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Abstract

In this paper, a new iterative learning controller is presented for nonlinear time-varying parameter
system to solve the tracking problem of different target trajectories. Based on Nussbaum function and the
Lyapunov-like synthesis design the learning controller to handle system dynamics with multi-unknown
control directions. Over a finite time interval, the unknown time-varying parameter is considered to be
periodic, so it is expanded using a Fourier series expansion, and the remaining terms are treated with
a canonical series. The controller designed in this paper can ensure that all signals of the closed-loop
system are bounded in a finite time interval [0, T], and can complete non-uniform target tracking. Finally,
a simulation example is given to verify the effectiveness of the designed controller.
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1 Introduction

Adaptive Iterative Learning Control (AILC) is a control method for dealing with nonlinear
repetitive trajectory tracking systems, it is an important branch of learning control. As the
old saying goes, "If you repeat anything 10,000 times, you will become an expert”, which is
the basic idea of iterative learning control. Iterative learning control can obtain the control
effect that conforms to the desired trajectory by continuously using the previous experimental
information within a limited time interval. Due to its adaptability and easy to accomplish, it is
used in many fields, such as drone [9], intelligent robot [4], multi-agent systems [5], high-speed
trains [14], Motor [3] and so on.
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Nowadays, there are more and more researches on ILC, but most of the literatures stay on
the control system with uniform tracking trajectory. For example, in [1], for the system with
unknown constant parameter uncertainty, adaptive control and ILC Combined, an adaptive
iterative learning control method based on Lyapunov technology is proposed to ensure the
stability of the control system. In [6], a new control algorithm is proposed for high-order
nonlinear systems, which can effectively deal with the target tracking problem of high-order
systems. In [7], an iterative learning controller was designed for subway trains under speed
and input constraints. The target trajectory is successfully tracked under the condition that the
speed and input are never violated. In [10], an adaptive iterative learning control scheme based
on neural network is established, which combines neural network with AILC to successfully
solve the trajectory tracking problem of rigid robot manipulators with arbitrary initial errors.
Aiming at the initial position problem of iterative learning control of the tank gun control
system, the literature [18] proposed a construction method to correct the reference trajectory.
The controller design adopts the quadratic obstacle Lyapunov function, so that the tank gun
control system has excellent track performance. An non-uniform target tracking AILC method
was proposed in the paper [16]. The paper [11] proposed a fault-tolerant ILC technique for
mobile robots non-repetitive target tracking with output constraints. There are few relevant
research results on the non-uniform objective control of the system.This is also a very important
control issue.

In industry, most systems are more complex non-uniform control systems, and these com-
plex systems often have many unknown control directions. There are few studies on control
systems with multi-unknown control directions in the existing literature.In [17], An adaptive
iterative learning control method of non-uniform trajectory tracking for strict feedback nonlin-
ear time-varying systems with unknown control direction is proposed. In [13], a systematic
procedure was developed to design a global adaptive control for a class of nonlinear systems,
solving the problem of unknown control coefficients. This article leads to thinking, and the
Nussbaum gain function is introduced into the ILC to solve the control system with unknown
control direction in iterative learning control. Nussbaum gain function is a processing method
proposed by Nussbaum when dealing with control systems with unknown control directions.
For example, in [2], for the adaptive control method of time-varying uncertain nonlinear sys-
tems, a strict feedback form is used to solve the problem that the control system has unknown
time-varying control coefficients. In [8], Nussbaum gain was introduced into iterative learning
control for discrete-time systems with random initial conditions and trajectories required for
iterative changes to solve the problem that discrete-time nonlinear systems have unknown
control directions. However, so far, the different target trajectories tracking control problem of
systems with multiple unknown control directions in a finite time interval has not been well
solved.

