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Abstract

This work, operated across set Z and influenced by locally Lipschitz Lévy noises, addresses weak
pullback mean random attractor of reversible Selkov lattice systems. Firstly, we express the stochastic
lattice equations as an abstract system defined in the space 2 x £? of square-summable sequences.
Secondly, we demonstrate the global well-posedness of the systems with locally Lipschitz diffusion
terms. Under certain conditions, we demonstrate that the long-term behavior can be described by a mean
random attractor, which is weakly compact and weakly attractive in the Bochner space L?(Q, ¢ x ¢?). To
surmount the difficulty caused by nonlinear terms, we utilize a stopping time approach to establish the
convergence of solutions in terms of probability. The mean random dynamical systems theory proposed
by Wang (DOI: 10.1007 /s10884-018-9696-5) is used to overcome the difficulty caused by the nonlinear
noise.
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1 Introduction
1.1 Statement of problems

It is well known that random processes are primarily propelled by Brownian motion that
is continuous. But numerous systems could experience unexpected alteration, which cause
a discontinuity in their sample trajectories. To account for such phenomena, Lévy noise
is incorporated into models to describe random phenomena that include jumps. For more
information about Levy processes, see [1, 2]. Stochastic systems with Lévy noises are discussed
in [3, 4], and the a-stable Lévy noise is presented in [5]. Inspired by the above articles, we

Contact: Guofu Li M liguoful@163.com; Xiulan Yang & y13158003902@163.com; Liguang Zhou
84 17584735549@163.com; Yan Wang &4 wangyanbetter@163.com

© 2024 The Author(s). Published by Mersin University Press. This is an Open Access article distributed under the
terms of the Creative Commons Attribution 4.0 International License, which permits unrestricted use, distribution,
and reproduction in any medium, provided the original author and source are credited.

40


 https://doi.org/10.61383/ejam.20242165
https://orcid.org/0009-0002-5845-2934
https://orcid.org/0009-0007-8759-7709
https://orcid.org/0009-0006-9343-5530
https://orcid.org/0009-0005-8518-9395
mailto:liguoful@163.com
mailto:y13158003902@163.com
mailto:17584735549@163.com
mailto:wangyanbetter@163.com
https://creativecommons.org/licenses/by/4.0/

eak Mean Random Attractor ... Guofu Li et al. | 41

investigate the weak pullback mean random attractor of reversible Selkov lattice system driven
by locally Lipschitz Lévy noises defined on the integer set Z for t > A:

AEi(t) =(dr (&4 (1) = 28+ & 1(£)) — m&i(E) + br&? () (t)
— b + fu(h))dt
Fer Y (i(t) + 8@ (1) dWi (1)
k=1
+ € i / (ki (8) + qri(8i(t=), z1) ) Li(t, dzy)
=1 7zl <1 (1)
(1) =(da (i1 (£) — 205(1) + i1 (1)) — aagpi(t) — b1&7 (£)i(t)
+ bl (E) + for)dt
o Y (i (8) + G (91 (1)) AW (1)
k=1
Fn Y [ ) g, 20 Ll a2
L =1 7 Izl <1
with initial conditions
Ci(A) =2Cri, i(A) = a, (2)

where A € R, i € Z, & = (&i)iez, ¥ = (Yi)icz € P €1, €, 71, 72 > 0, p > 1. dy, d,
a1, az, by, by are positive constants, fi(t) = (f1i(t))icz and fa(t) = (f2i(t))icz € (> are time
independent random sequences. § = (Jx () )ken jez is a sequence of real numbers satisfying
167 == Lrenjiez [0kil> < o0, h(t) = (hei(t))kemiez, k() = (Kki(t))kenjez € €*-valued
progressively measurable processes. The sequence 0y satisfies |0y (s)| < B(1+ |s|), where § > 0.
Let (Wi)kenw and (Zy)ren be two sequences of mutually independent two-sided real-valued
Wiener and Lévy processes defined on a complete filtered probability space (QQ, F,{Fx}rer, P),
respectively. For every t € R and 2 € B(R — {0}), we define a two-sided Poisson counting
random measure L (-, -) associated with Z; by

Le(t ) = £{0<s<t:AZ(s) €A} if t>0,
R £t <s < 0:AZ(s) e A} if t <0,

where £ denotes the cardinality of a set, AZy(s) := Zy(s) — Zx(s—) is ajump process, and Zy(s—)
is the left-limit of Zi(s) at s. Define a Borel measure vx on B(R — {0}) by vk(+) := E[Lk(1, -)].
Then vy is a Lévy measure with [, (0} (|z]> A1)vg(dz) < oo, and is also called as an intensity
measure associated with Zy. Define Li(dt,dz) := Li(dt,dz) — vi(dz)dt for t € R. Then Ly (dt,dz)
is called a fwo-sided compensated Possion random measure with the compensator vk (dz)dt. The
pair ((Wi)ken, (Lx)ken) is called a family of two-sided Lévy noises.

1.2 Literature survey.

This equation originates from biology and can be divided into two situations: reversible
and irreversible. Selkov was the first to propose the irreversible scenario and simulated two
irreversible reaction processes, see [6]. Conversely, the latter pattern is characterized by cubic
self catalysis, continuous material supply, and isothermal conditions, see [7]. The reversible
system is also called the dual-element Gray-Scott formulas (see [8, 9, 10]) which represents
the Brussels Schools led by distinguished Ilya Prigogin. The literature extensively addresses
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the mathematical analysis of reversible Selkov equations. Deterministic reversible Selkov
equations have been thoroughly investigated regarding long-term behavior of dynamical
systems (attractor) by [11, 12]. Many researchers have examined the existence and robustness
of random attractors for stochastic reversible Selkov equations, see [13, 14, 15, 16]. The random
lattice system for Selkov was studied in [17].

