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Abstract

In this paper, we consider a degenerate parabolic equation associated with Caputo derivative. Our
problem is studied in the unbounded domain and the nonlocal initial condition. Under some suitable
conditions of the input data, we show the local existence of the mild solution. Then we show the
continuation of the mild solution. We also claim the maximal mild solution. The main analysis in the
current paper is based on some estimations of resolvent theory combined with many complex valuations
on solutions operators in Banach spaces.
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1 Introduction

Today, fractional calculus refers to the study of so-called derivative operators and fractional
operator analysis over real or complex domains and their applications. Over the past decades,
fractional calculus began to be used as a powerful tool by many researchers working in several
branches of science and engineering. In many fractional models, we notice two operators of
interest, namely Caputo derivative (see [1, 2, 5,7, 8, 10-17]) and Riemann-Liouville operator.

Let us denote B := [ — A where [ in the identity operator and A is the Laplace operator. In
this paper, we consider the equation

0¥Bu(x,t) — Au(x,t) = Bf (u(x,t)) inR>x (0,00), (1.1)
equipped with the nonlocal initial condition

Bu(t)|;—o = Pug, x € R®, (1.2)
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where ug is the function defined later. The derivative df is the meaning of Caputo sense
[1, 8]. When a = 1, this above equation (1.1) is called degenerate parabolic equation which is
mentioned in [4].

In [3], the authors studied a fractional integrodifferential equations of Sobolev type with
nonlocal conditions

df (Bu(t)) = Au(t) + Bf (t,u(t),/Otp(t,s)h(t,s,u(s))ds>, 0<t<T (1.3)

and
Bu(0) = B (g — g(u)) (14)

Here A and B are closed (unbounded) linear operators with domains contained in X. Using the
theory of propagation family as well as the theory of the measures of noncompactness and the
condensing maps, they obtained the existence result of mild solutions for problem (1.1)-(1.2).

In [6], the authors considered the existence and uniqueness of maxinal mild solutions for
non-autonomous integro-differential equations having nonlocal condition. They applied a
monotone iterative method with upper and lower solutions in an ordered Banach space X
combined with evolution system and measure of noncompactness.

The maximal mild solution is defined in Definition (2.4). To the best of our knowledge,
there are not any results on maximal mild solution to problem (1.3)-(1.4). Our paper is the first
investigation on maximal mild solution. The difficulty of the paper occurs when we study
the solution operators in the space R3. The principal analysis is to using some estimations of
resolvent theory concerning Hankel contour.

This paper is organized as follows. In section 2, we introduce some premilinaries on the
resolvent theory, some estimations of the operators. We also obtain the bound of the solution
operators. Section 3 provide the property of behaviour of solution operators. The main results
are described in section 4.

2 Preliminaries
In this section, we recall some basic settings of resolvent theory. Throughout this paper, we

consider the Laplace operator A defined on W& PR3 NW*(R?),1 < p < o0, by A = Z}Ll 02

Xij'

2.1 Resolvent theory

Since the Laplace operator it is closed linear and densely, by taking 6 € (%, 7r) and denoting

Y= {z €C:z#0,|arg(z)| < 9},
we have ¥ is a subset of p(A), the resolvent set of A. Moreover, it is well-known that there is a
constant C > 0 such that

C
H(/\ - A)fHWZ,p(]R3) < W/ VA € 29.

We say that I'; ,, is a Hankel contour if exists # > 0 and ¢ € (5, 71) such thatI' = 1 UT, UT3,

Iy ={le?:1¢c[r,o)},

Ly = {re" :y € [~9, 0]},
T3={le’¥:1¢€[ro)}
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Along this contour, we define the operators

Hi(A) = A*1(A*B—A)"1B, AeT,
Hy(A) = (A*B—A)"B, A€l

These can be estimated as the following lemma.
Lemma 2.1. Given 1 < p < co. Then, forall A € T,

ATT(C+ A
I (M) re) 0 (re) < | y|/\(w+1’y 2,

and

ClAT" |+ [A*]
HHZ(/\)HLP(II{3)—>LP(IR3) < ’/\a +1 ’