Inspired by the above discussion, we propose a new nonlinear iterative learning controller
handling non-uniform trajectory tracking problems for a class of nonlinear system with multi-
unknown control direction. Use the Nussbaum gain function to handle unknown directions of
the control system. A typical Fourier series with bounded residual terms is introduced into the
control system to deal with time-varying parameters. The learning controller is designed based
on the Lyapunov second method, which can effectively deal with the system dynamics with
non-global Lipschitz nonlinearity, and can make the output result track the desired different
trajectorys accurately. Finally, a simulation example is given and the simulation results are
obtained. Combining theory and simulation, the feasibility and effectiveness of the experimental
method are demonstrated.
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2 System description

Given the following time-varying parameters systems

X = bixipre + 07 (1) @i (%ix),
Xpk = buui(t) + QT(t)(Pn (jn,k)r
yk = xl,k‘ (2.1)

where x; = [x14, -+, x.4]T € R" is the measurable state vector, %;; = [x1x, - -+, x;x]T, denoting
Xp = Xy Up € Ris the system input, yx € R is the system output. 6(t) € R” is an unknown
time- Varymg function, the functions ¢; x(%;x),i = 1,- - - , n are known and smoothly, ¢;(0) =0,
i=1,---,n Allb;,i=1,2,...,n are unknown, i.e., the control directions of the system are
completely unknown.

Since a time-varying parameter can be regarded as periodic in a finite time interval,the
processing method of unknown periodic time-varying parameters 0(t) is the same as in article
[15]. By Fourier series, periodic function 6(f) can be expanded as

0(t) = ¢" () +(t),16(t)| <5, (2:2)
where 17 = [i1,72,- -+ ,m4]7 € R7is a constant vector. And 4)( ) = [p1(t), -+, ¢g(t)]T with
P1(t) = 1,¢i(t) = sm(m;]t) and ¢y 1(t) = Cos(zmt) j=1,- (q U s is the unknown bound.

Substitute eq. (2.2) into the system (3.3), then

tik = bixipe + 1 (D) @i(Tik) + 07 (1) @i(Fix),
Sk = buti(£) + 17 (0 @u (T ) + 07 (1) (Fui),
Yk = X1k (2.3)
The control goal of this paper is to design an adaptive iterative learning control law u(t) in a
finite time interval [0, T], which can complete the output of the system to track a given trajectory

as the number k of iterations increases, i.e., when k — oo, ex () = yx(t) — Y,k (t) — 0. y, x(t) is
the given trajectory varies with iteration index k.

3 AILC design

This part uses the convergent series sequence [12] to deal with the upper bound of the remainder
of the Fourier series expansion. The specific design process is as follows.

3.1 Design of the controller

Step 1. Denote wiy = @1, S = s, By = b2, and |67 () p1x(x1x)| < 6T (8)[|@re(xip) <
sP1x(x1k), where @y x(x1x) > 0; Take 21k = X1 % — Yr ks Z2k = X2k — &1k — Yrk, Where ay i is the
virtual controller. Derivativing z; x by system (2.3) as following:

Zl,k = bl (ZZ,k + X1k + y-r,k) + ﬂTgb(i’)wllk + 5T(t)w1/k — yr,k' (31)

For any real number and positive integer, Take Ay = 37, wherea > 0,1 > 2, 77, = ¢ (t) w1 kza ks
Vg = FzAikgbikzik. Take virtual control as a1, = N(G1x(£))P1k(t) — Yrir Y1x(t) = c1214 +
AL () x + SkAikqbiksz — Yrks C1x(t) = P1x(t)z1 1, where ¢; > { is a constant. Then eq. (3.1)
becomes

21 = bizog + DN (G (1) Y1 (t) + 117 p()wi i + 6" (D)wi g — Yo g (3.2)
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where 7, S; are the estimated values of 7, S, respectively. 7y = 7 — iy and 5y = S — S are
errors of the estimated parameters. Construct Lyapunov function as follows:

. & 1, _
Vl,k(zk/ Tk, Sk) Zl et 217le“1 177k + r 152, (3.3)

where I'; and I'; are symmetric and positive definite matrices. Derivated V; x by (3.2) as follows:

