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Abstract

In this study, we aim to investigate the geometry of surfaces corresponding to the geometry of solutions
of the geometric curve flows in Euclidean 3-space IR® considering the Frenet frame. In particular, we
express some geometric properties and some characterizations of u-parameter curves and t-parameter
curves of some trajectory surfaces including the Hasimoto surface, the shortening trajectory surface, the
minimal trajectory surface, the \/T-normal trajectory surface in IR®.
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1 Introduction

This article investigates the geometry of surfaces defined as trajectories of evolving geometric
curve flows in Euclidean 3-space R®. In recent years, the theory of surfaces with the connection
of the geometric curve flows in different spaces and integrable non-linear equations is a subject
of research attention (see e.g. [1-16]) and finding geometric curve flows which generate various
types of surfaces may expand our understanding of their geometric and topological properties,
in order to a deep understanding of the physical world (see e.g. [17-20]).

Hasimoto [10] in 1972 showed the connection between the binormal flow and the nonlinear
Schrodinger equation. Surfaces generated by the binormal flow, referred to as the Hasimoto
surfaces, have been previously considered in [1, 12]. For the Hasimoto surfaces, a lot of
researches are done using the different frames (such as the Frenet frame [1], the Bishop frame
[13], the Darboux frame [7, 9], the quasi-frame [11], the modified orthogonal frame [8], the
hybrid frame [16] and so on ) in Euclidean 3-space [1], Minkowski 3-space [5, 14, 15], Galilean 3-
space [6] and pseudo-Galilean 3-space [2]. Trajectory surfaces have been studied for the special
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case of inextensible flows in [21], curves flow of elastic rods in [22], and the curve shortening
flow in [23-25]. Recently, J]. Minar¢ik and M. Benes [26] introduced minimal surface generating
flow for space curves of non-vanishing torsion in Euclidean 3-space IR?, and analyzed some
properties of space curves evolved by the minimal surface generating flow.

The aim of this paper is to study the geometry of trajectory surfaces corresponding to the
geometry of solutions of the geometric curve flows in Euclidean 3-space IR®. The paper is
organized as follows. Section 2 contains an introduction to the geometric curve flow and recalls
the notion of trajectory surfaces, including the Hasimoto surface, the shortening trajectory
surface, the minimal trajectory surface, the v/T-normal trajectory surface in R3. In Section 3, we
investigate the geometric properties of some trajectory surfaces via the Frenet frame. Also, the
characterization of the u-parameter curves and t-parameter curves of the trajectory surfaces
is examined. In section 4, we draw the main conclusions, as well as some questions that we
postpone for the future.

2 Trajectory surfaces for the geometric curve flows in space

In this section, we define the necessary notation for the parametric space curves in motion,
recall the governing equations for a general geometric flow of curves in R? and introduce the
notion of trajectory surfaces generated by this general motion law, and finally, we obtain the
Gaussian curvature, the mean curvature, the principal curvatures, the geodesic torsion, the
geodesic curvature, and the normal curvature of the trajectory surfaces.

Assume the family of evolving curves is parametrized as follows:

{T} e tper) = {X(u, 1), 1 € 81, £ € [0, timax) },

where X = X(u,t) : S! X [0, tax) — R® is a smooth mapping, t,,x > 0 is the terminal time and
S! = R/27tZ is a unit circle. Then the unit arc-length parametrization s is given by ds = gdu,
where ¢ = |0, X|. The unit tangent vector is given by T = 9;X. In the case when the curvature
k = |T x osT| > 0 is strictly positive, we can define the so-called the Frenet frame. It means
that the unit normal and binormal vectors N and B can be uniquely defined as follows:

N =x"'9,T, B=TxN,
respectively. These unit vectors satisfy the following identities:
B=TXxN, T =N x B, N=BxT,

and the Frenet-Serret formulae:

g [T 0 x 0 T
di N = —K 0 T N 7
*\ B 0 -7 0 B

where T is the torsion of a curve. For x > 0, the torsion 7 is given by
T =x2(T x 3T) - 3*T = x2(3:X x 92X) - 33X.

The time evolution of {T't };¢(o ,..) 1 given by the geometric flow in the form of the following
initial-value problem for the parametrization X = X(, t) in R3,

Xli=o = Xo in S!,

where X is the parametrization for the initial curve I'y .

