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Global attractors of the delay 2D Navier-Stokes
equations on unbounded Channel-like domains
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Abstract

This paper studies the global attractors of 2D Navier-Stokes equations with delay defined in unbounded
Channel-like domains. To overcome the non-compactness of solutions, we will use the uniform tail-ends
estimates of the solutions by establishing all the solutions are uniformly small.
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1 Introduction

This paper considers the 2D Navier-Stokes equations defined on O = R x (0,d):

up—Au+ (u-Viu=g(u) +Vp+ f(x), divu =0,
u(t,x) =0, t>0,x €90,

u(0,x) =up(x), x€ O,

u(x,t)=¢(t—1,x), te(t—h1),xe0,

)

where u and p are the velocity and the pressure of the fluid. f € L?(O) is given, g is a Lipschitz
nonlinear function with delay, r > 0 is constants,

u(0) =u(t+0), Vo e (—r0).

When (1) does not contain the delay term, Wang has investigated the existence of the global
attractors of the 2D Navier-Stokes equations on the Channel-like unbounded domains in [1].
In recent years, significant results have been investigated in the study of attractors for 2D
Navier-Stokes with delay. Carabello has studied the attractors of 2D Navier-Stokes equations
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with delay on bounded domains in reference [2], and then proved the existence of pull-back
attractors for non-autonomous delay 2D Navier-Stokes equations on unbounded domains. This
paper mainly studied the asymptotic compactness of the solutions of (1) on unbounded channel-
like domains ©. We use the existence, stability, and convergence of the global attractors to show
the long-time asymptotic behavior of the solutions. We have known Sobolev embeddings on
unbounded domains are no longer compact (see reference [3]). In unbounded domains, the
main difficulty is the non-compactness of Sobolev embeddings.

In fact, we can overcome the difficulty by Rosa’s idea of the Ball energy equations proposed
(in reference [4, 5]), which is the method to establish asymptotic compactness of (1) solutions
when O is unbounded in the phase space Lz((’), lRZ) (see references [2, 6,7, 8,9, 10]). In order
to overcome the non-compactness of Sobolev embeddings in unbounded domains, we used
uniform tail-ends estimates methods for the solutions proposed in reference [11] to prove the
asymptotic compactness of the solution to the reaction-diffusion equations on R"(see references
[12, 13]).

In this paper, we will derive the uniform tail-ends estimates of solutions under supposed
conditions p = 0 and divu = 0. We will use uniform tail-ends estimates of the scalar stream
function for the Navier-Stokes equations (see [6, 12]). By uniform estimates of solutions, we
will prove the asymptotic compactness of solutions of (1) defined in O and the existence of
global attractors for (1) in H.

This paper is organized as follows, we will recall some basic concepts and results in Section
2. In Section 3, we will prove the uniform estimates of 2D Navier-Stokes equations of the
solutions in H and V. We will prove the asymptotic compactness of solutions and the existence
of global attractors in H.

In the paper, we denote norm || - || and inner product (-, -) of the L2(O,R?). We also denote
norm ||ully = ||Vul| for u € V of V and dual space V* is labeled as (-, -) and denote the norm
(+,*)c,, and the inner product || - ||c,, of the Cy = (—r,0; H).

2 Preliminaries

In this section, we review some basic results and knowledge.
The Poincare inequality:

[Vull*> > Allul|?>, Vu € H}(O,R*) A > 0. 2)
Letu,v,w € V, we denoted
2 J0:
b(u,v,w) = / u—Lwdx. 3
( ) i,]-zl o laxi ] ( )

Forallu,v,w eV,
b(u,v,w) = —b(u,w,v), b(u,v,v) =0

and
b(u,0,w)| < [[ull sy VO [wl][ 50y < cllullvlollvwllv, 4)

with every c > 0.
By(3), denote a bilinear operator B: V x V — V*, forevery u,v,w € V,

(B(u,v), w) = b(u,v,w),
By (4) forallu,v € V, we have

1B(u, 0)]

ve < cllullvlvflv,



32 | Electron. J. Appl. Math. 2024, Vol. 2, No. 1

For u € VN H?(0O,R?), we also have
1 1
[B(u,u)|| < cllull2[|Vull[|Aul|2.