Vig = bizigzox + biN(Goi(8) (D)2 + 17 ¢ (B wr gzt
8T (D wr gz ke — Yrxzrg — L7 ik — Filgkék
< hizigzok + biIN(Gui(8) D)z + 77 ¢(Hw pzi it
AT Tk — k) + 5@kl 14l — T3 15kSk — Urizak
< blzl,kzz,k + BN (G k()1 k()21 + 7T p(E)wrpze i+
70y (T, — i) + 1k qu‘)ikzik + iAk — F;1§k§k — YrkZ1k
= biz1xzok + 1N (G (8) ok (D)2 + 77 G () wr 21kt
ALy (Tue = ) + kqu%,kz%,k +de— T3 8~ i
= bizixzox + DN (G (8) (D21 x + 77 P(E)wr 21+
AT (te — k) + 1k SAGD%,kZ%,k + jIAk

+ ST, (vig — Sk) — Yrazix
= biz1izox — 171 + DIN(Qi () Y1 (B)z1x + 123+

R 1 45_ .
AT (t)wr pzix + Ks¢%,kz%,k — YrkZ1kt+
A 1
ArTT (te — i) + Skl ' (vie — Se) + 15
= blzl,kZZ,k — 0123 g + DIN (1 (1)) 1 (t)zak + (121 4+

. 1 4 .
AT p(F)wr e + XS¢%,kzl,k — Yrk)Z1kt

AT (Tux — ) + Sil3 (i — Si) + iAk
= b1z1 20k — 121 + 1N (G1k(£) 1k (£) 21 6 + P1e(t) 214+
AT (e — k) + ST H(vag — Sk) + iAk
= bizixzox — 121, + (B1IN(Ze(t)) + 1)1/J1 k(t)z1x+
AT (T — i) + SkT3  (vag — Sp) + Ak
- blzl,kzz,k — 127 + (B1N(Zai(h) + 1)51 K(t)+

)

7 Ly (T, — fik) + Sily (Vlk_sk + Ak
1
blsz (Zzl,k - blZZ,k)2 —(c1— 1)Zl,k

=32 (N (Ga() + DE(h), (4
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A 1
+ 7 Ty e — k) + Sl (v — Sk) + ZAk

< Biz5) — (01 — %l)zik + (BN (G (1) + 1) Ze(t)+
1
4

AT (g — i) + STy M (vig — S) + - (3.5)

The followmg inequality is exploited in the above derivation. mn < 1m? + in’r, here r > 0,
r = A Blzz,k will be canceled in the next step.

0 . .
Step 2. Let wy = @k — %(pl,k, because @1 x, @2 x are known smooth functions, there exist

smooth function ¢y i (x1x, X2, Ak, Sk) > 0 such that |67 (t)(@ox — ag}’zgol Ol < 16T ()| gax <
s@yr. Denote By = b3; z3x = X3k — Aok — Uk Tox = Tk + D1@(H)wakzak, Vox = Vig +

FZA%(Pg,kZ%,k then the time derivative of zy is given as following:

2ok = ba(zak + tok + §rje) + 17 P(Dwar + 67 (Hwak — rk
ale,k aﬂcllk ale,k " alek A

- bixop — =1k — —=~ Sk- 3.6
Bt amy 1Nk T g T ga S (3.6)
Construct Lyapunov function as follows:
N Lo 1aam | 1oap
Vo (2, ks St B b1 i) = Vig + 5255 + 50T B+ 5Yn b i 3.7)

2

where both A; and Y, are symmetric and positive definite matrices. Derivated V;; by (3.6) as
follows:

. . . ~ 14 ~ 13
Vo = Vigx +2oxZok — Big/Ay Bigx — b1k Y by

= Vi + 2ok (ba(za) + aoj + Birk) + 1717 p(t)wop + 87 (£)wo i
a“l,k alxl,k a“l,k X a“l k &
St)

o B boys . — YLK
Yrk ot axl,k 1X2,k M Mk 3 Sk
— Bix AT By — by Y by

< Bi, — (o~ )7+ (BiNGuale) + D)iae(t)