Firstly, we recall that the dynamic equations for unit vectors N, B, T and the local geometric
quantities (i.e., the curvature x, the torsion 7) during the motion given by (1) in the following
(see [27] for detalils).
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¢ The unit vectors N, B, T forming the Frenet frame satisfy the evolution equations:

o;T = (9soN + kv — Tug) N + (dsvB + TUN) B,

kN = —x(9son+Kvr —7T0B) T o)
+ (0%vp + vNOsT 4 2T950N + T (kvT — TUB)) B,

k0B = —« (9505 + Ton) T — (0205 + vNOsT + 2T950N + T (kv — TUR)) N.

* The local length element ¢ = |9, X| satisfies 0;¢ = (—«xvN + 95v7T)g.
e The curvature x and the torsion 7 (for x(s, t) > 0) satisfy the following system of evolution
partial differential equations:

ok = 0*vn + K*uN + vrdsk — 9s(Tvg) — TIsVB — 2oy, 3)
T = x(dsvp + TUN) + 05 <K_1 (92vp + vNOsT + 2T0s0N + T (KOT — TUB)))
+71(kvN — 050T). (4)

Definition 2.1. [21, 26] (Trajectory surface) For given velocities v, vy and vp, an initial curve
I'p and terminal time f,,0x, we define the trajectory surface ), . as Y = Urc(o ) Tt-

Trajectory surfaces have been studied in [1, 21, 23, 26] for the following cases, such as the
binormal flow (i.e., v = vy = 0, vp = «), the curve shortening flow (i.e.,, v = vp = 0,5 = «),
minimal surface generating flow (i.e., v = vp = 0, oy = T*%), inextensible flows (i.e., geometric
flows with %gt’ = 0).

(i) A Hasimoto surface }; is the surface traced out by a curve X(u, t) in R® as it evolves over
time according to this evolution equation:

9;X = xB, 5)

which motion law is the binormal flow, also known as the localized induction approximation
of the vortex filament flow, which has applications in incompressible flows (e.g. see [1]).

(ii) A shortening trajectory surface ), is the surface traced out by a family of curves
{Tt }e(0,ge) TN IR3 as it evolves over time according to the curve shortening flow:

X = «N, in S! x [0, tyax), ©)
X’t:() = XO/ in Sl/

where Xy is the parametrization for the initial curve Ty in R3. Moreover, if the curve ap-
proaches singularity as t goes to t,,4x, the shortening trajectory surface will be an embedded
disc without a point in the center of the original sphere (e.g. see [23]).

(iii) A minimal trajectory surface )5 is the surface traced out by a family of curves {T't };c(0/t,,..)
in R as it evolves over time according to the minimal surface generating flow (see [26]):

;X = T_%N, in S! x [0, tmax)/

7
x’t:() = XOI in 81/ ( )

where X is the parametrization for the initial curve Ty in R® with positive curvature and
torsion.

(iv) A {/t-normal trajectory surface )}, is the surface traced out by a family of curves
1Tt te(ofr) 1N IR? as it evolves over time according to the y/T-normal geometric flow:

9:X = ﬁN, in S! x [0, timax ), (8)
X|i=o = Xo, in S!,

where X is the parametrization for the initial curve I'y in R® with positive curvature and
nonnegative torsion.
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The first and the second fundamental forms of the surface };  generated by (1) are given
by

. <5 ]-“>_ (HauX!P <aux,atx>>
- \F G \@Xax)  [PxX|F )

= (f/l //\\//l> = ((é?gfk,% <?S?;<)fln1;>>'

respectively, where the unit normal vector 7 of the trajectory surface }; can be expressed as

3 X x X  —vgN+oyB

n = = .
[|0.X x 9:X|| /U% + %

Using evolution equations (2)-(4), the elements of the first fundamental form I read

E=¢* F=gur, G=0%+0v}+0%, )
and we give the elements of I:

L _ gZKvB

VR+od,
M = —00sUNTONOSVB—KVTO | o [y2 | 4,2
§ Vi Vs TN (10)

N _ ’UNanB—Z)BatUN-FUT[UN(aSUB+TUN)—UB(asUN-‘rKUT—TZ)BH

Vg
411/ 03 + 0% (020 4+ UNOST + 2TsvN + KTUT — T2Vp) .

