) such that AU = F. Moreover, It is
easily established using the Poincaré inequality that there exists a positive constant ¢ satisfying
|U||l% < c||F||%. This implies that 0 € o(.A). O

The well-posedness is ensured by the following theorem.
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Theorem 1.3. For Uy € H, there exists a unique weak solution U = (@, v, 8, ¢)7 of (18) satisfying
U € C([0,00); H). (25)

Moreover, if Uy € D(.A), then
U € C([0,00); D(A)) N C'([0, 00); H). (26)

Proof. D(.A) dense in H. By lemma 1.1, A is dissipative. By lemma 1.2 0 € ¢(.A). Using Lumer-
Phillips theorem (see Theorem 1.2.2, page 3, in [17]) it follows that A generates a Cp-semigroup
of contractions S(t) = e** on H. From semigroup theory, U(t) = e/l is the unique solution
of (18) in the conditions (25) and (26). The proof is complete. O

2 Exponential stability
In this section, under the hypothesis B < /26y, we will prove our main result.

2.1 The energy of the system

Given an initial data Uy € D(.A), with the solution U = (¢, v, 8, ¢)T that exists thanks to
Theorem 1.3, we define

B = 3 | [ s+ [ p@loPax+ [ o s+ [ gPas].

as the energy functional E : Rt — R™.
Differentiating with respect to t, applying the integration by parts formula to the first
integral and grouping with the second integral, we get

;tE(t) = /Oé [p(x)qott - (s(x)(px)x} P dx—f—/(f 1919tdx+r/ogqqtdx

Replacing equations (1)-(3), we obtain
/2 X) Pxt gotdx—oc/t?xq)tdx—ﬁ/qxq)tdx—k/ﬂqxdx

—kr/ﬁthdx—a/ﬁ(pxtdx— /|q|2dx—k/qﬁxdx—ﬂ/quxtdx
0 Jo Jo 0 0

If we group the second with the sixth integral, the third with the ninth, and the fourth with the
eighth, we see that after integrating by parts, the above formula reduces to

d ¢ ¢ ¢
GEO == [ 20() gulfdr+kr [ ugidr— [ JqPax.

Replacing (3), we get

d ¢ 2 ¢ 2 2 ¢ 2
GE® == [(26(x) gulPdx — [ JaPdx— i [0, dx
dt 0 0 0

¢ ¢
—k/ ﬁqux—kﬁ/ vt dx
0 0
Applying the Cauchy-Schwarz inequality to the last two integrals, we get

Lrm < —/625(3()] \2dx—/£| |2dx—k2/€|19 |2dx+k2/£|19 2 dx
dt — Jo Pt 0 1 0o 2 Jo'F

+1/€|\2dx+k2/€|19 |2dx+[32/€| 2 dx
2 0 q 4 0 X 0 (th s
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that is ,
d 4

SGE® <=0 =) [ pul dx
0

Then, condition /32 < 24y, guarantees that

;tE(t) <0, forallt> 0.

Since p, s, € W (0, ), the Sobolev embedding W'> (0,¢) C C (0, ) implies that these
functions are continuous on [O, E]. Moreover, ¢, @i, ¢x, Pxt € 12 (0,£), so their squares are

integrable on [0, ¢]. Then, thanks to the Mean Value Theorem for integrals, there exist &; € (0, /),
i=1,...,5 such that

/é (x)|@)*dx = "ol2d 27
ColePax = @) [ loPdx, (27)
14 4
/Op(xﬂfpt!zdx = p(é‘z)/o |1 d, (28)
/Zs(x)| 24y = PR 29
[slgxPax = s(@) [ lgsPax, 9)
/eé(x)| Pdy = 6 [ |ou2d 30
[slgidr = o) [ o dx, 30)
/Zé(x)| 2qy = 5(z5) [ |oul?
puldx = 8(&) [ lgulPdx. Q)
0 0

Here, we will use Cauchy-Schwarz inequality

/fgdx< </|f|2dx+ /|g|2dx> forall f,g € L2(0,£), a > 0,

and Poincaré inequality

/ 2 /
[ IPax < 25 [P ax, forall £ € HY(0,0)

Then, applying these inequalities and the identity (27), we obtain

‘/ x)perdx| < (a/oé (x)|@|? dx + = / ‘q,t,z(ix)
( (¢1) / |9l dx + péz / \90t!2dx>