For the past few years, the widespread application of lattice systems, such as in pattern
formation, neural pulse propagation, and circuits, has drawn considerable attention from many
researchers, for more detailed information, please refer to [18, 19, 20]. Whene; = 0, 72 =0,
the reversible Selkov lattice systems driven by white noises have been discussed by Wang,
see [21]. Transforming a system (1)-(2) with nonlinear noise interference into a deterministic
reaction-diffusion equation (€1 = €2 = 1 = 2 = 0). There are numerous works about lattice
systems, such as traveling wave solutions [22, 23, 24, 25], chaotic solutions [26, 27], and global
attractors [28, 29]. More recently, the study of stochastic attractors in random lattice systems has
been undertaken in [30, 31]. For SPDEs, articles on non-autonomous systems and autonomous
systems, mainly discussed random attractors, can be referred to the following references, see,
e.g., [32,33, 34, 35, 36, 37]. Lattice systems, driven by white noise (linear, nonlinear, superlinear),
have been discussed in [38, 39, 40].

1.3 Novelties, difficulties, the main features of the paper

As we are aware, the systems driven by Lévy noises in (1)-(2) are nonlinear, one fundamental
yet highly limiting requirement for examining the almost sure dynamics of solutions to SPDEs,
transforms it into pathwise formulations using an Ornstein-Uhlenbeck process, see [41, 42, 43,
44,45, 46, 47, 48, 49]. However, there is no effective method to transform the Itd stochastic
differential equation with nonlinear noise into the pathwise stochastic differential equation.
To figure out the problem, we utilize the framework of weak mean random attractors [39, 50]
to analyze the dynamical systems. This work aims to demonstrate both the presence and
the uniqueness of weak pullback mean random attractors in reversible Selkov lattice systems
affected by locally Lipschitz Lévy noises.

To establish the existence and uniqueness of mean random attractors, we have spent a
lot of time on proving the existence and uniqueness of the solution, which is a crucial step
in demonstrating the existence of attractors. Additionally, careful handling of the drift and
diffusion terms is necessary, particularly within the Itd energy equations. Given the arbitrary
exponent of the coupling term, new estimates will be developed to address it, as discussed in
Lemma 3.2, Lemma 3.3, and Theorem 3.5. A stopping time approach will be utilized to manage
the diffusion and drift terms effectively.

Once these challenges are addressed, we will be able to demonstrate the existence and
uniqueness of both the solution and the mean random attractors for the problem defined in

(1)-(2).

2 Preliminaries

This section provides some essential preliminaries and inequalities that will be frequently
referenced in subsequent parts of the paper. Let ¢ be defined as {& = (&)icz : Licz |&i]” <
400} for any r > 1. The norm in ¢" is indicated by || - ||,. For £2, the norm and the inner product
are expressed as | - | and (-, -), respectively.
Define A, B : (> — (? by
(Ag)i = —Ci-1+28i —Giv1 and  (BE); = Giv1 — G-

Then we have

(AZ,p) = (B, By) and (AZ,C) = [BylI> >0 ¢ ype
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Furthermore, for every k € IN, define the following operators I, ®, oy, gy:
0(8) = (6,0%(8i))icz, (8 2) = (Gni(Cir2k))iez, forall & e £,

T ) = (& P)icz, ®E) = (&' icz, for &ype

The following inequalities will be utilized,

o7 — o3 < Crlor — pallpf " + 057, VoL, ;2 €R, p > 1,

bibapy" " oy b%pf” 2 — 007" 03 + babiy o
= 2b1bap;" 02 — 01 (B30t + b303) <0, VoL, 02 €R, p> 1. 3)
According to (3) and Young's inequality, we can get
IT (G2, 91) = T (G2, )1 < Cr(m) (1161 — G201 + 19 — 921?),
(L@ 1) = T(G292), 61— 82)| < Ca(m) (181 — 201 + [ln — 2|*),
[(T(S1, 1) = T(C2, 2), g1 — ¢2)| < Ca(n) (1181 — G2l + 191 — v2?), (4)
and
19() — D) < Co(m)lle — $%
(@(6) = (&), 61— &) < G(m)&r = &%,
[(@(&1) = @(62), 91 — ¥2)| < Co(m) (181 — &a* + 191 — 2 ?),

where &, 9, 81, G2, 1, g2 € P and ||Z]| <, 1G]] < 7, 1G]l < n, (19l <y llal] < fly2]] < .
For any k € N, there exist f > 0, Cx(n) > 0 such that

E ok (&1) — ox(&2) > v Z/ k(81 zi) — gk (82, 20) [P0k (dzi) < Cr(n)[1G1 = &2, (B)

Z low()II> v Z/ 19x(Z, 2 [IPox(dzi) < 282161121+ [IE]1%), (6)
where [|§]|? ;== ¥ ¥ |6ki|? < oo. In addition,
keNieZ

A+T 0
[ E(IAGE 1RGP + T In®I + o) <o, AR T>0. 0
k=1

To simplify the notation, we adopt an abstract framework to represent the system (1)-(2) within
the space PxPPfort>)AeR:

dﬁ)z(—mAﬁ)—mﬁ)+h(ﬁﬂw(ﬂ—b¢((ﬂ+ﬁ(ﬁ

+é Z( t) +or(E(t))) dWi(t) +€2i( t) + qr(E(t—), zi) ) Le(dt, dzy),
(= () — plt) — T (D) L))+ aD(x(8)) + o))l ©
+ 71 i (hi(£) 4+ o ((£))) AW (£) + 72 i (xk(t) + qe(p(t—), z¢)) Lie(dt, dzy),
with init;al condition -
¢A)=2¢r 9(A) =y ©)

We will establish the existence and uniqueness of solutions for the system (8)-(9), where
(L) = (&1, ¥2) € L2(Q, 17 x (?), as defined below.
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3 Existence and uniqueness of solutions

Definition 3.1. Let A € R, T > 0 and F,-measurable initial condition ¢(A) = (&1, Pr) €
L2(Q, 2 x £?), an % x (*>-valued cadlag process ¢(t) = (&(t),¥(t)) is called a solution of
system (8)-(9) if for any t > A and for almost surely w € (),

(€)= 61+ [ (—0AZ() — 08(s) + BT(E(E),9(6) — BP(E()) + () ds

[e e}

+é€1 2/; (hi(s) + 0k (E(5)))dWi(s) + €2 Z/ /Zk|<1 s) + qr(E(s—), zk)) L (ds, dzy),

k=1

P(t) =9+ /: (— d2Ap(s) — axip(s) — 1T (G(s), P (5)) + baP(E(s)) + fa(s))ds
+m E/A (hi(s) + o (ip(s)))dWi(s +72Z/ /Zk<1 s) + qr(p(s—),zx)) Le(ds, dzy.).

