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Abstract

In this paper we give a characterization of two-weighted inequalities for maximal commutators in gener-

alized weighted Morrey spaces on spaces of homogeneous type M£;?(X). We prove the boundedness

of maximal commutators [M, b] from the spaces M""¥!(X) to the spaces M""#?(X), where 1 < p < o,
w wy

0< 4 <land (w1, wy) € Ap(X).
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R. Coifman and G. Weiss introduced certain topological measure spaces which are equipped
with a metric which is compatible with the given measure in a sense in the 1970s. These
spaces are called spaces of homogeneous type. In this work, we find necessary and sufficient
conditions for the boundedness of Hardy-Littlewood maximal commutators in generalized
weighted Morrey spaces on spaces of homogeneous type. As a generalization of L,(IR"), the
classical Morrey spaces were introduced by Morrey [30] to study the local behavior of solutions
to second-order elliptic partial differential equations. Moreover, various Morrey spaces are
defined in the process of study. Guliyev, Mizuhara and Nakai [15, 29, 32] introduced generalized
Morrey spaces MP?(IR") (see, also [16, 17, 38]).

Recently, Komori and Shirai [27] defined the weighted Morrey spaces L, (R") and studied
the boundedness of some classical operators such as the Hardy- Littlewood maximal operator,
the Calderén-Zygmund operator on these spaces. Also, Guliyev in [18] first introduced the
generalized weighted Morrey spaces M}, ¥ (R") and studied the boundedness of the sublinear
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operators and their higher order commutators generated by Calderén-Zygmund operators and
Riesz potentials in these spaces (see, also [21, 25]). Note that, Guliyev [18] gave the concept of
generalized weighted Morrey space which could be viewed as an extension of both M/, ? (R")
and LI (R™).

We say that X = (X, d, u) is a space of homogeneous type in the sense of Coifman and Weiss
[10] if d is a quasi-metric on X and y is a positive measure satisfying the doubling condition, i.e.
X is a topological space endowed with a quasi-metric d and a positive measure y such that

d(x,y) = d(y,x)>0forallx,y€X,
d(x,y) = Oifandonlyifx=1y,
d(x,y) < Cld(x,z)+d(zy)]forallx,y,z € X,

the balls B(x,r) = {y € X :d (x,y) < r},r > 0, form a basis of neighborhoods of point x, j is
defined on a o-algebra of subsets of X which contains the balls, and

0 < p(B(x,2r)) < Cup (B(x,1)) < o0,

where Ci, C;, > 1 are constants independent of x,y,z € X and r > 0. As usual, the dilation of a
ball B = B(x,r) will be denoted by AB = B(x, Ar) for every A > 0.
Throughout this paper we always assume that y(X) = oo, the space of compactly supported
continuous function is dense in L; (X, t) and that X is N-homogeneous
(N >0),ie.
CirN < u(B(x, 7)) < GV,

where C; > 1 (i = 1,2) are constants independent of x and r. The n-dimensional Euclidean
space R" is n-homogeneous.

Let (X,d, u) be a homogeneous space, 1 < p < oo, ¢ be a positive measurable function on
(0,0) and w be a non-negative measurable function on X. We denote by M/, the generalized
weighted Morrey space on spaces of homogeneous type, the space of all functions f € L;,O,fu (X)
with finite norm

1
1Al pqze = sup

x€X,r>0 (P(X,T’)HwHLP(B(x,r)) HfHLW(B(x,,)),

where the supremum is taken over all balls B(x,7) in X and L, (B(x,7)) denotes the weighted
Ly-space of measurable functions f for which

1) = Wfxsn p0x) = / [fW)Pw(y)du (y)
B(x,r)

Moreover, by WM?;? we denote the weak generalized weighted Morrey space on spaces of
homogeneous type of all functions f € WL;,O,EU (X) with finite norm

1
HwaMf;‘f’ = Ssup HfHWL,,/w(B(x,r))/

xeX,r>0 (P(x/ 7’) Hw H Ly(B(xr))

where WL, ,,(B(x,7)) denotes the weak weighted L,-space of measurable functions f for which

I Itz = U oo = supt | [ If@)Pwlan )
PO \lyeBrifw)=1
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Note that if w(x) = xp(x,), then ME?(X) = MP#(X) is the generalized Morrey space and
1
if p(x,7) = <W17))) ", then M[;?(X) = L, (X) is the classic Morrey space.
We now recall the definition of Hardy-Littlewood operator on space of homogeneous type.

Let f be a locally integrable function on X. The so-called of Hardy-Littlewood maximal
function is defined by the formula

MFx) = sup s [ 1)l (),

>0 M B(x,)

where u (B (x,r)) is measure of the ball B(x, r).