Proof. We begin with estimating the operator Hi(A). We firstly note that - € p(A) for all
A € Te,p. Indeed, on the path I'¢ 51 we have A = re'¥ with e < r < co. A direct calculation
yields

AY r*cos(ag) + rtisin(ag)
A*+1  recos(ag) + 1+ r¥isin(ag)
2% + 1+ r*isin(ag)

% cos(ag) +1 — r2%sin®(ag)’

Since ¢ € (5,7) and & € (0,1), it holds sin(a@) > 0. Hence, we imply that Ai‘—il ¢ (0,00). On
the paths I'c y» and A € T¢ 3, by using the analogous way as above, we also have A?—j_l ¢ (0,00).
Therefore, it holds /\?—il € p(A) forall A € T'¢ . For P = I + A, we have

Aucfl A% -1
Hi(d) = A“+1<M+1 _A) (I=4).

This helps to show that

A +1

M -1
M_11711(20:( A —A) (I-A)—(I-A)"YHI-A)+1

A% +1

<</\;\j_1—A>_1—(1—A)‘1>(I—A)+I.

This implies that

A% 41 1 A% -
et ) = 5y <A”‘+1 _A> 1

which deduces the following identity

Aﬂc—l A% -1 Azx—l
Hi(A) = (A% +1)2 (MH _A> eyt
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Therefore, we infer that
Avcfl CO Aafl
<
1 (M) ey < (A +1)2 A8/ (A% + 1) ‘ + ‘M +1/
which directly implies the firstly inequality of this lemma.
Our next objective is to estimate the operator Hy(A). It is easily seen that
Hy(A) = (A + (A*+1)A) (1 + A)
1 A% -1
= 7)\“—#1()\“—#1 —A) (I-A).
Multiplying the both sides of the above by A* 4 1,we obtain
(M4 DH) = (52— 8) (1 8)
A% +1
= ( A AN TI=A) —(I=A) Y I-A)+1.
A% +1
By an argument similar to the previous one. We get
1 A% —1
o — —
(A +1)H2(A)_(Aa+1>(Aa+1 A) +1
1 A% -1
_(Aa+1>(Aa+1_A) +1
Consequently, we find that
1 A% -1 1
H. = —-A ——1
2(M) (A”‘+1)2(A“+1 )t
According to the above proof /\i‘—j_l € p(A),it follows that
1 Co 1
[H2 (M) || p(rr(rey) < | rali g ’
(/\04 + 1)2 )LD)‘\+1 )L“ + 1
. Co |)\_'X ‘ +1
e+
From been proved, the secondly inequality is hold. O
2.2 Solution formulation
By the above lemma, we are able to define the following families of operators
1 At .o
i() = 5 /r My =12 2.5)
Now, taking the Laplace transform into (1.1) yields
(A) = A*"Y(A*B — A)'Bug + (A*B— A) " 'BF(u(M)), (2.6)

where (1) denotes the Laplace transform of u(t). Thus, we have that

o~

(A) = Hy(A)ug + Ha(A) f(u(A)).
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By means of the inverse Laplace transform, we derive
u(t) = L7 (Hi()uo+ L7 (Ha (1) ()
t
= S11p +/O Sa(t—s)f(u(s))ds.

where

1 .
5(t) = E/me“H]-(A)dA; =12 2.7)

Teq C p(—A) = p(A).

Definition 2.2. A funtion u € Cg([0, T]; LP(R®)) for some p > 1,0 < B < 1 is said to be a mild
solution of (1.1)-(1.2) on [0, T| if it satisfies

u(t) = S (F)ug + /Ot St —s) f(u(s))ds,

forallt € [0, T).

Definition 2.3. (Continuation of mild solution) Let u be a mild solution of Problem (1.1)-(1.2) on [0, T].
If there exists a time T € (T, 00), and a function it € Cg([0, T]; LP (IR®) such that

l) 1?[| [O,T] =1u, N
ii)  uis a mild solution of Problem (1.1) -(1.2) on [0, T},

then 1 is called a continuation of u.
Definition 2.4. (Maximal solution) If a fuction u: [0, T,] — LP(IR®) satisfies that

i) uljoq) is @ CgLP-mild solution of Problem (1.1)-(1.2) on [0, T,
i1) u has no continuation,

then it is called a maximal mild solution of Problem (1.1)-(1.2).