It’s important to note that the nonlinear terms I', ®, 0y, and g; exhibit only local Lipschitz
continuity in £ x ¢2. To establish the global existence of the solution to (8)-(9) as outlined in
Definition 2.1, it is necessary to approximate these nonlinear functions with functions that are
globally Lipschitz. Hence, for each n € IN, we introduce a function g, : R — R defined by

—n, fors € (—oo, —n),
s, forse[—n,n],
n, fors € (n,+o0).

on(s) =

Then we can get
[on(s1) = pn(s2)| < ls1—sal, |pn(s)| <m, s,51,9 € R,

Forany n € Nand § = (§)iez € (% ¢ = (Yi)icz € 2,1t T"(E, ¢) = (9u(8i))? 0u(¥i)icz,
(&) = (on(Z:)**, o (u) = (J,i0k(9n(Gi)))iez, 45 (§,2k) = qk(9n(Zi), Zi). In conclusion, it
is easy to check that I'", ®", g}, g} satisfy (4)-(6) and the global Lipschitz condition. For each
n > 0, we consider the following stochastic system in £2 x ¢%:

dén(>=(—d1A€n<)—alén(>+b1f”(€n() n(t)) — bo®" (¢ ())+f1(>)
i( t) + 0y (Gu(t)))dWi(t +ezZ(7<k + g1 (En(t=), 20)) Le(dt, dzy),

B0(0) = (= daAu(t) — axput) — B Ea(8), pu(8) + B G + o)t O

n kil (i (t) + 0% (u(£))) AW () + ’szi (ke (£) + g2 (W (t—), zi)) Le(dt, dzp),

with initial condition

CA) =28 $(A) =1

In the following text, we will examine the asymptotic behavior of the sequence {¢,}5;,
which consists of the solutions to (8)-(9) as n — co. For each n € IN, we define a stopping time

Cn by

Cn =inf{t = 0: [l@u(t)| > n},
0w = +oo, if {t > 0: [|gu ()| > n} = @. (11)

Then {¢;"}5", is consistent in the following described manner.
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Lemma 3.2. ¢,11(t A Cyn) = @u(tACn), Cnt1 > Cn, P-a.s., wheren € N.
Proof. By (10), we get

Ert(tA ) = Eult A L)
= [ (4G (5) ~ 6n(5)) — G (5) — (s )

- / (020 (E01(5)) = D7 (E(5)) ~01 (T 010, Pia (5)) — (6 (5), pus))) ) s

DA
L

(En1(5)) = o (En(s)) ) dWi(s)

i /Z <1 (G (s—) 2k) — 41 (Gn (s—),zk))ik(ds, dzy), 12)

and
Pur1(EACn) = Pu(t A Cn)
= [ (A1 5) ~ Pal5)) — i (5) — )

[ (—b (@41 (Er1(5)) = D (En(3)) +b1 (T (Eia (5), st (5)) = T (G (5), 9us))) ) s
e L [ (o (o)~ (o)) )

tACy -

7 kzl / /|| i1 (5-),26) — (a5, 7)) Lilds, dzy). (13)
It follows from (12)-(13) and the It6 formula that

(A G) Gt AT+ [ (e B(Ewia(5) — ()P + 201 ra(5) — ) )
=2b [ M"(r”“(«:m ) n41(5)) = T (En(5), u(5)), Enia (5) — Enls) ) ds

+ 261 2 / Enin(5)) = 0 (E(5)), Ensa (5) = Eals) ) AW(s)

an, [ <<1>"+1<c 1(5)) = D (En(9)), Eusa (5) — Euls) ) ds

va Y [ I @ () — ot @) ds

k=1
3 [ (e G (=), ) = G-, 20) + v (5) = 25
—1Zn+1(s=) = &n(s=)I?) Li(ds, dzy)
+8 ki [ o VT G50, 26) — (Gn(s), 20 Poe(dzn) s,

and

1A )~ al A G+ [ (2B (5) ~ u(DIP + 202l (5) — (s P) s
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=2y [ (@G0 (5)) @G0 ), i (5) — guls) ) s
o, / o <r"+1<c 1(5) P (5)) = T (Eu(5), 9(5)), s (s) = Pals) ) s
#2903 [ (0 W (60) = G 6)) 2 (5) ~ ) A

1 2/ 0 (P (5)) — of (pa(s)) 2 s

) /% [ s (2 (52,20 = g (a(),200) + P (5-) = ()l
— l[pnsa(s=) = u(s=)1?) Li(ds, dz)
PR [ [ 20 gk (9,0 Pou(a)

where ¢,11(s) — &, (s) and ¢, 41(s) — P, (s) are identified with elements in the dual space of ¢
by the Riesz representation theorem.
Since || (s)|| < n, ||pn(s)|| < nforalls € [A,,), we have

T (Eu(s), Yu(s)) = T"(Cn(s), Pu(s)), @"H(Eu(s)) = @"(ul(s)),
ar 1 (Cn(s)) = o (Eu(s)), a4y (Enls),2k) = 47 (En(5), k) (14)

By (4)-(6) and (12)-(14), there exists C;(n + 1) > 0 such that
||§n+1(t A én) - én(t N Cn) ||2 + ||l/7n+1(t N én) - lpn(t A én) H2
ENEn 2 2
<Ci(n+1) [ (HCm(S) — &)+ s (5) = 9u(5)I?) ds