We suppose
& =A— L.

We will make appropriate suppose for the delay term. Let ¢ : (—7,0; H) — L?(O, R?) satisfy

the following conditions:

(1) g(0) =0;
(2) there exists Ly > 0, such thatV &, € (—r,0; H)

18(8) —g(m)| < Lgll¢ —nllcy,-

3 Uniform estimates of solutions of 2D Navier-Stokes equations

We will prove the uniform estimates of solutions of (1) in H and V.

Lemma 3.1. Let (5) holds, then for every ug € H, the solution i of (1) satisfies for all t > 0,

2400~
[l ()]1* + 2/ () |Ipds < es!|ol* + Ci,
and forall t > r >0,
t
> [ e o) s < ol + a1+ e 1),

where Cy > 0 is a constant independent of t, r or uy.

Proof of Lemma 3.1. Suppose t > 0,
0 (8)1* + 2] VaE()[|* = 2(g (i), @(t)) + 2(f, (1))

Along with (5), we obtain
2(g(ur), u(t)) < 2Lglfite|cy [ltl] < 5 H”tHcH +2Lg]al*.
and by Young's inequality, we get
2(5,0) < Wl + 213
By (2) and (6)-(7) for t > 0, we have

~ ~ 1 £
loeiz(t)||? + 2| Va(t)|* < 5 lllle, +4Lg[1al* + {2 :
8

N

Solve (8) to obtain for all ¢t > 0,

t
@) +2 [ e | Va(s) Pds < o 7| + e ”sz“z .
0

Integrating (8) on (r,t) with 0 < r <'t, by (9) we have

t 2 § ?
2 [ 1i(s) s < [(r) >+ ”sz”2< r>Se“?fllﬁoll2+e“gf”2fL”2 +“2fL"z<

This completes the proof.

—7).

(5)

(6)

7)

(8)

©)
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We next prove the uniform estimates of solutions of (1) in V for t > 0 with initial data in H.

Lemma 3.2. Let (5) holds, for every ug € H, the solutions u of (1) satisfies forall t > 1,
t+1 t+1
IVa P+ [ jaats) s+ [ Jaa(s) s < ¢,
t t

where Co > 0 is a constant dependent of A, Ly and ug.

Proof of Lemma 3.2. By a limiting process, we will derive the uniform estimates for t > 0,
l0:va(t)||* + 2| au(t)||* = 2(B(u(t), u(t)), Au(t)) — 2(g(m(t)), Au(t)) - 2(f, Au(t)).  (10)
We first estimate the first term of (10)

2(B(u(t), u(t), Au(t)) <|lullpsor) [Vl a0 re) | A%]]
o= A=12 - LA _ _
<ci|[al|> [ Vall|aul> < S Aul* + e[| V),
where c; > 0 on O. Combining (5) and Young's inequality, we have
_ _ _ 1, _
—2(g(m (1), ou(t)) — 2(f, A (1)) < L@ &, + 8|l f|* + 8LY || Varl|*.
It follows from (10)-(3.9) that for ¢t > 0,

7 3. 2o _
l0:va(e)||* + S| Au(t)||* < calla|*| Va* + 8 £II* + 8Lg || Var|* 11

By Lemma 3.1 for all t > 0, we obtain

t+1
@I+ [ 1)3ds < ca,

with ¢z > 0 depends on A, Lg, f and 1y, we have

t+1 t+1
[ IVaEPds < e, [ )P IEEs) s < &,
t t

and by Gronwall Lemma, we have
[VE(1)]1? < ca,

where ¢, > 0 depends on A, Lg, f and ug.
Integrating from ¢ to t + 1 for (11), we obtain

t+1
[ s Pds < s,
t
with cs > 0 depends on A, Lg, f and ug. The proof is complete. O

We have proved the following uniform estimates for the large time by Lemma 3.2.