3 Behavior of solution operators

This section is to construct existence of mild solutions in the case P = I + A. For this purpose,
we firstly establish boundedness estimates of the solution operators 51 (t), S2(#) in Subsection
3.1. Secondly, we wil estimates operators.

3.1 Auxiliary lemmas

In this part, we will present some auxiliary lemmas. In lemma 2.1, sharp estimates for the
operators Hj, H; in the space of bounded linear operators on L? (R?).

Lemma 3.1. The operators S1(t), Sz(t) defined in 2.7 have the following properties
Let o € (0,1) then there exists constants C such that

1S1(D)IpLrrey) < CH +1%+1),
and

1S2() | 3o rayy < C(E4H 4457,
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Proof. We begin by estimating Sy (t).It follows definition operator S;(t) in (2.7), we have follow-
ing inequality

Mw

IS1(8)lp(esrey o [, ¢ HOVA
T,0,k

7'[
1 3
27 Z ‘NkHB LP(R3))

where we denote
Ny = / MH(A)dAk = 1,2, 3.
T,0k

Hence, to estimate operator S;(t) we need estimates operator Nj,i = 1,2, 3.
First, we estimate operator Nj. By using Lemma (2.1) and a trivial verification shows that

N1l Berr(rey) = |l /releMHl(/\)d/\HB(LP(R3))

A7H[(Co+ [A%])
< a dr|.
_/rel ™| A% 41) | a1

By the change of variables A = re'? we have

HN1||B(LP(1R3)) < /;O |etreifﬂ | ‘1’1@1;!25211’1043“17“ ) |ei<P \dr.
Since
‘ei(p ’ -1, ‘etrei‘/’ ’ _ ’etr(cosgoJrisingo) | = ’etrCOS(p | ’eisinq) ‘ _ ‘etrcosq)
and
[re 41| = \/((r"‘ cosag +1)2 4 (r*sinag)? > r*sinag,
which impllies that
il < ) eree S

Thank toe™ < C.x™7, v > 0 we have

CO © —a—1 —
Nl < g 7 Cltreos o)

o B
/lCr (—trcos @) Vdr,

sinag

where 7y > «.
By a direct calculation of above integral, we get that

C t* 1
N1l perr(rey) < ) (

— ) <C(t*+1).
sinag(cos @) —a—'y+—'y)—c( +1)
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Next, we estimate operator N,. By an argument similar to the previous one, we obtain

INallauroy = I [ HiA)dA s

-1 o
62 A% +1) |

By the substitution A = ee'? and let e = %, we have

e [(Co+ |e¥e¥™ )

@ . -1 )
et | |€ .
N2 B(1rr3)) < /(p le ™ | cvee 41| |eie'? |dy
< [ e (@)
=) e

Using the inequality

eV 1| = \/(t—’" cos P +1)2 + (t~%sinypa)? > sinayp,

we get

@ (Co+t7%)
< cosp \~Y T " /
IN2 [l 310 (re)) —/_(Pe sin agp i

¢ pCos P

<(Co+t") /

e S C(Co+t79). (3.8)

Analysis similar to that in the estimating of operator N; shows that
[Nl prrey) < C(E* +1).
Combibing previous estimations, we get that
1S1(D)lprrrsy) < C(H" + 7% +1).

We proceed now to estimate operator S»(t). We will estimate operator S, (t) by using again
some techniques of previos step.Applying the triangle inequlity yields that

7T

e

[y

At
, Hy(A)dA
HB(U(]R3)) /r,e,ke 2(A)dA||

.