#2603 [ (017 0 (9) = oE@6)), B 6) = () V()
= / I (1(8) = 0 ($0(9) 1 (5) = u(s) ) AWi(s)

](Z%/t/\g /|k| 1 ||€2 €n+l( =), zk) — q¢ (Gu(s—),2k)) + Cuga(5—) —Cn(s—)HZ
1w s1(s=) = &n(s=)I) Li(ds, dy)
Z/ - [y (2 (5,20 = g (pa(),200) + Psa(5-) — ()1

— a1 (5=) = uls =) ) L(ds, dz).
(15)

From now on, we utilize [E to denote the expectation of a random variable. By (15), we can
obtain

E| sup (1601878 = Euls AT+ 2 A L) = (s A0 |

sup (16015 6r) = Eals AL+ Iia (67 8) = (s ALIF) |

A<s<r

SCl(n+1)/;]E[
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+2aE| sup z [ @ et D) = (1), Enia(r) = (1)) Wi )

A<S<tAly

c2nE| sup |1 [ 1) = R, ()~ 9 ) ()|

A<s<tAgn k=1

B sup |3 [0 (el )20~ (=) 20) + Eunar-) — Ealr)|?

A<S<ING, ' k=1

~ Ena(r=) = Eulr)I2) L )|
B sup |37 [T (Il )0 = 0= 2500 + i) = ()

AZs<tALy ' k=1 A
~ i (=) = (=) ) Ll )|
=+ L+ L+ I3+ 14 (16)

By (5) and the BDG inequality, there exists C2(n + 1) > 0 such that

h < 261 oo [ (Jasa() = £ 3 o Gain (1) = o2 G2 )|

< 261CancE | sup [E61.(1) ~ 60 /A 3 17" @uea (1)) = o @) )|

A<r<t

1 tAn
< 3| sup 6544(6) — 88 1] + 463 ChocCatn + DE| [ 16001 = 6|
A<s<t A
1 t
< 3B sup IE84(9) ~ 6 ()R] + 4eiChocCatn +1) [ E| sup [, (9) - & (6) | dr
A<s<t A A<s<r
and

1
L §41E[ sup [, (s >—tpnﬂ<s>uﬂ

A<s<t

t
43 ChcCatn +1) [ sup 98 () ~ (o) .

A<s<r

By the BDG-type inequality with respect to the Poisson random measures, see e.g., [2, Lemma
8.22], we can use (5) and (14) to deduce that

h<dE| s \Z L I i) 20 = a0 =), 20 P, d)

A<S<ING, ' k=1

+2621E[ sup //|zk|<1 YEna(r=),z) = qi (Gn(r—), 21),

A<SS<INTy | k=1
Eua(r=) = £a(r-)) i, dz) |
A ©
< ga| | /ZN L 16! G (1) 20 = 60, 20 oz

+262CBDG]E[ / /| 3 g G (7)) — 2 (G, 20) 2

zk|<1 5
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1
2

1En (r) — En(r) | Poc(dze) ds}

< 3B swp a6 8 - ElsA LI
A<s<t
A
+edlaChoo +OOE| [ [ Y 1" G )50 — (), 2 Pt
< 1| sup 1615780~ S5 A G P
A<s<t
+ €5 (4CBDG—|—C1)C2(n—|—1)/;IELsup I€ns1(s A Cn) —(’,‘n(s/\én)szV}.

Similarly,

1 < G| sup (s L)~ pn(s A L]

A<s<t

t
+7§(4C§DG+(:1)c:2(n+1)/A ]E{ sup ||1pn+1(sAgn)—lpn(SAgH)szV}, (17)

A<s<r

where Cppg > 0 is a constant resulting from the BDG-type inequality.
Form (16)-(17), there exists C3(n + 1) > 0 such that

JE[ sup | @nsr(s AZa)l2 - ||¢n<sAan>||2]

A<s<t

t
<Ca(n+1) [ B[ sup lgua(s AL = llu(s A IR ar, a9

A<s<r

where
Ca(n+1) =2(Ci(n+1) + Caln +1) (4Chpc (&} +13) + (4Chng + C1) (e +13) ).

Applying Gronwall’s lemma to (18), we obtain
B| sup llpun (s8I = lon(sA LI =0, 22,
A<s<t

therefore, ¢, 11(f A ln) = @n(t A n), P-a.s., for all t > A. In a conclusion, by (11), we find that
Cn+1 = Oy a.s. Then we finish the proof. O

By {u+1 > Cy a.s., we can define a stopping time ¢ by

(= 11m Cn = sup Cy. (19)
nelN

Next, we will show { = oo a.s. To achieve this, we require the specified uniform estimates.

Lemma 3.3. The ¢, given by (10) satisfies

]E[ sup qun(s)Hﬁwz} < MM VT >0,
A<s<A+T

where

My = 2B (bal|6a ] + b9 ) + M [ (ums)uZ + 1) 12+ (o) P + r|xk<s>||2) + M,T.
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Proof. By (10) and the Ito formula, we can obtain
ballEn(t) [P + [ (e [BER(5) 7+ 2asbala(5) 2 + 203(07 (E0(5)), ) ) ds
“ballEnI? + 262 [ ((5),E(5)) ds + 2biba [ (@) (9, () ds
et L [ 1(s) 4 0F (€09 s+ 2baer Y- [ () + 07 8(5)),E0(5)) W)

e [ [ (o) + ex(ab(Et) 20 + IR — (s ) Eelds )

erd [ [ I GE(e) 20+ s Ptz ds, 0)
and
bl (17 + [ (202011 B (17 + 20201 pa(5) 2 + 26T (@), 9, ) ) s
by 912 + 201 [ (2(6), () + 2baby [ (@7 (@), guls) s
0t 1 [ () + e als)) P 21 1 [ (0(5) 4 (), )Wt
o L [ () 72t 20 + )R ) ) L, )
Y [ [ ), 20+ ) Ptz ds. e
By (3) and (20)-(21), we have
E| sup (56| + ()P