A 1
+ 7T (tie = i) + Sy (Vi — Sk) + = Ak + bazo gz

4
+ bz((’éz,k + ¥ k) Zox + zox (1T P(H)wag + 6T (H)wax
doyx  Oday ooy g ooy k &

— U — — bixo e — — —=S
Yrk ot axl,k 1X2,k M Mk 23, k)
— Bix AT By — by Y by

i)zik + (blN(Cl,k(t)) + 1)gl,k(t>

A 1
+ 7 T (te — k) + Sl (v — Se) + 10K+ bazaiza

+ bz(fxz,k + i) zak + |67 (D)wakl|zak] + 22 (17" p(t)wr i
. dayf Ok s LYY f a0‘1 k&

_(Cl _

—% Sk + Biyzax),
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~ _ A ~ _ Ju k A
+ BipAT (Mz5 g — Big) + DYy (=Yg Txi,k X2 kZok — big)

1 .
< —(c1— ;L)Z%,k + (BN (G1x(t)) +1)C1 k(1)
A 1
+ 7 T (o — k) + Sl (i — Se) + ZAk + bazo kz3k

+ bz(“z,k + k)22 + SPoklZa | + 22k (7T P(t) ok
. oayx Ok s oayy,  Opk 4
_ _ 7'b _ B
Yrk ot oxy i L2k ok e = aSk 58, ok 1k22k)

~ _ A ~ _ alX A
+ By kA 1(A12§,k — Big) + Y (- Y axil: X2 kZo )k — b1j)

1 .
< —(c1— ZL)Z%,k + (b1N(C1 (1)) + 1) G k(1)
A 1
+ 7 T N op — 1) + Skr Yvixe — Sk) + EAk + bazp k23 k

+b2(“2k+yrk)22k+ A @3z T Ak+sz(77 P(t)wo

alxlk atXlkA alek X thlk
- - — Xo g — =l — —=2 S + By iz
Jrk = 3 7 Gy Wk T e = a5kt Buk 2k)

o . day 4 .
+ BipAT (Mizhy — Big) + b Y (= Yq Tr xl’k XakZok — b1)

1 .

—(c1— 1)2%,k + (BN (G1e(t)) + 1)Zax(t) + 7T (o — k)

oy k A Ju
Eiudad 5 (Tox — fik)Zax + SkT5 H (vix — Sk) + k (vox — Sk)sz

817 aSk

. 1 .
+ 1Ak + bazpza ) + ba(azk + Yri)Zox + KkSQ%,kZ%,k + 2o (T P(t) o
ale k ale k4 ale k 8061 k A

— — = — —=b1 Xk — =Tk — —=—Voix + Biiz

rk = =, Gy A2k~ Tk~ e vak  Buk 2k)

~ _ A ~ _ a(x k A
+ B i\ 1(/\12%,1( — Bip) + bk Y (Y 5 xi’k X2 kZok — b1j)

~(e1 = e BIND) + DEa(t) + 7T (s — )
+ a;ﬁl k (Tox — fik)zox + SkT5 H (vox — ék) 38“51: (Vo — Sk)sz
+ %Ak + bazopzak + ba(tak + Ve k) Zok + 2ok (T P(F)wo i + Alké @312k
—Yrk — a;’k - gii:];Al,kxz,k - a;};}’{k Tk — aa?: Vo + Bixzox)
+ BipAT (Mzdy — Bix) +biyY;  (—Yd 33:2 Xoxzak — big). (3.8)