1
152(8) |3 (1r (r2)) < s
1

7T

e

| Mill (rr (w2))

N
Il
—

i
where

M, = / MHy(A)dA;i = 1,2,3.
I0,i
Similarly as estimating Nj,one can show that
Mooy = I [ e*Ha(W)aAllaqusqro)

Co)\fﬂé’—i—l
S T (S e
/m| e
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By the substitution A = re'?, we have

o ip |C07’_'X€_i¢“ ‘ +1, .
HMlHB(U(RB)) = /l e | |reeien 41 | e dr

t

Note that
’etrei‘P | — |etr(cosq)+isinq)) | — |etrcosq) | |eisinqo ’ — ’etrcosq) |; ‘eiqz |B(LP(]R3)) -1
and
[re% 41| = \/((r”‘ cosap +1)?+ (r*sinag)? > r*sinag
which implies that
o0 Cor—sz 4y
< tr cos ¢ .
[ Mil[prrs)) < /1 e sinag dr

Note thate™ < Cox~7,y > 0 we have

c [~ B

M, Ssin(x(p/} r~“*Co(—trcos @) "dr
(o] —a B 7’)/

sinzxgo/} r~*(—trcos ) dr.

where v > a. By a direct calculation of integral terms, we get that

C t21x—1 tuc—l
<- [ +
“sinag(cos )Tl 2a —y+1 —a—7y+1
SC(thc—l _|_t1)(—1).

I Malp(rr () ]
On other hand, by the same away as (3.8), the following estimate also holds
M| p(rr(reyy < C(Cot? ! 4271

By an argument analogous to the previous one. We also get

M3 p(rnmay) < C(E2* T+ 471,

Summarily, [|S2(t) | prr(ro)) < C(E2*7 + 271 -
Lemma 3.2. Let « € (0,1).Consider the operators Sy (t), Sx(t) defined in 2.7. Then,exists C such that
10:S1(8) 131y (r3)) < C(t 4l

and
19652 () | ey < C(E2 +#472).
Proof. Applying the partial derivative formula, we have

1 .
ASj(t) = 5 re/\e“H]-(/\)d/\;] =1,2
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Continuing to use the method as in the lemma 3.1, we have

AeMH; (A)dA

13
0:S1(t oy
10:S1(8) || (e (r3)) < = ; T0k

1 23: ,
= — ) INtll o3y
7 L INellsr oy

B(LP(R3))

where

N, = / AMH, (A)dAs k = 1,2,3.
L0k
Now, we estimate the operator Ni:

1Ny [ e re)) = | /1,91/\e/\tHl()‘)d)‘HB(U(W))

-1 ®
S/ ]/\e)‘t] ‘)‘ |(C0+ ’/\ D ‘d}\ ’
r,6,1 A% +1) |

By the substitution A = re'?, we have

o . . —le—i¢ |(C X Hipu
! ig tre'? ’7’ e ‘( 0+ |7’ e |)
HNlHB(LP(IRS)) < /l |r.e'?e | |raeion 41 |

t

|e'? |dr

By similar approach as above, we get

, Co [~ _ -
1Ny e (rey) < Sinwﬁ rC(—trcos ) Tdr +

/l C(—trcos¢) Tdr
t

sinag
C o1 ¢!

<
- sina(p(cosq))“f[—zx—'y—i—l * —-v+1

<t 47,
By employing the same techniques as above estimates, one can get the following chain

INsllswraey = | [, A" En(0)ar

AT(Co+ A% ])
< AeM | da |.
_./rez| e A% 4+1) | a2 |

By the substitution A = ee'Yand lete = %, we have
, ) e~ (C o LI
poeet | |€7 e [(Co + [e*e™ |)
INa sy < [ leeee” |25 TS

/ p—lpcosp \0T 0 ) CO +t° )
e 11

|eie' |dy

Using the inequality [t~%¥* + 1| = \/(t *cosypa + 1)2 + (+*sin pa)? > sinayp,
we get

¢ tflecosw(co +17%) 9 ecosy
—¢ sinay

C(Cot 1 4+t7271).

HMHB(U(W)) < dp

dp < (Cot ™' + t’“’l)/

—p Sinay
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Our next objective is to evaluate Né, atrivial verification shows that

HN;,HB(LP(IR?*)) = /FGS/\EMHl(A)dAH

-1 o
S/ |/\€M| ‘A |(C0+ ’/\ ‘) ‘d)w
r,6,3 [Ae+1) |

By the substitution A = re~¢, we have

00 ) . —1,ip C X ,—ipu
! —ig tre”'? |1’ e |( 0+ ‘1‘ e ‘)
N3l (Lrr2)) S/; [re™*?.e" | [ree—ion 41 |

t

e |dr.