The Gaussian curvature K, the mean curvature H, and the principal curvatures P;,i = 1,2 of
the trajectory surface }; as

LG -2MF+NE

det I LN — M? 1 _
K = &2 H=_-Te(II(I)}) = 206G

detI EG—F2' 2

P, = H++vVH?-K, ,=H-+VH?-K,

respectively. By Egs. (9) and Egs. (10), we can write K and H in terms of the functions
vT,UN, VB, K and T as

kv (vg0tvN — UNOUE + vT(—vN (05U + TUN) + vB(dsUN + KUT — TUR)))

K =
2 22
(vg +oy)
vp (920 + 2T0s0N + 0sTIsUN + kTUT — T20g)  (UNOsUB — VBIsUN — KUTUR)?
o 2 2 o 2 2\2
vy + Uy (vg +0%)
27(vNOsUp — VBOsUN — KUTUR) ’
o 2 2 b
vp + Uy
o xvp (0% + 0% + %) ” UNOsUR — VBOsUN — KUBUT N T

3 T 3
2(v}, +v3)2 (v} +v3)? 3 + 03
+vN8th — vpouN + vr(vN (0508 + TUN) — VB(0sUN + KUT — TUR))

2(0% +v3)?
2

+8§vB 4 2TdsUN + UNOST + KTUT — T

/.2 2
2K Up + Uy

0B
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For a regular curve (x) on trajectory surface }, in R3, the geodesic torsion Ty, the
geodesic curvature K, and the normal curvature K, are given by

g L) e nxd) e ()

[T 7 N 11

. . .o 2 .
respectively, where ¢ = g—z,'y = gTZ,n = ?TZ'

Now, we can write the following important definitions:

Definition 2.2. [28]

¢ Aregular surface ) is a developable (flat) surface if its Gaussian curvature K = 0, whereas
it is a minimal surface if its mean curvature H = 0;
* For a regular curve 7(t) on a trajectory surface }; , the following facts are well-known:

1) ~(t) is a principal line if and only if the geodesic torsion 7, = 0;
2) (t)isan asymptotic line if and only if the normal curvature K, = 0;
3) (t)is a geodesic curve if and only if the geodesic curvature K, = 0.

Definition 2.3. The family of all u-parameter curves and the family of all t-parameter curves of
a trajectory surface }_, in R are denoted by A" and (), respectively.

Using evolution equations (2)-(4), we obtain the geodesic torsion /7, the geodesic curvature
‘K¢, and the normal curvature ‘I, of the t parameter curves X(u, t) on trajectory surface };
as

- (X,n xn) _ pl(v} +vp)m — (vpns + vnna)or] (1)
& - Hx”z - 2, + 02 + 02 ’
N T UpTOUT
e o XnxX) pl— (v} +v5)81 + (vB&2 + vngs)oT] (12)
s |1X][? v}, + 05 + 0%
¢ _ (Xn) _ p(ongs —vda) (13)
o 112~ 2 2 2 7
X Uy T U+ UT
respectively, where
g1 = 0;UT — UN(ast + KoT — TZJB) — vB(asz + TUN),
& = 0y —vpk L(0%vp + 2T0suN + UNOsT + TkoT — T20B) + v (dsUN + KUT — TUB),
&3 = 0wp + onk 1(0%vp + 2T050N + UNOsT + TkUT — T20B) + vr(9sUB + TON),
ny = plup(9sun + kvt — TUR) — UN(9sUB + TUN)],
ny = —pdwp—k pon(92vp + 2T0s0N + UNOST + TKOT — T2UR) — URDLP,
ng = pdoN — Kk pvg(92vp + 2Tds0N + UNOST + TKUT — T2VR) + UNO:O,
X_al.._azx._an B 1

7 - 72/71 — 71P - .
ot ot ot /v%—i—v%\,

Similarly, the geodesic torsion “7g, the geodesic curvature */Cq, the normal curvature “£;; of
the u parameter curves X(u, t) on trajectory surface };, as

ur  Xynxmn,)  p(vp(ptog — (pvN)s) + on((pvB)s + PONT))
7;{ - 2 - 7 (14)
|1 Xl 8
<qu/” X Xu> <qur 7’1>
uK: = X - @ 7 = , u]C — - — , 15
d PSP R = T e (19
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respectively, where