Take virtual control as ap; = N(Zox(t))¥ox(t) — ¥k, ok (t) = cazox + Bigzox + Aot war +
A1 = ow oy g 7 ow ow ; 1.
5kxk¢§,k22k Vrg — ¢ — axii: by xxok — Wsz,k - f}jvz,k, Cox(t) = Poi(t)zok, where c; > 7 is
a constant, where Bl,k, bl,k are the estimation of parameters By, by, respectively. Both Bl,k =
By — By and by x = by — by ; are parameter estimation errors.
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Then equation (3.8) can be rewrite as following:
. 1 .
Vor < —(c1 — 1)2%,k + (BN (Z1(1) + DZge(t) + 7T (T — i)
aDC A a(X A
iicas 14 (Tak — fik)zax + SkTy (v — Sk) + ok (Vo — Sk)Zok
877 aSk
+ EAk + bazypzak — 225 + (D2N(Zox(1) + 1) (t)
~ _ A ~ _ ou A
+ BipAyH(Mz5 g — Big) + bk (=Yg axi’i X2 xZok — b1g)
1 2 2 . ’
—(a =Pzt Y (iN(Zige (1) + D) Eixe(t) + 7T (g — )
i=1
ale k A 8 1 k
+ —L (1 — )2k + S [, (v —S Ui — Sz
817 ( 2k ’7k) 2,k k ( 2k k) + E)Sk — 2,k k) 2,k
1 3
+ fAk + b%z%/k — (zz0k — b223,k)2 — (2 — 1)z§/k — fz%,k
4 2 4
+ BixAT 1(Alz§,k — Big) + bixY (- byy)
2 .
Z lk+Z (BiN(Zix(£) + 1) Zige(t) + LT (Ta — k)
aDC 2 ~ A Ju A
Lk (Tak — fik)zax + SkTy (v — Sk) + k (Vo — Sk)Zok
a77k BSk
~ _ A ~ _ on A 2
+ By /] 1(A1Z%,k — Bl,k) + b1 Y; 1(—Y1 axi'Z X kZo k — bl,k) + 1Ak + Bzzglk. (3.9)

Step 3. Let w3 = @31 — 22 1 ax . £ ¢, ., because ¢; i, i = 1,2,3 are known smooth functions, there

exist smooth function @3, > 0 such that |67 (t)(p3x — Y24 a”‘2"g[)zk)| < |67 ()| @3x < sP3x-

ax, k

_ 72, _ 3) _ _ 1 -2 .2
Denote B3 = b3; zax = Xak — a3k — Y, 0, Tk = Tk + Np(H)wsgzag, vax = vox + Lox- 93,25k

then the time derivative of z3 4 is given as following:

Zak = b3(zap + g + ]/£3k)) + 3T Pp(H)ws g + 6T (Hwsk

3 _ dagg a062 k
5 Z b iXit1k

a“z,k A alxz,k A a“z,k A alXZk
— =k — —5=Sk— == Bk — by g
aﬂk BSk aBLk 8b1 k

Construct Lyapunov function as follows:

1, 1 1
Var = Vi + 2/\ 1sz+2Y B3,

223k+

(3.10)

(3.11)

where both A; and Y; are symmetric positive definite matrices. The time derivative of V,
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along systems (3.10) is given as:
Vag = Vo + zaxZak — BogAy ' Bog — bop Y5 o
= Vo + 235 (b3 (24 + azp + ]/Sk)) +77p(Hwsk

T (3)  Odpr & Ogk,
+ 07 (Hws i Yk ot Z 9xix bixXiy1k
0&or s  Oog A 0y 1 A Ju
— Sy = S — By — 2kblk)
aﬂk BSk E)Bl,k abl k

~ 14 ~ 1
— Box Ay "Box — bpi Y, bog

2 2
< = Y- P+ LONGHO) + Dl
i=1
oy

i=1
+ T — = Dk — k)Z k
AT (T — i) + e —- (T — 1K) 22,

~ A a(X A
+ STy Mo — Sk) + f},k(vz,k — SK)zok
k

- A - _ duq
+ Bl,k/\fl(/\ﬂ%,k — Big) + b YN (- Y P kxz KZok — by )