SHMMW+MMMﬂ+H%/tWﬂ)ﬁ%+@%/tMMHﬂ%
ot 3 [ B3+ o (61 s+ bt 3 [ B (1) + o (eI

+ 2bye1E [ sup

A<r<t

5[] )+ ot GateD) @o(o)avists) |

Is

[ee]

#2000 sup | 1 [ (nl6) + o2 (9ulo))) (9 (1)) |

A<r<t ' =1 /A

Is

,;1/ /Zk<1 (1En(s=) + €a(qf (En(s=), ze) + xe(s) 2 = [|En(s— uZ)zkus,dzk)H

J/

+ hE [ sup
A<r<t

Iz
+b2€§]E[Z/ / > 191 (&n(s), zk) + 1k (s) ||Po de)dS]
|2k

I3
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+hE [S“P ‘Z/ /|Zk<1 (ln(s—) + 72(q (9u(s )xzk)—I-Kk(s))Hz—Htpn(s—)Hz)ik(ds,dzk)H

ALZr<t

Iy

e 5[ [ lapn(s) 20+ nds) Pouldz) ds . @
Zk
o
For the terms I5 and Iy in (22), by the BDG inequality, we can obtain
1
s n 2 2 :
I < 2020 CondlE| | 32 Ils) + o (69 P2 (<)
k=
1
< $ELp [128,(5) ] +4bociCho . [ ELIo) + o G T s @)
A<s<t
and
1
fo < GELSup nta(9)P]+4h0iChoc 1o [ E[I(s) + i huo) s @
A<s<t

By (23)-(24), we get
44:65Choc . [ ELI(9) + ¥ (o) ] s
t
<8026 Choc Y. [ B[I(s) 7] ds + 160263 Cho 01 [ )] ds
k=1

+16b2€{CipB[10]* (t — A),

and

4bmc%DG2 / [I1(s) + 07 (u(5)) 7] ds
t
<80 Choc Y- [ B[Im(s) s + 160 3Chock1P [ E[Ipa(s)|?] s
k=1

+16b171Chpc B (10117 (¢ — A).

For the terms Iy and Iy in (22), we have

b bedE| swp |3 [ [ G (s) 20+ de) Pt do) |
k

A<r<t

+2b2€2]E sup‘ // n C]k((:n( ),Zk)+Kk(S)>ik(dS,de)H
A<r<t k=1 |z¢| <1

<cb| [ [ 3ok x +Kk<>u2vk<dzk>ds]

Zk|<1k

+2CochE[( [ [T I8 P13 En(s) ) + s Pouldazis)

k<132

< 2Caby [ 2 ISIPEII G (5) ) s+ 4Cabaf11( — 2) +2Cobn Y [ ElIwa(o)]) s
k=1
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+ gt sup 20(s) )+ 4ChocbaB [ [ [ 3 ok @uls) = +Kk<>uzvk<dzk)ds}

A<s<t Zk|<1k

< 23t [ 262 SIPEIEn() ] s+ 4Cabaf? 8]t - +zc2bzz / [e(s)1

1 t
+ 7 0aE[ sup [12a(s)[%] +8C%chzA 28%(|81PE[ISn (s)I1?] ds + 16CEpgbap 8] (t — A)

4 A<s<t
© ot
+8Chnla ) [ Elli(s)]) s
k=1
and

t 00 t
Iy §2Czb1/ 282101 E[|[n (s)[|?] ds + 4Cab1 (|61 (t — A) + 2Caby Z/A E (]| (s)][?] ds
k=1

t
+ bﬂE[SﬂP [ (s )|\2]+8C%Dc;bl/A 282 101*E[l[n()[1*] ds + 16Chpcb1 B2 [16]1(t — A)

A<s<t
+8Chatn 3 [ Elll(s)|7) s
k=1

For the terms Ig and I in (22), we have

Iy < boeB4g? 517 [ LG (s) ) s + 462512 - >bze2+2bze22 / ke(s)IP)ds, @5)

ho < 4B | Ellyn(<)F)ds + 4821017~ Ninad + 2053 1 [ Ell(s) s @9

By (22)-(26), we find that there exist M > 0, M > 0, M3 > 0 independent of §,, 5, T, n such
that forall t € [A, T],

E| sup (6216 + bullpu 1) |

A<r<t

<2 [t &0+ 0l l] + MaE | [ (LAGIR + 1061+ IR + L (o))

+MaT+ M [ | sup (balles ()P + bllgn ()]2) | s

A<r<s

<M+ M [ B[ sup (ball6uI+ bllgn (0)12) | s @)

A<r<s

where

My =My [ E[IA(6) I+ RGP+ L s |12+2||Kk NP ds-+ T
k=1

+ 2E[ba|[EA]1* + b1 [la |-

Note that M is a finite number. It follows from (27) and Gronwall’s lemma that for all t € [A, T],

E| sup (216 + bullpu)IF) | < Mre,

AL<r<t

which completes the proof. O
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Lemma 3.4. {,, and ( are given by (11) and (19), respectively. Then we have a.s.,

c= fim o =

Proof. For T > A, according to Lemma 3.3 and the Chebyshev inequality, there exists C =
C(@a, A, T) such that

1 C
PA<C < TH<P{ sup flguls) 2 nl} < —E( sup llgulP) < -5 (@8)
A<E<T A<I<T
By (28), we can obtain
P(N Ultu<T}) =0
m=1n=m
Weget) € Q,P(Q) =0, {(w) =00, w € O\ Q. O

Theorem 3.5. Assume that (4)-(6) and (7) hold, if ¢, € L?(Q), €% x (?), then (9)-(8) has a unique
solution ¢ which satisfies that for every T > A,

E| sup [lg(s)[F] < e,
A<t<T
where My, M are defined in Lemma 3.3.