Similar to estimate of Ni, it may be concluded that
||NéHB(Ln(]R3)) <c( 4.
Consequently,
10651 ()| prr(rey) < COH* T+ 71417471,

We proceed now to estimate the 9;S(t). Continue to apply the formula for calculating the
derivative

1
atsz(t) = % re)\e/\tHz()\)d)t

1 3 1 3
35, (D) < — / AMH, (M)A = — Y M
20011 < 5z 1 [ A Ha()an] = 1 3 v,

where

M, = / AMHy(A)dAk = 1,2,3
r,0,k

Estimate M/lz

' CoA™® | +1
M - / AeMHy (A)dA < / A (1CAT T
My grrray) = | Fox 2(A)AM | p(r(r3)) < Fox |Ae™ | AT |dA |

By the substitution A = re'?, We have

[ . . Cor—ae—i(pa |+ 1 .
M, < / relPetre? | : e'? |dr
H 1HB(U’(1R3)) = % ‘ ’ ’rocelq)l)( +1 | | ’
Since
|etre’9" ’ _ ’etr(cos(p—i-isin(p) | — ’etrcosq) | ‘eisingo | — |etrcosgo ‘/. |eiq) ’ =1
and

[r%e'* +1| = \/((r“ cosap +1)2+ (resinag)? > r*sinag,

this implies immediately that

dr

ee C —2a+1 —a+1
HM/lHB(LP(]m)) Sﬁ etrcosq) or +r

1 sinag
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Thank to e™ < Cox™ 7,y > 0 we have

/ r24H1Cy (—trcos @) Vdr +

1M [ rr(rey) < /l F=H(_tr cos @)~ Vdr

sinag sinag

where v > «
Direct calculation of Integral we get

C t21x—2 C tac—Z

<
) = sinag(cos @) —2u — 7y + 2 + sinag(cos ¢)r —a —y +2

| Myl Brr (v

Estimate M/Z:

1Mallawoy = I [ A Ha()dA|

C | +1
< eM —‘ di
<[ e R

By the substitution A = ee'?, and ,and let € = % , we have

tee"” ‘ | Coe iy |+1

- i
’6“6”/]“ +1 ‘ ’516 |dlp

IMllaariuey < [ lece

Using technige semilar above we have
, @ (Cotzzfo + tfz) @ ecoslp
M < Cos
| 2||B(LP(1R3)) > /q}e sinay

S C(COtth—Z + ta—Z)

—p Sinay

Estimate Mé:

, CoA™" | +1
M| 510 oy = / AeMHy(A)dA </ At (1CA I+
Moy = I |, AMHNA] < [ e S0
By the substitution A = re~'%, We have
! ® @ tre”i? |C0r—“ei¢a ‘ +1 —ig
Mol < [ Ire0e ™ |50 e lar

t

In the same manner we can see that

/ w2 L
[ M3 (rrrayy < C(E2 +£479)
From some above observations, we get that

10682 () | p(rr(rey) < C(E*2 4 £272).
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4 Main result on maximal solution

In this section, we present our main results, which are the existence of locally mild solutions.
We consider the following assumptions on the nonlinearities f.
The function f : R — R is continuous and there exist constants L > 0, p > 1 such that

e (H1) |f(x)| < L|x| forall x € R.

* (H) [f(x) - f(y)| < L|x — | forall x,y € R.

Lemma 4.1. Let 1 < p < oo and ug € LP(R®). Then, S(-)ug € Cg([0, T]; LP(R?)) with a < p.
Moreover, fort € (0,T), h > 0 such that t + h € [0, T),

1S1(t + h)uo — S1(t)uo|lr sy < Cht™*[uol|Lr(ws)- (4.9)

Proof. Lett € (0,T) and h > 0 such that t + h € [0, T]. Then, by using fundamental theorem of

Calculus we have Sq(t + h)ug — S (H)ug = ftt+h 9:51(T)updt. This integral, in view of Lemma
3.2, can be estimated as follows

t+h t+h
[ asimdr| <ol [ 10681 usgro) st

LP(R?)

t+h
< A4Hu0HU%Rﬂ{l‘ (e e
t+h
< M + T 4+ Dol oy [ £,
t

Let us choose a constant € > 0 such that € < a. By simple computations, there hold