Lemma 3.3. Let R > 0, there exists Ty = To(R) > 0 such that for all t > Ty and uyg € H with
lluo|| < R, the solutions u of (1) satisfies

t+1 t+1
V@I + [ Iau()Pds+ [ (s < G,

with C3 > 0 is constant dependent of A, Lg and f.
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4 Uniform tail-end estimates of the solutions

We will the asymptotic compactness of the solutions of (1) by Uniform tail-end estimates of the
solutions. Furthermore, we will obtain the existence of global attractors in H.
Suppose a smooth function ¢ : R - R for 0 < ¢ < 1and

1
¢(s) =0ls| < 5; ¢(s) =1 [s| = 1.

If C>0and |¢'(s)| +|¢"(s)| < C. Letn € Nand x = (x1,x2) € O, let p,(x) = ¢p().
We first give the following inequalities.

Lemma 4.1.
(a) Let u € H'(O), then

gVl = 19 (@)1 < .
(b) Let u € H?>(O), then
gnaa] = A (@u) I < el
(c) Let u € HY(O), then
IguVull 2 A ] — 2 ]
(d) Ifu € H*(O) N H}(O), then

1 C4
1pnAul} = A2 [ Vuel} = == [ 1(0),
where C4 > 0 is a constant independent of n and u.
Proof of Lemma 4.1.
(a) Note that V(¢,u) = uVe, + ¢, Vu,

¢Vl = IV (@u)]l| < l[¢nVu = V(gnu)|| = [[uVen| < %HuH,

with ¢ > 0is a constant independent of n and u.
(b) Suppose A(¢puu) = u(A¢py) + ¢n(Au) +2V¢, - Vu such that

[fn(Au) = A(pnu) [| < lu(Apn) || +2[|Vpn - Vul| < %(IIMH + [ Vul]).

E;’)H [V (pute) || > A2 ||puue]], by (2) we have ||¢y Vul| > A2 || ]| — & |lul].
HV(‘Pn“)Hz = (v(4’n”)rv(¢n”>) = _<A(‘Pn“)r¢n“)

< [ a@a) o]l < AX[A@u0) [V (go10)]
and ||V (¢pnu)|| < /\_%HA(cpnu)H. By (a) and (b) we have
I ull < [V (gu)| + 2 ull < AH[[A (@) | + 2 u]
< A2 (Igudsul| + =l o)) + llull < A= gubul) + 2l o),

which shows that : Ch
A V|| < [lgnBurl| + — A2 [|ul| (o)

This proof is complete. O
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Furthermore, we give a scalar stream function for (1). Let u = (uj,up) € Vand x =
(x1,x2) € O, define

~ —~ (x1,x2)
i(x) = i(x1,x2) = / —updxq + urdxy.
(0,0)
Since u =1 on 00 and div(u) = 0in O.
Then, we get
Ox, il = —lUp, Ox,il =y, (12)
and

illao =0, Villyo = 0.
If T is the curl operator that has
Tu = 0x,U1 — Oy, Uz, Yu = (11, Uz). (13)

By (12) and (13), we have

~

oAl = N+ B(i, ) + 3(us) + f, (14)

where
g(ue) = T(g(ur)), J?: Tf, E(ﬁ, i) = 0x, ((0x, 1) Ail) — 0, ((0x, 1) All).

Let n € N, we denote O, = (—n,n) x (0,d). By (14), we prove the uniform tail-end
estimates of the solutions of (1) on O \ O, as below.