Proof. Let ¢, be the solution of (10). By Lemmas (3.4) and (3.2), there exists a subset QO of O
with IP(Q)) = 0 such that for all n > n,

Pu(t Almy) = @ny(t A ny) and lim 7, = oo on Q. (29)
Define ¢ : [A, 0] x Q) — % x (% by

pn(t,w) fweQ), telAin(w);
p(t,w) = . .
po(w) if w €O\, t>A

By (29), for every w € Q and t > 0, there exists Ny = No(t,w) > 1 such that for N > N,

Cn(w) >t and @u(t,w) = @, (t, w), (30)

We know ¢ is well-defined in (30). Furthermore, as ¢, is a continuous ¢? x (?-valued process,
according to (30), we conclude that ¢ is almost surely continuous with regard to t in > x (2.
It’s worth noting that (30) implies that for any fixed t > 0,

A

lim ¢, (t,w) = ¢(t,w), w € (). (31)

n—oo
¢y, is Fi-adapted process, we know that ¢ is Fi-adapted process by (31). According to (29)-(30),

Lemma 3.3 and Fatou’s lemma, we obtain

E| sup Igl?| < My,
A<t<T
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Then we demonstrate that ¢ is a solution of problem (8)-(9). Since ¢, is given by (10), we can
obtain

g(t N Cn) =¢rt+ /t/\gn _ dlACn( ) - ﬂlgn(s) + blr(Cn(S)/ ¢n(5)) - bzq)(gn(s)) +f1(5))d5
e Z/ $) + 07 (Za(s))) AWk (s)
ey )y /AMC /Zk|<1 K (s) + g3 (En(5—), zk)) Li(ds, dzy),

NG =t [ (= dAPa(s) = ap(s) = BT (@), a(5)) + B20(En(5)) + ()
b 2 [ ((s) + () dme(s)

k=1

tAZy o
el [ ) e n(e),20) Lals ).
(32)

By (30), we see that &, (t A ln) = C(EACn), Yu(t A Cn) = P(t A {n) P-a.s. Then by the definition
of I, ®", o, q}!, for s € [A, (], we get

T(Zn(s), ¥n(s)) = T(E(s), ¥ (s)), " (Culs)) = P(E(s)),

07 (Gn(s)) = 0k(E(s)), a(Zuls), zi) = qr(En(s), zk)-
Then by (32), we obtain

(N G) = Bt / (- 0AL() — md(5) + BTE), 9(5)) — b(E(E)) + i) ds

e

te Z YR CIOREACON D
A )
ral | /Zk<1 (ss) + (@ (), 7)) Le(ds, ),

PUAG) = pat [ (~ dAP(E) — a2p(s) ~ WI(E(E), Y(6)) + 0a0(E(5)) + fals)) s
e [ 06) + ot (9t

e )
k 1/ /zk<1 )+ q; ($(s—),z¢) ) Li(ds, dz).
(33)
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Since nh_rgo {n = o0 a.s., we can get from (33) that
(0 =8t [ (- hATE) ~ mE(s) + BT(EE),P() — bR(EE) + fi(9)ds
ra ) [ (s) +or(e(s)ani(s)
k=1
+€2k 1/ Ao /Zk<1 (kx(s) + qr(E(s—), z¢) ) Li(ds, dz),

=Py + /tA — dy Ap(s) — axp(s) — 1T (E(s), P(s)) + baP(E(s)) + fa(s))ds
e L [ 006) + ot ()it

e )
/ / s) + g (p(s—), z)) Li(ds, dzy).
k 1 |Zk|<1
Then ¢ is a solution of problem (8)-(9).

Next, we prove the uniqueness of the solutions. Assume that ¢1 and ¢, are two solutions of
(8)-(9). Then we will show that for every T > 0,

P(||g1(t) — @2(t)]|) =0, forallt € [A,A+T]) = 1.
For every n € IN, we define a stopping time T}, by
Tn = 1nf{t > A ||q01(t)’|gz><gz >n or Hqungngn > Tl} AT.

Let us define ¢(t A T},) = (pT" (t). By (8)-(9) and the It formula, we obtain

N AT,
G AT~ G AT+ [ (2B () G2+ 2ml6a(s) — Ea5)IP)
by [ (@(01(5)) - (), 1(5) ~ E(6)) ds
=161 0) ~ 2P 42 [ (T, 11(5)) ~ TEa(5) 42(6), E1(6) — E2(5) ) s

2o} / ()~ alE2(5)), Ea(5) — () AW (s
+ @30 [ o) - o) s
k=1 AA
+ ki L7 (et z) - aals—)z0) + a6-) - @l P
— llg1(s=) = &2(s=)I17) Li(ds, dz)
ol t/\T
EX [ @) 20) ~ ) 20 Pertaz) s, 39

and

r AT~ g2t AT+ [ (2B )~ ()P + 2021 (5) — 9als)]) s
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201 [ (P (S)91(6))  T(E(6), 42(6)) 91 (5) — a(s) s

AT,

=[lp1(A) — p2(A)|* + zbz/A (@ (5)) — D (E2(5)), ¥i(s) — a(s) ) ds
+2m koé /AMTH ((1(s)) — aie(P2(s)), P1(s) — p2(s)) AWi(s)

s 3 [ lorn5)) — axtga(e)) P s
k=1

+ ki [ [ 2 (Ira(aa(s=),20 = (o), 20) + 91(5=) = gals-) P

— l[g1(s=) = 9a(s=)|12) Lu(ds, dz)

AT [ aen(s) 20 — g 9a(s) ) o) s )
Y D ’ '

By (34)-(35), we get

IE[ sup ([1&1(s A Ta) = &2(s A T) 2+ 1p1(s A ) = als A ﬁ)HZ)}

A<s<t

<Ca(n1) [ B[ sup (16167 T) = Gals AT+ r(s A To) = s A TIP) ]