L/¢+ht“1dT:: L
t at*(t+h)* — at®hr—€te w ’

where (t + h)* > h*~¢t¢. This deduces S (-)ug € Cg([0, T]; L¥(IR%)) as well as (4.9). O

Lemma 4.2. Assume that f satisfies the assumptions (H1)-(H2), and v € Cg([0, T]; LP (R®)) for some
l1<p<ooand0 < B < a.

a) Fort € [0,T),h > Osuchthatt+h € [0, T|,and0 < e < a A (1—a),

H/Ot (Sa(t+h—s)—Sa(t—s))f(v(s))ds .

< ML(T*+1)B(a —€,1— B)
- 1—u«a

ta_ﬁ_ehe|‘U||c,3([o,T];Lv(R3))-

b) Fort € [0,T), h > 0such thatt+h € [0, T],

t+h
/' Syt +h —s) f(v(s))ds
t LP(R3)

< ML(T* +1)B(a, 1 = B)h*P|[v]lc, o 110 (r0))-

¢) Ifv € Cg([0, T]; LF(IR®)) then <t — /Ot Sa(t —s)f(v(s))ds) € Cg([0, T]; LP(IR?)).
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Proof. We firstly prove Part a. Lett € [0, T) and h > 0 such that t + h € [0, T]. By the Lipschitz
continuity of f, we have

H/ot (Sa(t 41 —s) = Sa(t = 9)) f(0(s))ds

L (R3)

t
5/0 1[S2(t +h —s) — Sa(t —s)|f(v(s))ds]| Ly (r3)

t t+h—s -
<L </0 </t HaTSZ(T)HB(LP(]R3))dT>S ﬁds) ||vHCﬁ([O,T];LP(R3))

—S

t pt+h—s
< ML (/O /t s (Tsz—Z_'_Ta—z)s_ﬁdeS) HUHC/S([O,T];LP(R3))

t pt+h—s
< ML(T*+1) (/0 /t r"‘_zs_ﬁdrd5> 12llcy (0,170 (R3))/

=S

where we have used Lemma 3.2. The latter double integral can be estimated by fundamental
computations. With 0 < € < a A (1 — &), one has

(F+h—s)™ = (t+h— ) (b + 1 — )¢ > W= (t — 5)°.

Consequenty, we derive that

t pt+h—s
/ / 25 Pdrds
0 Jt—s

t _o\l—a _ o\l—a
_ 1 / (t+h S,) (t s)ﬁ s
1—ato (t—s)=%(t+h—s)l=®

h¢ ! x—e—1.-p
< / (t—s) s Pds
0
hé‘

—1—a
= B — 1_ aiﬁie
T (« — ¢, B)t ,

which claims Part a. Next, we will prove Part b. According to Lemma 3.1 and the Lipschitz
continuity of f, we have

t+h
/t Sy(t+ 1 — ) f(o(s))ds

Lr(R3)

t+h
< ML </t (t+h—s)* 1 (t+h— S)“_l)s_ﬁd5> [0l (o, Tyer (r2))
t+h
<mur 1)) ([ -0 ol ooy, @10

where we note that s < (s — t) 7. Part b is immediately obtained since the latter integral is

equal to i*"PB(a,1 — B). Thanks to Parts a,b, the function fot Sa(t —s)f(v(s))ds belongs to
the space C([0, T]; L*(R3)). Additionally, by the same techniques as above, one can see that

< MLT*B(a, 1 — B) |0l c, o, 77,ron tF
LP(R3)

/Ot Sy(t— 5)f(0(s))ds

(4.11)

for t € (0, T], which implies Part ¢ and completes the proof. O
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Theorem 4.3. Let ug € LP(R®), and f be defined by the assumptions (H1)-(H2). Then Problem
(1.1)-(1.2) has only a locally mild solution in [0, T| with 0 < B < min{2«a,1}.