2
+ Bt Boz3 ) + bazaxza + ba(azx + y£3k) )23 + 07 () ws kzak

du Jux
+Z3,k(rlT¢( )(U3k _yrk aik E Zkb iXit1,k

_ aOCZ,k . E)ocz,k A aocsz aDCZk
oy ¥ a8 ° 9By by

~ 14 ~ 12
— Box Ay "Box — bpi Y, bo

2
< = Lo 7t DONE0) + 1)

50{1]( X a(sz Py
+ Bk — T3k — Hk)Zok + = (T3k — k)2
AT (o — k) + o (T3x — k) 22k 37 (T3 — k)z3k

)

~ A alX

+ 55 (vox — Sp) 4 — £ (Vo — Sk)sz
Sk

i3 -1 2 A Loy 2 5

+ By (A1z5) — Bix) + == (A1z3x — Bii)zak
0By k

- _ onq ony

F oY (=Y (5 g iz + =X p23) — byy)
0x1 0x1k

aOCZk E)oclk alx2k A
+ 351,1(( 1(ax1kx2k22k + e 1kx2kz3k) 1k)Z3 k

2 _
+ Ok bazagzag + by (s + yfk) )23k + @3 k|23 k]

A~ Ju o k7
+ 23, (AT p(H)wa i + Bojzap — yrk - 721( - E axz bixXit1k
l

8062 k aal k a(Xz k A 8062 k 2
—=T W3Zok — —=Sk — —==MN\1z
£ T3 — 37s 1P () ws kza 2%, T 123
oy i oy i o i
— (=Y =X kZok + =——XpkZ ,
8b1,k( 1( B Tk g ok 3k)))
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~ _ A ~ _ alx k A
+ B! (Azzg,k — Box) + box Y5 (- Yo axi’k X3kZak — boj)

2 1 2 .
< =) (ci— Z)Zz‘z,k + Y _(BiN(Zix(t)) +1)Zix (1)
i=1 i=1
onq dny
+ 7T Hp — k) + aﬁk(Tak—ﬂk)22k+ T K (T3 — fi)zax

~ A atX
+ STy (v — k) + 33 £

(Vo — Sk)zz k
k

- _ o

+ B AT (MZ3 g — Big) + - (Ma23 ) — Brg)zag

aBllk

~ _ alek alek A
b Y (=Y , : b

+ by Y7 ( 1(ax1k 22, By ) — bik)
ony i ony i ony i

+ - X o2k kzak) — big)z
3b1k( 1(8 ik 2,kZ2,k I 2423k) — b1k)z3k

3 3 1.
+ B+ bazaizag + by (s + yfk) )Z3 % + *5 P3475

~ aDCZk atxz k4
+ 23, (AT p()wsk + Bojzap — y, k Z bl KXis Lk

ot
aﬂcz k aocl k aﬂcz k A alxz k 2
- == —=T W3 kZok — ——Sk — —x—M\1z
37 3,k a7, 19()ws k2o 25, k 3B, 125 &
ok ony k oy k
— (- X5 129 | + — X9 1Z
s 1( B T g Tk 3k)))

. . . du,
+ By kA, 1(A2Z§,k — Byg) + box Y, (— Yza zkxs K23k — by x)

2
-Y (ci—< zk+ZbNak )+ 1)Zix(t)
i=1

80c dony
+ 7 T Hp — k) + aﬁlk(Tak—ﬂk)szﬂL aﬁk(TSk_Wk)Zék

~ A o ou
+ 54Ty N (vsg — Sk) + =2 (Vs — Se)Za + =25 (v3x — Sk) 23k
93, 33,
~ - A o A
+ BT (Mzhy — Big) + aBgiz’k(Alz%,k — Bix)z3k
1k