The study of maximal operators is one of the most important topics in harmonic analysis.
These significant non-linear operators, whose behavior are very informative in particular in
differentiation theory, provided the understanding and the inspiration for the development of
the general class of singular and potential operators.

In this paper we aim to give a characterization of two-weighted inequalities for maximal com-
mutators in generalized weighted Morrey spaces on spaces of homogeneous type. Two-weight
norm inequalities for fractional maximal operators and singular integrals on Lebesgue spaces
were widely studied (see, for example [11, 12, 14, 26, 28]). The weighted norm inequalities with
different types of weights on Morrey spaces were also studied (see, for example [22, 33, 37]).
The two-weight norm inequalities for maximal operator, fractional maximal operator, singular
integral operators, Riesz potential and fractional integral operators on Morrey-type spaces were
studied by many authors (see, for example [3, 7, 8, 35, 39]). Also, two-weighted inequalities
for maximal operator in generalized weighted Morrey spaces on spaces of homogeneous type
were studied in [4].

In the sequel we use the letter C for a positive constant, independent of appropriate param-
eters and not necessary the same at each occurrence. For every p € [1, ], we denote p’ the
conjugate of p, i.e., % + % =1.M(Ry), M (R4 ) and MT(R4;1)
stand for the set of Lebesgue-measurable functions on R, and its subspaces of nonnegative
and nonnegative non-decreasing functions, respectively.

1 Preliminaries

Let (X,d, i) be space of N-homogeneous type as mentioned in Section 1. We now recall the
definition of A, weight functions.

Definition 1.1. The weight function w belongs to the class A,(X) for 1 < p < oo, if

=

1
P

sup | n(B )t [ @) | (#EBENT [ o )

X,r>0
resr B(x,r) B(x,r)

is finite and w belongs to A;(X), if there exists a positive constant C such that for any x € X
andr >0

BB [ wdp(y) < Cesssup .
B(xr) yEB(x,r) w(y)
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The weight function (w1, w,) belongs to the class A,(X) for 1 < p < oo, if

p 4

sup (n(Bxn) " [ @du@) | [r#EENDT [ w0

xeX,r>0 B(xr) B(x,r)
is finite.
The following theorem was proved in [31](Theorem 1, p. 209 and Theorem 2, p. 215).

Theorem 1.2. Let1 < p < co.
1) Then the operator M is bounded in Ly, (X) if and only if w € A,(X).
2) Then the operator M is bounded from L o, (X) to WLy, (X) if and only if w € A1 (X).

Theorem 1.3. [4] Let 1 < p < 00,0 < 6 < 1and (w1, wy) € AP(X). Then
HMfHLp/wg(B(x,r)) < CllesllL, (B(xr) sup HfHLp/w(l;(B(x,t)) !|w§5\’£p1(3(x,t))
for every f € L, (X), where C does not depend on f,x and r.

Theorem 1.4. [4]Let1 < p < 00,0 < 6 < 1, (w1, wn) € gp(X) and the function ¢1(x,r) and
@2(x, 1) satisfy the condition

etissglof ¢1(x,5) Hwﬂ‘Lp(B(er))
sup

tr lw3llr, (e

< Cqa(x,7),

where C does not depend on x and t.
Then the operator M is bounded from the space M Z’ 1(X) to the space M Z’ 72(X).
1 2

Lemma 1.5. [34] Let 1 < p < oo and (wy,wr) € gp(X), then (wy !, wit) € gp/(X), with
1,1

s+ 5 = 1.

plp

Lemma 1.6. [34] Let 1 < p < 00,0 < & < L and (wy,w,) € Ay(X). If% =0, then (w1, wy) €
Ay (X), with § + 5 = 1.

Corollary 1.7. [34] Let 1 < p < 00,0 < § < land (wy,ws) € KP(X), then the operator M is

bounded from Lp,wf(X) toL, . (X).

Let M* be the sharp maximal function defined by

r>0

Mif(x) = sup (B (&) " [ 1F(y) = foendn ).,
B(x,r)

where fp(, ) (x) = p (B <x,r>>1B(f S ).

Lemma1.8. Let 1 < p < coand w € Ap(X). Then
Ifwll, < CllwMFfllL,

with a constant C > 0 not depending on f.
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Definition 1.9. We define the BMO(X) space as the set of all locally integrable functions f such
that

Iflsmo = sup 1 (B / F(Y) = Foenldn () < o0
xeX, r>0
or
Ifllaso = inf sup p (B / £y) = Cldp (y) < .
xeX, r>0

Definition 1.10. Given a measurable function b the maximal commutator is defined by

My()(x) = sup (B /\b ) = b() 1) dn ()
B(x

r>0

forall x € X.

This operator plays an important role in the study of commutators of singular integral
operators with BMO symbols.