A<s<r

+2e8] sup |10 [ (@) — @l 60) - ale)) amwi(r)|

A<s<tAT, k=1

romE| swp [ [ (@) - a2 () = pa0) )|

)\<s<t/\T k=1

B[ sup |5 [0[ (lealanl-), 0 = (@2l 20) + 60-) = a(r-)|

A<s<tAT, k=1 |z <1

~ (=) = Ealr)IP) Ea(ar, )|
PB| sup |3 [ [ (a0 20 k() 20) + =)~ () P

A<SSSIAT, k=
= 9a(r=) = galr=) ) L, )|
:=I1+ Iy + i3+ ha + L. (36)

Similar to Lemma 3.2, we could use Young’s inequality and the BDG inequality to get

1T = -
ho <y sup 1679~ 8 9)1P] +43Cho0c3E| [ 7 0) ~F 0P ar
LA<s<t
1T = -
hs < 3B sup [47(5) — O] + 47iChnodt [ B {sup 9" (s) - %()Hdr
Asest A A<s<r
1T = ~
he < 4F | sup 1 6) ~ 01 @
LA<s<t
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t R _
+€%(4C%DG+CE,)C5(11+1)/A ]E[ sup [|¢;"(s) —52"(5)\\2] dr,

A<s<r

1 o
hs < 4| sup [97()~ 9T )P

A<s<t

t = ~
+934Chng + C)Cs(n +1) [ E| sup [97(5) — 9T (5) 2.

A<s<r
By (36)-(37), we obtain

IE[ sup (¢l (s) - qo?(s)HZ]

A<s<t

t =~ ~
<2E[lg1(1) = g2WIF] + Calon-+ 1) [ E| sup [lg] ~ T

A<s<r

where
Co(n+1) = 2<C4<n +1) +Cs(n +1) (4Chpe (6] + %) + (4ChpG + Co) (3 + 7%)))-

Applying Gronwall’s lemma, for all t € [A, A 4 T], we get

E| sup llof() - oI ()IP| < 250 TE[ga(0) - ga(WIF].

A<s<t

It then follows from ¢1(A) = ¢2(A) in L2(Q), /2 x £?) that
E|llo1 (1) — 93" (DIF] = 0.

This implies that |[@1(t A Tp) — @2(EA T) |2z = 0 forall £ € [A,A + T] P-a.s. Let n — oo,
by the continuity of ¢; and ¢, we obtain that ||¢1(t) — ¢2(t)||,2x2 = O forall t € [A,A + T]
P-a.s. This implies P(¢1(t) = ¢2(t), forall t > A) = 1. This ensures the uniqueness of the
solutions. O

4 Weak pullback mean random attractors

The goal of this segment is to establish the existence and uniqueness of weak pullback mean
random attractors for problem (1)-(2).
assuming that the coefficient ||5||? is enough small,

Sl < 5 38
6] < 85 (38)

where ¢ = a1 Aap, ¢g = bze% + bzeg + bl’y% + bl'y%. For every t > 0 and A € R, we define a
mapping Y (t,A) : L2(Q, Fa; 02 X £2) — L2(Q), Fy1; 02 x £2) by

(4, A)(92) = A +14,92), You € LA(Q, Fp; 02 x 2),

where ¢(t+ A, A, ¢, ) is the solution of (8)-(9) at time A with initial value ¢,. For any ¢, s > 0
and A € R,

Y(t+s,A) =¥(t,s+A)o¥(s,A),
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Y is a mean random dynamical system related to (8)-(9) on
L*(Q, F; 0> x %) over (Q, F,{Fi}icr, P

Let D = {C = {C(A) C L*(Q), F), ? x £?) : C(A) # @ isbounded, A € R}} be a collection of
all families of nonempty bounded sets satisfying :

: A 2
Alirf‘ooeg 1€MLz, 7, x2) = O

where ||C(A)||%2(Q,]’—/\}€2X€2) = sup ||(/)||Lz (QFu2x2)

9eC(A)
Next, we are going to demonstrate that ¥ has a unique weak D-pullback mean random

attractors in the space L2(Q), £? x £?). We further assume
A 00
/ ¢”’E [IIfl(S)H2 + LGP+ ) ()| + Z g (s)]?|ds < 0o, YAER.  (39)
- k=1
In the following, we present the uniform estimates on the solutions of (8)-(9) in L2(Q, 7 x
).

Lemma 4.1. Forevery A € Rand C = {C(t) };cr € D, there exists T = T(A,C) > 0 such that for
all t > T, the solution ¢ of (8)-(9) satisfies

E|llp(A, A —t,02)?]

A 00
<My [ VBRI LA+ L (s ||2+D|Kk o) ds M5, a0
- k=1

where ¢ € C(A —t), My = (% + 2by€? + 2b1y3 + 2b175 + 2byed) and Ms = e 'E [bZHQHZ +
bullall?] + 4

Proof. By (8) and the It6 formula, we obtain

A [b2]|2(5)[12] + [2daba | BE(5) |2 + 201628 (5) 2 + 203 (@ (E(5)), (5)) | ds
=2ba(f1(5),&(5)) ds + 20152 (T (3(5), ¥(5)), §(5)) ds

[ele]

+b2€%ZHhk ) + (& (s)) |17 ds + 2baer Y (Ie(s) + (8 (s)), §(s)) dWi(s)
k=1

+h Z Hé‘ )+ e2(qr(E(s—), z¢) + i (s))I* = ||‘:(S_)”2>ik(dsrd2k)

Zk‘<

+ bes Z /Z gk (&(s), zi) + xi(s) ||vk (dzx) ds, (41)

|z| <1
and
@ [ba]|9(s) (2] + [2dab | Bp(s) |2 + 20261 [ p(5)|2 + 263 (T(E(5), (s)), (5)) | s
=21 (fa(5), (5)) ds + 2b2b1 (" (&n(5)), Yiu(s) ) s