Proof. This proof will be based on the contraction mapping theorem. Firstly, it is a simple matter
to choose Ty small enough such that

1
C'L(T;**PB(2a,1 - B) + T, PB(a, 1 - B)) < 5 (4.12)
where B(-, -) is Beta function, and C’ is given in Lemma 3.1. Let us choose R such that
R > 2C(Ty P+ T + T5) lJuol| 2, (4.13)

and denote by By the ball in Cg([0, To]; L (IR®)) of radius R centered at the origin. Then, Bg is
closed convex, nonempty. Let us consider the mapping ® : Bx + Br defined by

Do(t) =S1(H)ug + /Ot Sy(t —s)f(v(s))ds,

for all v € Bg. We need to prove that ® has a unique fixed point, which is a mild solution of
Problem (1.1). The proof will be divided into two steps as follows.

Step 1: Proving @ well-defined on Bg. By using Lemma 4.1 and 4.2 ,we have function t — ®v(t)
is continuous on [0, T]. Hence, it is necessary to prove that ® maps Bg onto itself. For v € Bg,
we have

1D (@) [l cy(o,myLrre) <I1S1(E)uollcy(jo,m,Lr ()

#| [ sate =)0t

CHOTILI(R)
It is plain that the term S (#)uo can be estimated by Lemma 3.1, which follows that
S1(Euoll sy < C(TY ™ + T4 + T)lluoll sy, ¥t € [0, To)-

On the other hand, by using Lemma 3.1 and Lipschitz property of f ,we derive that the following
estimate.

H /Ot So(t—s)f(v(s))ds )
<C /t((t )y (p— 5)%1)Hf(v(s))HLp(]Ra)ds

0
t
< C'Llolleyomare) [ (F= P+ (E=5)* )5~ Pds

< C’Luvucﬂ(mﬂ (]Rs))(Tg"‘B(Zuc, 1—B)+T;B(a,1-B)). (4.14)

Consequently, we obtain that

H /Ot So(t— s)f(v(s))ds”

< 'Ll

Cp([0,T);L? (R?))

o (soy (10 TB@u 1= B+ TTPB 1= ). (415)

By the definitions of Tp and R above, we imply

12 llcy(omyLrwey) < R/2+R/2=R,
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namely, we can assert that ®(v) € Bg.
Step 2. Proving that ® is a contraction mapping. Let us arbitrarily take v1,v, € Bg. Then
[P01(#) — Doa(t) Hm(uzs)
< /t |S2(t = s) (f(v1(s) — f(va(s)) HL,,(R3)ds
<cC / S 4 (£ = 9)" )| F(01(5) — F(@2(5)]| o 5

Basing on the fact that
£ (01(s) = f(02(5) | oy oy < Ls~Pllor — w2l 0,120 (r2))
we implies
| Pov1(t) — Doa(t )HLF’ (R3)
< CL (=577 (0= 51 )[or(5) — 22(6) oy
' 2a-1 1
< CL|oy - UZHCﬂ([o,T];LP(W))/O ((E=s)* 14 (t =) 1)s Pds.
Multiplying the both sides of the above by t#, we obtain
t#]| o1 (t) — P ()| 1)
< CLllo1 = 02l (o, Tyer (r2) tﬁ/ —s)? 4 (t—s)" 1) Pds
= CLHUl — vzHCﬁ([O,T};LP(IR?’))tﬁ(tzﬂ‘ ‘BB(ZDC,l _ ‘B) + t"‘_ﬁB(Dé,l — :B))
< CL[[o1 = v2lcy(o,per(roy) (T2 B(24, 1 = B) + T*B(a, 1 — B)).

It follows from (4.12) that

1
tP|| vy (t) — oo () || 1oy < 501 =valleyorprrmey, V€ [0, Tol.

So, by taking supremum with respect to t, we obtain

1
1Pv1 = Pvalle o, rprrme)) < 51101 = 2llcy01Lr (R3))
i.e., we can conclude that 7 is a contraction mapping. O

In the next section, we will research existence of the maximal mild solution to our problem.
Explicitly, we will study Problem (1.1) - (1.2). We will show that Problem (1.1) - (1.2) has a
globally mild solution u € Cg( [0, T]; LP(R3)), or there exists a time Tyax < oo such that Problem
(1.1) - (1.2) has a maximal mild solution u € Cg([0, T]; L?(R?)) with blowup at the finite time

Tmax .

Before stating the main theorem we first define continuation of mild solution.