Definition 1.11. Given a measurable function b the commutator of the Hardy-Littlewood
maximal operator M and b is defined by

[M,b]f(x) = M(bf)(x) — b(x) Mf(x)
for all x € X.

This operator arises, for example, when one tries to give a meaning to the product of
a function in H! and a function in BMO (which may not be a locally integrable function).
Operators M, and [M, b] essentially differ from each other. For example, M, is a positive
and sublinear operator, but [M, b] is neither positive nor sublinear. However, if b satisfies
some additional conditions, then operator M, controls [M, b]. The maximal operators and
their commutators were widely investigated in various Morrey-type spaces (see, for example,
[2,5,6,13,36, 40, 41]).

Definition 1.12. We define the BMO,,,(X) (1 < p < o0) space as the set of all locally integrable
functions f such that

ICFC) = Foen)xBn . x
HfHBMop,w = Sup ||w(’3|c ) (x ) P ( )
xeX, r>0 Ly(B(x,r))

or

_ —1
1 fllBmo,,., = XGSXUI;’;O 1 (B ( ) ICFC) = foer) )X I l0 L (o) < oo

The proof of the following theorem can be obtained similarly with the Corollary 4.5 in [24].

Theorem 1.13. Let 1 < p < oo and w be a Lebesgue measurable function. If w € A,(X), then the
norms || - | pmo,,, and || - [ pmo are mutually equivalent.

We will need the following lemma while proving our main theorems.

Lemma 1.14. [23] Let b € BMO(X). Then there is a constant C > 0 such that
t
’bB(x,r) — bB(x,t)‘ < CHbHBMO h’l; fOT’ 0<2r<t,

where C is independent of b, x, r, and t.
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Let Leow (R4 ) be the weighted Le-space with the norm

(€110 (R,) = €8S sUPp w(t)g(t).

£>0
We denote
_ {q) € MA(R;1) - lim () = 0} .
Let u be a continuous and non-negative function on R ;. We define the supremal operator S, by

(5u8)(t) := llugllLoon, t € (0,00).
The following theorem was proved in [9].

Theorem 1.15. [9] Suppose that vy and v, are nonnegative measurable functions such that 0 <
01|08y < 00 for every t > 0. Let u be a continuous nonnegative function on R. Then the operator

Sy is bounded from Leoy, (R+) t0 Leoy, (R o the cone A if and only if

s (), <

We will use the following statement on the boundedness of the weighted Hardy operator

[ee]

t
Hag(t) == [ g(shols)ds, Hyg(t) = [ g(shw(s)ds, 0<t<oo,
0

t

where w is a weight.
The following theorem was proved in [19].

Theorem 1.16. [19] Let v1, v and w be weights on (0, 00) and vy (t) be bounded outside a neighborhood
of the origin. The inequality

sup va(t) Hy,g(t) < Csupoy(t)g(t)

t>0 t>0

holds for some C > 0 for all non-negative and non-decreasing g on (0, 00) if and only if

o]

B :=supv,(t / < 0.
>0 ess sup v1(T

o s<T<o0

Theorem 1.17. [19, 20] Let vy, vy and w be weights on (0,00) and vy (t) be bounded outside a
neighborhood of the origin. The inequality

sup vz (t)Hypg(t) < Csupovi(t)g(t) 1)

t>0 t>0

holds for some C > 0 for all non-negative and non-decreasing g on (0, 00) if and only if

t>0 SupO<r<s

t
B = supvz / 6 < 00,
0

Moreover, the value C = B is the best constant for (1).
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2 Two-weighted inequalities for maximal commutators in generalized weighted
Morrey spaces on spaces of homogeneous type

In this section we prove two-weighted inequalities for maximal commutators in generalized
weighted Morrey spaces on spaces of homogeneous type.

Lemma 2.1. [1] Let b be any non-negative locally integrable function. Then
|[M,B]f (x)| < My(f)(x), x € X
holds for all f € Li°(X).

Theorem 2.2. [1] Let b € BMO(X). Suppose that Y is a Banach space of measurable functions defined
on X. Assume that M is bounded on Y. Then the operator My, is bounded on Y, and the inequality

IMyflly < Clibllsmoll flly
holds with constant C independent of f.
Corollary 2.3. Let 1 < p < oo, b € BMO(X) and w € A,(X), then the operator M, is bounded in
Ly (X).
pw

Theorem 2.4. Let 1 < p < 00,0 < § < 1,b € BMO(X) and (w1, w2) € Ay(X), wy € Ap(X), then
the operator My, is bounded from L, s (X) to Lp,w§<X)'

Proof. Let f € L, ,s(X), b € BMO(X). The inequality ([1], Corollary 1.11), is valid

pows
M, f(x) < C||bllpmoM?f(x).