~ _ a 1,k ou k A
+ b Y (- Yl(a 1kx2k 2k T axik X2 kz3k) — b1k)

alxz k ale k aDéZ k A
“(—=Y1(=—=X0 120k + =—=X>x23k) — b1k )2
( (a Xig 2kZ2k T 5 Xig 2kZ3 k) 1k)Z3

+ =
ob1

3 3
+ Bt b3z kzak + b3 (azx + yik) )Z3

/i lg D D 3 ale,k
+ Za,k(in(p(t)a@,k + stk¢§,kz3,k + BZ,kZ?),k _ yr(',k) _ =
2 8042 k1 aaz k alxl
T Ly DT T G T “T1g(t)ws kzap, 3.12
; ax,',k PkTi+ Lk aﬁk 3k~ a;,l" 1¢( ) 3,k4<2,k ( )
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- aLAZ'kva,k oy, sz ! q03k 2kZ3f — MAlzgk
oSk 0S¢ 0By« ’
2(;::( 1(3?:::352,k22,k + ngi X2kZ3k)))
+ Bop Ay N (A2z5 ) — Byx) + by Y;! (—YZg’j‘ci";xg,kzg,k —byy). (3.13)
Take virtual control as
azr = N(Gax(t))ax(t) — ]/S}(), (3.14)

. 1, _ A 3
bax(t) = cazap + 17 p(Hws g + Kksk¢§,k23,k + Boxzax — yfk)

Baz k aDéZ k5 aDCZ,k alxl
Ry 2 bzkxi-i-lk_ 37 T3h — 37, ET1(t)ws 2ok
_ azlekv aoclkr 1 -
TSAk 3k — 23, 25° (/’3k 2,kZ3 k
8062 k 2 8012 k a(Xl k 8062 k .
— —=MNz5, — (=Y = X5 1Zo ) + = X5 1 Z , t
2Bys 1224 abl,k( 1(ax1,k A 3k)), C3k(t)
= P3x(t)z3 4, (3.15)

where c3 > % is a constant, where Bz,k, Bz,k are the estimation of parameters By, by, respectively.
Both B, = By — Bz,k and Ez,k =by — ZAJZ,k are parameter estimation errors.
Then equation (3.13) can be rewrite as following:

Vap < — Z lk+z (BiN(Zik (1)) + 1) Zix(t)

i=1

0y P al’ézk
+ Ty — ) + ok (g — Ty — i)z
7Dy () — i) + 37, (T30 — k) 37 (Tax — k) 23,k

~ A o 8
+ 5k T5 vz — Sk) + Lk —= (V3 — Sk)sz + 2 (V3 — Sk)Zsk
aSk BSk
- _ % ony ;
+ By A 1(Alz%,k — Biy) + 2B, (Alzz ¢ — Bii)zsk
1k

ooy dny 5
T, X2kE2k + I X2 kZa)) — big)
X1k X1k

ooy dny 2
(—Y1(a Xokza)+ 5 X2 kZ3)) — b1x)za
X1k X1k

+E1,ka (=Yi(5—=

3062,](
by

- B A - _ o
+ By A\, 1(/\225,;{ — Byp) + bai Y, (- Y2 axzixs K23k — by x)

3 .
+ Dk bazagza) — c3z3 i + (B3N (Zax (1) + 1) Zax(t)
3

3
< = 10— 7t LN Ea(t) + 18l

i-1
ony du .
+ 7 T (T — 1) + S (T3k k) zax + ?z’k(fa,k — 1K) Z3 s (3.16)
Mk Mk
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~ A alek 8 2.k
+ ST (s — S + v —S v —S z
¥Ly (V3% — Sk) aSk(3k k)22, ask(3k k)23 k

8062 k

+ Bl,k/\fl(/\lzik — Bip) + B (Alzzk Bix)zax
1k

- p) o) R
1 a1k X3 k

+ b Y7 (=Y ZXo kZo g+ ——=Xp1Z3k) — b

1kYq( 1(a " 2422k + 3 " 2k23k) — bix)

awzlk

ayk ny 2
-Y1 =X kZok + = XokZ3k) — b1k)z3 K
(—=Y1( o Sk ) )