0X 92X on 1

Xy = @(”;t%xuu = W(”;t);”u = £<u;t);P = \/ﬁ
B N

For the sake of simplicity, we denote

Q= {(X=X(uteQ': T=0}, Ab = {X=Xut)eA": "T;=0},
Q;Cg _ {X _ X(u, i’) c Ot thg — 0}, A;‘Cg = {X = X(u, t) e A ung = O}/
Q;Cn _ {X — X(u, t) c Ot - tICn — 0}, A%n = {X = X(I/l, t) c A% uICn = 0}

3 Some Geometric Properties of solutions of the geometric curve flows in space

In this section, we obtain the Gaussian curvature, the mean curvature, and the principal cur-
vatures of some trajectory surfaces including the Hasimoto surface, the shortening trajectory
surface, the minimal trajectory surface, the \/T-normal trajectory surface in IR? and give nec-
essary and sufficient conditions for t-parameter and u-parameter curves of some trajectory
surfaces in R® to be geodesics, asymptotic lines, and principal lines.

Some geometric properties and some characterizations of parameter curves of the Hasimoto
surfaces in R® are given [1] and are briefly presented here for completeness.

Theorem 3.1. (see [1]) Let X = X(u, t) be a Hasimoto surface Y1 in R®.

(1) Then the Gaussian curvature K, the mean curvature H, the principal curvatures P; (i=1,2) of the
Hasimoto surface ), are

Kss 1 Kss > 5
K=—-——= H-= Dss 2
K’ ZK( K ),
T Kss 2 2 \/(Kiles — K2 — )2 + 4Kxgs
P —x2
1= 2K( K K T )+ 2K 7
P, = 1 (& o) V(K — 12 — T2)2 +4sz5,
2K K 2K

respectively;
(2) We give necessary and sufficient conditions for parameter curves X(u, t) of a Hasimoto surface
in R3 to be principal lines, geodesics, and asymptotic lines, i.e.,

QF = {XeQ':7t=0}, A = {XeA": =0},
Q. = {Xe0': x=0} A” = AY,
QL = {XeQ': ky—x1> =0}, A” = {XeA*: k=0}.

(3) The binormal flow (5) is inextensible flows (i.e., geometric flows with 5 = 0).

Proof. By using Egs. (9), Egs. (10) and Eqs. (11)-(15), we have

(g% gTK
QTK K5 — kT2 )
Tg

To= T MKy =0, "Iy = =%, dig = (—xox + dor)g =0,

This completes the proof. O
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Theorem 3.2. Let X = X(u, t) be a shortening trajectory surface Y, in R3.

(1) Then the Gaussian curvature K, the mean curvature H, the principal curvatures P; (i=1,2) of the
shortening trajectory surface Y, are

2TKg + Tgk
K= — 2, H = #,
T 2x2
2 1
h = %—ZTSK @\/(ZTKS + k)% + 4x4t2,
2 1
P2 — %_';mc —_ ﬁ\/(zl—’(s + TSK)Z + 4:K4T2,

respectively;
(2) we give necessary and sufficient conditions for parameter curves X(u, t) of a shortening trajectory
surface Y5 in R® to be principal lines, geodesics, and asymptotic lines, i.e.,

0f = {XeQ': t=0} AL = {XeA': t=0},
Qgcg = {XeQ: x =0}, Ag, = {XeA": x=0},
O = {XeQ": 2tk +x5, =0}, Af = A"

Proof. By using Egs. (9), Egs. (10) and Egs. (11)-(15), we have

[— <g2 0> T ( 0 QTK )
- 2] - 7
0 « gTK KT + 2TKs

o= =1, 1Ky = ks 'Ky = LS}; =,
T
Ty = Ky =Kg " =0, g = (—xon +d0r)g = —xg
This finishes the proof of Theorem 3.2. O

Theorem 3.3. Let X = X(u, t) be a minimal trajectory surface Y 5 in R,

(1) Then the Gaussian curvature K, the mean curvature H, the principal curvatures P; (i=1,2) of the
minimal trajectory surface Y 5 are (see [26])