Lemma 4.2. Let ug € H and ¢ > 0, there exists N = N (A, Le, f, ug,€) > 1 such that the solution u
of (1) satisfies, foralln > Nand t > 1,

t,x)|?dx < e.
/O\Ok]u( x)|*dx < e

Proof of Lemma 4.2. We prove the uniform estimates of the solutions by a limiting process. By
(14) we get

d, . 5. ~ 2~ S 2
— (A @) = — (A%, ¢yit) — (B, ), i) — (§(wr), ¢y11) — (. ¢nit)
=Ji(i=1,2,3). (15)
For the left-hand side of (15) we get

d, . . ~
—E(Au,(pn Zdt/ 4>H\Vu|2dx+/ (Vily, V2 )iidx

> oo [ dIvara— L vaa,
where ¢; > 0 is independent of n. For the J; of (15) we obtain
i = — (A%, ¢210) = — /O AT(QAT + (AgR) + 2V¢,% Vit)dx
= llpura]*+ ZHMIIHAAH +2 | vall|ad]. (16)
By Lemma4.1 we suppose exists c3 > 0 independent of k such that

1 ~ ~ C3 |~
A @n Vi < [lgnAit]| + =] 11 o)
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and hence by Young’s inequality, we have

~ —~ 2C3 o~ C2 -
M Virl? < gnait]? + —louadllli@l o + S lalmo

N « N (4A — a)cZ 2
<lgndt? + o lgail + IS g, s S,

4) N 4)c3
e T T

we have " ) ,
~ 1 - 4N —w)cs
~lguIP < (o= Dl VR + R R,

By (16) and (17) we have
2~ 12~ 1 ~2 oS4 a2
— (W0, ¢30) < (—g0— )| gu VP + L aa?,

where c4 > 0 is independent of 7.
For the ], of (15), we obtain

Jo = —(B(1,0),¢3) = — | #(A0)(05,7) (05,93 )dx

C5 AN AN —~
o |Aw| Hu’|L‘<10) [0, 72| 14 (0

IN

IN

C6 |~ 2 ~ 3 (o4 ~ ~
E vz < ;(IIAuIIZ+ IVii]|©),

where c; > 0 is independent of n.
Suppose g(u;) = (g1(ut), §2(ur)) and f = (f1, f2). Then for J3 of (15), by (5), (12) we have

~(§(un), ¢3) ~ (F,970) = [(galu), 1)) - V(@ix + [ (~fo, ) - V(@)
< [ AIVal(gm)lc, + fDdx+ [ al(lgu)]+ |£)IVg3ldx
<Ly [ VR, dx+ [ g3Vl flax+ [ |al(LgIVal + 1) Ty3ldx
< (Lg+30) [ VAR dx+ o [ @Ifax+ Sqvak+isE, @)
where cg > 0 is independent of n. which along with (15)-(17) we have
L lpuValP + allpaVal < L(VaIR, + IVal° + 1872 + IF1P) + ollguflP,  (18)

with ¢ > 0 is independent of n.
combining (12) and (18), we have

c
9epu ]| + | puue]|* < f(l\ut\\%ﬂ + [[ull® +2[ Va2 + [ £117) + collpnfII*. (19)
Integrating (19) on (1, ¢) for t > 1 to have
Inu(t) 1> < 00| guue(1)[?

t
+ 2 [ () [, + () 1+ 21 Vus) 2+ 1£12)ds +con ™ I
=Ji(i=1,2,3) (20)
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For the J; of (20), we have for t > 1,

00 || (1) |2 < / (1, x)[2dx — 0, 1 — co.

{(xl,xz)60:|x1|2%n}
For the J; of (20), by Lemma3.1 and Lemma3.2 we have for t > 1,
C9

t
2 [N (un(s) 17, + ()| + 2 Vu(s)2+ 1£12)

c t co [t
<Z(cw+IIfI) [ e s+ [ u(s)| 12, s

n 1 nJi

C9 C9 2 _ f _

<t A+ OO o)y ds + - [ e (5) 2, )
c €9, wio—p) [>

<2 e+ 71 + @@ [ fu(s)12, s+

[t] f
+e U0 [ u(s)lyds + [ ()], 5

Scj N CL(EW(H) 4o erllD) < 1y %e“([t]*f)zf‘;or*af

n n n

c c
<H 4 a e 50, n— oo,
n n

with 17 > 0 dependent of A, L, f and u.
If f € H, for the 3 of (20), we get

coa | guf||* = con”! / F(x)Pdx = 0, 1 — oo, (1)

{(xl,xz)eO:\xl\z%n}

From (20)-(21) for every & > 0, then exists N = N(A, Lg, f, ug, &) > 1, such that for all t > 1 and
n > N,

u(t, ) Pdx < ||p,u(t)|? < e.
Ammwmzy< )Pdx < [|guu(D)]
]

Next, we will consider the uniform tail-ends estimates of the solutions under bounded
initial data in H.