By the this inequality, Corollary 1.7, Corollary 2.3 and (wy,w2) € Ay(X), w1 € Ap(X)
conditions, we have

HbeHpré(X) < Cllbllzmo HMZfHLp 5(X)
/! 2 /w

2

< C||bllsmo HMfHLW,-(x) < C1|bl[Bmo ||fHpr(,-(x)r
o of
where M?f(x) = M(Mf(x)).

Theorem 2.5. Let 1 < p < 00,0 < § < 1,b € BMO(X) and (w1, w,) € Ap(X), wi, wz € Ap(X),
then

’ )

r

( t) Hf”Lp’w{(B(x,t))

| My fllL s(B(xr) S CHbHBMOng||LV(B(x,r)) sup (1+1In~ ]
pws Hw2||LP(B(X,f))

t>r

forevery f € L, (X), where C does not depend on f,x and r.

Proof. We represent function f as

f=ha+f, AW =FfWxsean W), LE) = FY)xx s Y), ¥ >0,

where k is the constant from the quasi-triangle inequality and have
HbeHLplwg(B(x,r)) < ||be1||Lplw§5(B(x,r)) + HbeZHLp,wg(B(x,r))'
By Theorem 2.4 we obtain

| My f1 HLprwg(B(x,r)) < [[Mypfa HLP’wg(X)

< CHbHBMOHleLM(x) = C”b”BMO||fHLp,wf(B(x,2kr))/ 2)
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where C does not depend on f. From (2) we get

Il

||wz||L xt))

IMufils, o100 < Clolamo ol ooy sup (1410 ) .
! >r

which is easily obtained from the fact that ||f|| Ly (B(x2K) is non-decreasing in r, therefore

£ L (B(x2K) on the right-hand side of (2) is dommated by the right-hand side of (3).

Fory € B(x,r) we get

Myfa(y) = sup p (B /|b ) = b(2)l|fa(2) g (2)

>0
yit)

= supp (B(y,1)”" / b(y) — b(2)||f(2)[dp (2)
=0 CB (x,2kr) B (1)

< Csup g (B / b(y) —b(2)]| () dn (2)
< sup (B ( / rb b || f(2)]dn (2)

+supp (B(y,1)"! / b(9) = bage | 1£(2) dn (2) = 11 + L.

t>
g B(xt)

By Holder inequality and Theorem 1.13 we obtain

h=supp(B(y0) " [ 16~ bauylF)dp (2

>
' B(x f)

<CSUPV( (v, 1) ||f||L i x,t))”b(')_bB(x,t)HLp/w,(g(B(x,t))
1

SCHbHBMOsupt MIAlE, @emlor’ile, @en)-
t>r P

To estimate I, by Lemma 1.14 we get

I = suppt (B(y,1)) " |b(y) = bp(sp| / f(2)ldp (2)

t>r

éCbeB(x,r)(y)SUPFNIIfHL s (Bf) le‘SIIL %)

+CHbHBmosupf Nln*HfIIL s (B Moyl 3ex)-
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From Theorem 2.2 we have

HbeZHLplwg(B(x,r)) < Hll”Lp,wg(B(x,r)) + ||IZ||L s (B)

HfHL (B
<CHbHBMOHW2HLP (x,7) sup (1_1_1 > I D
|‘Uz||L,, B(x,))
+ C||Mpx i ) su <1+ln>
B(x,r) Lp/wg t>}r) r |w2||Lp B(xf))
N4 P Te)
< Clbllsmo s e sup <1+1n> WL, (e “
r |‘Uz||Lp B(xt))

Then from (3) and (4) we obtain (1).

Theorem 2.6. Let1 < p < 00,0 <6 <1,b € BMO(X), (w1, ws) € Ap(X), w1, wr € Ap(X) and
the functions ¢1(x, 1), a2(x, ) satisfy the condition

sup < Coa(x,r), (5)

t>r

<1 1 t) ess inf 1 (x,5) i |1, (8xs))
+1n -

||w§||Lp(B(x,t))

where C does not depend on x and t.
Then the operator My, is bounded from the space M Z’f '(X) to the space M Zf 2(X).
1 2

Proof. Let f € MZ}’%“(X). Let us take v, = m,g = HfHLplw?-(B(x,t) =(1+Int) Hw2||L
v = 1 in Theorem 1.16. Also by using Theorem 2.5 and the inequality (5) we get
o1 (et il (B
HbeHM”/g’Z(X)
“2
; L, o B0
w 5 X
S CHbHBMO Sup || 2||LP xr)) p <1 +ln > Wy
xeX, r>0 §02<X r HWZHLP B(x,r)) t>r H(")ZHLP B(x,t))

1
< Cl|b|][pmo sup

I£1] ) = Cllbllsamoll fll prer )
x€X, >0 4)1(x,1’)||(,(]1||Lp B(xr)) f Lp,cuf(B(XT’)) f wal(X)

which completes the proof.
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