Lemma 4.4. (Unique continuation) Suppose f be defined by the assumptions (H1)-(H2), ug € L¥ (R3),
and 0 < B < min{2w«,1}.Let u be a mild solution of (1.1) - (1.2. Then,it possesses a unique continuation.
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Proof. We will prove this lemma by making uses of usual fixed point arguments also. Thank to
theorem 4.3, we recall that, u(t) is the unique mild solution of (1.1)(1.2) and

u(t) = S1(H)uo + /Ot Sa(t—s)f(u(s))ds, Vte0,T]. (4.16)

Let M = sup{||u(t)||rr : 0 <t < T} and put N = M + ||u(T)||.». We take a real number
0 < p < M. Then, exists ¢ > 0 sufficiently small such that following conditions hold for all
te [T, T+E]

o ey Ca (= T+ (£ = TPT-(49) 4 15T) < £,

T
¢, (tza’ﬁ _T2h g (- T)““.T”‘*e*ﬂ)gm, (4.17)
p _Ty2ab g (T B <L
t C3<(t T)2F 4 (t—T) ) <t
where C; following from lemma 4.1 such that
h
_ « Si—(a+6) 4
H(Sl(t+h) St < C (h yy + t) o] o) (4.18)

and C;, C; following from lema 4.2) such that

| [ (520t =) = 52T — ) flu(s) s

<G (tz"‘_ﬁ — T2 4 (t— T)l_“-T“_e_ﬁ> ]l L (2

LP(R3)

and the following bound

t
. ~ < _ T\2a—8 _ =B\ ;7 .
B e
With the parameters p, ¢ as above, we now define the following space
Zf,’g’T = {v € Cg([0, T +¢]; LF (R?)) ‘v|[O,T] =u

and
lo(t) = u(T)llusro) < pt P, ¥t € [T, T+ },

and the mapping @ : Zg’g’T — Zg’g’T as follows
~ t
$i(t) == Sy (Huo + /0 So(t — ) f(@(s))ds (4.19)
forall t € [0, T + &]. Let us note that ®if = du = u.By Lemma 4.2,
i € Cp([0, T +¢J; L7 (R%)).

Hence, in order to show that the mapping ® is well-defined, we need to prove the below
inequality

|Du(t) — u(T)||p(rey < pt P, t [T, T+ (4.20)
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Fort € [T, T+ ¢], we have
1(6) = (D)l g
<810 = S1T)0) ey + 1 [ 2t = 5) )
= [ 52T =) £,
<I(810) = S0 g
L[ (820 9) = 82(T =) F) 6Dl

+ [ 20t =) ) as

Lr (R?)

t—T
—)

+ (G (tz”‘_/S — T2 P 4 (t— T)l_“-T“_e_ﬁ) [l L w2y

<|luollpr(re)Ca (£ = T)* + (£ = T)° T+ 4

+Ca (= TV (£ = 1)) [l o) < .

From the above it follows that, we can assert that
|Di(t) —u(T)| < pt™P, te[T, T+¢.

Summarily,we conclude that the mapping ® well- defined on Z‘;’g’T. Finally, by an argument
analogous to that used for the proof of Theorem (4.3)we can show that ® is a contraction

mapping.Thus,® has a unique fixed point in Zf,’g’T, which will be denoted by u...Then, i o 1] =
u and

t
0 = Sy(H)uo +/O St —s) f(ifs(s))ds, t € [0, T + ).
Hence, 1 is the unique continuation of u. We finish the proof. O

Let us now proceed to establish the existence of a globally mild solution or a maximal mild
solution with blowup at the finite time Tphax in the following lemma.

Theorem 4.5. (Maximal solution).Assume that F satisfies the assumption (H1)-(H2). Then,

i) Problem (1.1) - (1.2 has a globally CgL? mild solution u € Cg([0, T]; L¥(R?)) or

it) There exists Tyax < oo such that problem (1.1) - (1.2has a maximal local CgLP-mild solution
u e Cﬁ([O, T]; LP(R®)) with

lim sup ||u(t)||

t— Trnax

ca(o,mne (R3)) — °

Proof. The proof is similar to [9] and we omit it here. O
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