K=-1t, H=0,P, =1, D= —1,

respectively;
(2) we give necessary and sufficient conditions for parameter curves X(u, t) of a minimal trajectory
surface Y 5 in R> to be principal lines, geodesics, and asymptotic lines, i.e.,

o = o AL = 0,
O = {XeQ': w=0}, AL = ©Q
Q. = 0 AL = A"

Proof. By using Egs. (9), Egs. (10) and Egs. (11)-(15), we have

D ()

Moo= -1, Ky = —— 'K, =0,

212
T K
“Te = —, "Ko =xg, “K,, =0, 0i1g = —.
$7 3 g = K& t8 NG

Note that ¥ # 0, T > 0, hence this completes the proof. O
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Theorem 3.4. Let X = X(u, t) be a /T-normal trajectory surface ¥4 in R>.

(1) Then the Gaussian curvature K, the mean curvature H, the principal curvatures P; (i=1,2) of
\/T-normal trajectory surface }_, are

2 2.2 2 22
5 Ts T+ /T5 +K°T Ts — \/T5 +K°T
K:_T/H:;/P].: /PZZ

respectively;
(2) we give necessary and sufficient conditions for parameter curves X(u, t) of a /T-normal trajectory
surface Y4 in R3 to be principal lines, geodesics, and asymptotic lines, i.e.,

Qth = {XeQ': v=0}, Ap = {XeA': T=0},
- t. _ u _

Q’Cg i {X E Q . Ts i 0}, AICg - @,

Q;Cn = {X 6 Qt : Ts = O}’ Aulcn = Au.

Proof. By using Egs. (9), Egs. (10) and Egs. (11)-(15), we have

2.0 0 gt?
0 grr =F

T, 27
tE:_T’t,Cg st _ 45

T2 YT k!
g = ; Ky =xg, "Ku =0, 9ig = —x\/78.
Note that ¥ # 0, T > 0, this finishes the proof of Theorem 3.4. ]

Remark 3.5. There are the other types of geometric curve flows (such as the geometric KdV
curve flow also called Fukumoto-Miyazaki model, the generalized bi-Schrodinger flow or also
called Fukumoto-Moffatt model) in [29, 30], as following

(i) A Fukumoto-Miyazaki surface is the surface traced out by a family of curves {T't };c(o,...)
in R? as it evolves over time according to the geometric KdV curve flow:

0:X = %KT—F ksN + xTB, in §' x [0/ tmax)/

Xli=o = Xo, in 8!, (16)

where X is the parametrization for the initial curve I'p in R3 (see e. g. [3, 29]). Note that the
geometric KdV curve flow (16) is inextensible flows, in fact,

1
0:g = (—xvN + 9svT)g = (—KKs + (EKZ))g =0.

(ii) A Fukumoto-Moffatt surface is the surface traced out by a family of curves {Tt};c1o,..)
in IR? as it evolves over time according to the generalized bi-Schrédinger flow:

X = A{kB+v[K*TT + (2k,T + xT)N + (kT2 — kss)B] + ux°B},

17
X|[i=0o = Xo, (17)

where X is the parametrization for the initial curve Iy in R3, A, p and v are three real
parameters (see e.g. [4, 30]). Notice again that the generalized bi-Schrédinger flow (17) is
inextensible flows, this is because

0 = (—KxoN + 9507)g = (—KAV(2KsT + kT5) + Av(x>T)s)g = O.

Similarly, we also give some geometric properties and some characterizations of u—parameter
curves and f—parameter curves of Fukumoto-Miyazaki surface and Fukumoto-Moffatt surface.
The details are omitted here.
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4 Conclusion

In this paper we investigate the geometric properties of solutions of the geometric curve flows
in Euclidean 3-space R® with respect to the Frenet frame. This trajectory surfaces including
the Hasimoto surface, the shortening trajectory surface, the minimal trajectory surface, the
/T-normal trajectory surface may be useful for some specific applications in theoretical physics
and fluid dynamics. It is of interest to analyze some properties (such as the long term behavior,
upper bound for the area of the \/T-normal trajectory surface and terminating time) of space
curves evolved by the \/T-normal geometric flow (8). These topics are beyond the scope of this
paper but may be considered in future work.
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