Lemma 4.3. Let R > 0 and & > 0, there exists Ty = Ty (A, Lg, f,R,e) > 0and N = N(A, Ly, f,€) >
1, such that if ug € H with ||ug|| < R, then the solution u of (1) satisfies, for all t > Ty and n > N,

t,x)|2dx < e.
Joo ) Px <

Proof of Lemma 4.3. Let ug € H with |lug| < R. By Lemma 3.3, we have that there exists
To = To(R) > 0 such that for all t > T,

t+1
IVu(®)P+ [ Jam(s)|Pds < €, @)

where C; > 0 dependent of A, L and f.
Integrating (19) on (Ty, t) for t > Ty, we obtain

Iguae(u) 2 < T |y (T) ||
co [t e _
+;9/T e (Jur(9) 12, + lu(s)1° + 20 Vu(s) > + | f17)ds + coa™" || g f|?
0

=L+ D (23)
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For I of (23), by Lemma3.1 we have get
T (Ty)|[2 < T fu(To) 2 < o) (o4 MR2 4+ Cy),

where C; > 0 dependent of A, Ly and f. If ¢ > 0, there exists 7 = T (A, Lg, f, R, ) > Ty such
that for all t > Ty,

T |guu(Ty) |2 < ge.

For I, of (23), by (22) we obtain

co [t e
D eSO (lu(s) |2, + ()1 + 21| Vu(s) |12 + [ £1I2)

nJt,

C3 C3 _ "To+1
< &(Ty+1 t)/ 2 doa ...
<=2 [ ()2, +

(¢] t
Fe 0 [ ) yds + [ ()], 5

<% n GG (GG

+ (1—e™) 1 =0, n—oo (24)

n n

where C3 > 0 dependent of A, Ly and f. Combining (23)-(24) and (21), we have that there exists
N = N(A,Lg,e) > 1such thatforallt > Ty and n > N,

u(t, ) Pdx < ||p,u(t)|? < e.
A(xlrxz)EO:x1>n}‘ ( )‘ H(P ()H

By Lemma 4.3, we derive the asymptotic compactness of the solutions in H.

Lemma 4.4. Let (5) hold, suppose {uq,}o_ is bounded in H and t,, — oo, then {S(t,)uon}or is
precompact in H.

Proof of Lemma 4.4. 1If {ug,}5°, is bounded in H, by Lemma 4.3 for every &€ > 0, there exist
N; = Ny(e) > Tand N = N (e) > 1 such that for all n > N, we have

&
Hs(tn)uo,nHLZ(O\oN) < Z

By Lemma 3.3 we have that there exists Ny = N (e) > Ny such that {S(¢x)uo };_y, is bounded
in V. Since the compactness of the embedding H'(Oy) < L?(Oy) we infer that {S(t,)ug 5,
has a finite cover of radius § in L%(Oy), and by (4.23) show that {S(t,)uo,}%_; has a finite
cover of radius € in H O

By Lemma 3.3 and 4.4, we prove the existence of global attractors of (1) follows.

Theorem 4.5. Let (5) holds, then system (1) has a unique global attractor in H.

5 Conclusion

We establish the uniform estimates of 2D Navier-Stokes equations of the solutions in H and V to
obtain uniform estimates of the solutions. Furthermore, We proved the asymptotic compactness
and the existence of global attractors in H by the uniform tail-end estimates. Finally, we
proved the existence of the global attractors of delay 2D Naiver-stokes equations on unbounded
Channel-like domains.
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