+ b1y Z 11k (s) + o ((s)) I* ds + 2b1711 i (Mi(s) + o ((s)), ¥(s) ydWi(s)
=1 k=1
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+b12 1 (I965=) + 720009 (5), 20 + ()P = 19511 Lelds )
+me /Zk|<1|\qk ), 21) + ki (s)2oe(dz) ds. (42)

Taking expectation of (41)+(42), we get

T E[J0a2(5) |2 + [orp(6)]12] = B[ — 210 B2 ()| — 2mabal|2(5)]” — 203(@(E(s), £(5))]

[ — 2501 | By (s) 12 — 20201 [(5) |2 — 263 (T (E(5), (5)), (5))
+202E [ (f1(5),8(5)) | +20162E [(T(& (), $(5)),(5)]

+02e? Y E[lns) + (@@ + byl ki E [l (s) + o ((5)) 1]
k=1 =1
+2b11E[<fz( ) s >>] + 266 E [ (@(E(5)), ()] ds

4 M R [IUCERERACIEACS)
rhd 1 [ E[lau(E(e) 20 + relo) Postd] 3)
By (43), we have

T E [0z (s) |2 + o (o) 1]

< — 26E |bol|& ()P + b [ (5)]2] + bae i E |l (s) + o(&(5)) I

SR (ORTACONG ERE) oY R L XVORSERACIENCS)
k=1 |2k

+ by€3 Z/zk|<1 qx(¢(s), zk) + xx(s) | Uk(dzk)} +2521E{(f1(5)/§(5)>}

+ 20 [ (f2(5), $u(s)) ], (44)

where ¢ = (a1 A az) > 0. By (44), we get

20:E[(£1(s),6(s))] < SE[mallz(s)]1?] + bzlE[Hfl( 1),

N\th

and

WiE[(f(5), (5))] <

N\tﬁ

E[ballp)IF] ds + S0 [I2(5) 1]

By (44), we get
bach Y E ((s) + ax(2(5))|1?)
k=1

<2boe} Y | [e(s) 2] + 4b2c 2612 + 4bac 82 612E [ 2(5) 2],
k=1
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and

b Y E [Ie(s) + ax(p(s) ]

k=1

<2617} Y E|lhe(s) 2] + 46103821161 + 41 3B OIPE 1y (5) 7).
k=1

By (44), we get

nd Y [ E[I0(E6), 20 + o) Poctaz

Zk‘ <1

<26} Y [ Igu(2(s),20) 2] o (d2) + 20263 Y e ()]
k=1 k=1

<abye3 2|62 + 4b2e362 5P || (5) 2] + 20263 Y [IIxe(s)]2],
k=1

and

o & [ E[lapie) 20 + o)l Poctazo |

<ab173B7]12 + 4617382182 [l (s) 2] + 26193 Y [[1c(s) ). (45)

From (44)-(45), we have
d
E b1l p(s)|2 + ba15(5)]2]
< — 26 (ba€(s) + blnlms)uZ) + (40263 + 4b17% + 4o} + 40103 ) B2
+ MsE| Y lIxe(s |\2+2||hk )12+ Billf2 () I + ol f1(5) 2]
k=1

n (% + 4B216||2 (b2€3 + by} + b1y + bl')/%))IE [bQH@(s) 12+ b || (s) Hz] . (46)

where My = (2 +2by€] + 26177 + 2b175 + 2b2¢€3).
By (38) and (46), we have

jsm[blnw@)nz+bz|r¢<s>r|2} + GE [BalI2 () I + b1 (5)1?]

<ME[ LI+ 1 )P + (o) + bl ()]
n (41926% + 4byn2 + 4byé3 + 4b17§) 821512 (47)
Multiplying (47) by ¢!, and then integrating on (A — t, A), we have
JE[bluw,A—t,%>|\2+b2ue<A,A—m)nﬂ
<M /jteds—%[:iw N+ L ts) P+ bl I +balf5) ] s
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—ct 2 2 2 2 2 2 :32H5H2
e~" IE|:b2||€/\| + b1||l,l7/\|| } + (4b2€1 +4b1’)/1 —|—4.b2€2 +4b1’)’2> c

<ty [* VB[ Y o) P+ 1 ()P + bll ) P+ bl ()] s
A=t k=1 k=1

N =

+ e E bGP+ billgall] +

<My [ S PE[IAEE IR+ Y ISP+ Y )]s + M5 @8)
- k=1 k=1

where Ms = ¢~S'E [ba6a I + b1 [|[92]1?] + 3.
Since @) € C(A —t), by (48), we get (40). O

Next, we elaborate the weak D-pullback mean random attractors of dynamical system (¥).

Theorem 4.2. Assume that (38)-(39) and (5)-(6) hold. Then the mean random dynamical system ¥ for
the stochastic system (8)-(9) possesses a unique weak D-pullback mean random attractor B = {B(A) :
A € R} € Din L2(Q), F; 07 x (2), that is:

(1) B(A) is a weakly compact subset of L>(Q), F; €% x £2) for every A € R.

(2) B is a D-pullback weakly attracting set of Y.

(3) B is the minimal element of D with properties (1) and (2); that is, if C = {C(A) : A € R} € Disa
D-pullback weakly compact weakly attracting set of ¥, then B C C(A) forall A € R.

Proof. For every A € R, we denote by
A ={H(A): A €R} with #(A):={p € L>(Q, Fa, *x?) : E(|||*) < 2(M)},

where
w0 =M [ SVE (nfl(s)\rz FIRGI+ Y )+ Y ||Kk<s>||2)ds + Ms,
- k=1 k=1

Since .# ()) is weakly compact in L?(Q), F; £? x £?), According to (39), we obtain

m "% (M) = 0.

. cA 2 IERT
Ag@we H%/()\)HLZ(Q,A;@MZ) - Agiw

This suggests that .2~ € D. Moreover, we deduce from Lemma 4.1 that /¢ is a D-pullback
absorbing set for ¥ in LZ(Q, F; 0% x 62). By [39, Theorem 2.13], we get the existence as well as
uniqueness of weak D-pullback mean random attractor B € D of ¥. O
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