1
2
1
T2

from where follows

‘ / X) gt dx

1
z(ap &) —5 /!¢x!2dx+ ~p(&2) = /I(ptxlzdx> (32)
and

14
[ponas| <3 (we0 s [JoPars o) [lofar) <men) @)

for some Ag.
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By similar way for some a,, a3 > 0, we get

319 dx| < 1 ‘ 0. Pdx+ 2 1P+ Bloul? d 34
2(q + Bpx) dx| < 5 az |0 | dx + |q|° + B | @xtl x (34)
0 0 a Jo

and

4 1 1 2 L
'/0 gx(ad + pg)dx| < 3 <ﬂ3/0 ouax+ = [ (w0 + BlgP) dx). (35)

In view of (30), we deduce that
¢
/ 5(x)|@x|?dx < A1E(t), for some A;. (36)
0

Introducing the function

l 14
G = [ p(x)pprdx+ [ o(x)]gf dx ©7)
and by applying the estimates (33) and (36) into (37), we obtain
—ME(t) < G(t) < (Ag+M)E(E), t>0. (38)

Differentiating G(t), using equation (1) and replacing the boundary conditions, we get
d ¢ ¢
60 = [p@) o dx+ [ o[ (s(x)gx+20(x)gu) — by — pas] dx
+ /(chS(x)goxt(px dx
¢ ¢ ¢
= [p@lpldr— [slgsPdx— [ 26(x)gugsds

¢ ¢
-I-/O(px(zxﬁx-l-ﬁqx)dx-l-/o 25(x) prr @y dx

and then,

l l 14
260 = [pl)lodx— [s(olgoPdx+ [gu(ad + o) dx.

2.2 A direct approach to exponential stability

In this section, we establish the main result.

Theorem 2.1. Under the assumption B < /260, the system (1)-(3) is exponentially stable. That means,
there exist some positive constants M and w such that

E(t) < ME(0)e ™, forall t > 0.
Proof. We introduce a Lyapunov functional V
V(t) = E(t) +eG(t), t>0, (39)

€ > 0 being a small constant to be fixed later.
Combining (38) and (39), we get

(1—Ape)E(t) < V(t) < (1+ (Ao + A)e)E(t).
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Choosing 0 < € < /\i so that V(t) > 0 for all t > 0, we have that there exist positive constants
C1, C; such that

C1E(t) < V() < GRE(¥). (40)
Differentiating (39), we obtain

d d
T E() + e G(t) + 2pe[E() + €G(t)]
l 14 l 14
= 2 [5(x) g dx — [|q*dx —k [|0. dx —k [0:(q + Po) dx
0 0 0 0
4 4 14
ve| fpwloPax— [swlpfars [p.ao+ppax
14 4 4 l
e[ [solpsPart [poloPars [foparer [loa]

l l
+2pe? [/OW)W dox + /05<X)|qvx|2dX} :

By using (28), (29), (30), (32), (34), (35), (37), we obtain

jtV(t)+2er(t) =

/ /
SV(E) +2peV (1) < A [l6.Pdx+B [jgP dx
0 0

A A
n C/O(S(x)\q)xt|2dx+ D/Os(x)|(px]2dx

where
k 212 12
k 2
B = [—1++e+eyr] ,
2 as
| kg 0(&) | up(Z2) | opL* p() }
C‘[ 21 s@) o) o) T A o)
and
g as par L p(&1) | po(8s)
PSS e @) @) ]

kﬁz
20(¢1)
exists some €p > 0 for which A <0, B <0, C <0, D <0. For a fixed epsilon < ey, we get

1
Now, choosing k < a; < 2, < ap and taking € < o u <1, B <+/26, then there
0

%V(t) +2ueV(t) <0, forall t > 0.

Integration over [0, t] leads
eV (t) < V(0),
from where follows, by the equivalence (40), that
E(t) < ME(0)e ™, forall t >0
with
_ 1+ ()\0 + )\1)6

M
1—/\06

, and w := 2ue.

This completes the proof.
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3 Conclusions

This research is mainly concerned with the mathematical stability for the vibrations of a flexible
structure with thermo-diffusion effect after a slight modification of Cattaneo-Vernotte’s law.
By showing the well-posedness of the problem with semigroup theory, we finally achieve the
uniform stability of the system with a specific form of the exponential energy decay estimate
w(= 2pe). Theorem 2.1 shows that the solution of the system decays exponentially. The
maximum acceptable value € will certainly give the highest energy decay rate w leading to
rapid stabilization of the system. Hence, the thermo-viscoelastic system considered here is in
particular controllable to rest from an arbitrary initial state.
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