- _ A ~ _ on A 3
+ BZ,kAz 1 (AZZ%[k — B2,k) + bz,kYQ 1 (_YZ axi'i X3 kZ3 k — bz,k) + ZA]{ + Bgzik. (3.17)

Stepi(d <i<n—1).Letwy = @ix— Z; 183; £ @;k, because ¢y, - - -, @ are known smooth
functions, there exist smooth function q)l/k(xllk,- -, Xk ik, Sk) > 0 such that |67 (t)(@ix —
2; %ag; i"go]k)| < 16T ix < sPix. Denote B; = b?, zii1x = Xip1x — Qik —yﬁl), Tip =
Tk + 1“14>( JWirZik, Vik = Vi_ix + Tap A (pl kzzk then the time derivative of z;j is given as
following;:

. ' o1k
Zig = bi(Zig1p + @ip + yffi) + 7 p(twix+ 6" (Hwix — étl
au; ou; . du; A
o 21:1 i—1 kb X l—l,k A Z:l,kS
=1 ox jrj+1Lk aﬁ aSk k
i—2 du: A i—2 ou: N
— Z ngfl,k B]',k — Z sz:l,k b]',k. (318)
]':1 ]',k j:l ab]',k
Construct Lyapunov function as follows:
1, 1, 414
Vi = Vierk + 52+ 505 B+ 2Y1 LRy (3.19)
Derivated V; by (3.18) as follows:
1 .
Z ]k+2 biN(Gjx(t)) + 1)k (t) + Ty (T — k)
j=1
i-19x jk . . A
+ T (Tik = Mk)Zjs1k + STy (Vik — Sk)
j=1
i-1 Ju &y . i-1 .
+ ag (1/1',]{ — Sk)zj—i-],k + Z B]-,kA (A Z]+1k B]k)
j=1 =1
i—2 i
(A2 e = Buo)zjs
1:1] aB i
1—1 a“ A
+ -Y; Z o lkx]+1 kZ14+1k — b]k), (320)

\
Il
—
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i—2 i—1
+

aocj,k (

aOCuk
— —x z — b z
lz 9% 41k Zus1k — bik)zZjs ik

i=1j=111 9k =

4

+zik (0" ¢ (Hwi +

l' .
+ —Ap + bizigzip1x + bi(“i k+ yﬁli)zi k

(i)

Sk% KZik T Bz 1,kZik — ]/r,k
alxz 1,k a(xl 1, k
- Z 3% bjXji1k
o1k » 00 o1k
- n z,k_z‘; 1 aA 1ﬁ1<I7( )wi,k2j+1,k— alék Vik
.o 1 2 du;
—2 9%k ) i—1k
- X0 P FZXk¢i,kZi,ka+1,k —g 3B —5 Az 1k
i—2 du: 1 k aDC K
- — Z xl+1 KZj+1, k)
=1 abl,k
i=3 i=2 Jy. du:
]/k( X1k
- ~— (= Y] X4 1kZj1k))- (3.21)
1—1j§1 by k X1k !
Take virtual control as (0
aie = N(Ci () ige(t) = vy 1 (3.22)
Pik(t) = cizip + 7T P(Hwi + Sk(Pz Zik + Biipzip — yﬁ,i
aﬂéz 1k Z afxz T ik
ou; du:
2 —1k
- X aA “Tig(t JWikZj+1k — al§k Vik
_2OWjk i—1,k 2
- X0 2%, Fz q)l kZikZj+1k — ]Z; TB]‘,k AjZi
i—2 oo 1 ou;
i—1,k ik
- = — Xy 7xl+1,kz'+1,k)
=1 abl k ;l axl,k /
i=3 i=2 gy k a“'flk )
— Z ) ) — X101 kZi1k), Gik(8) = Pik(B)zi, (3.23)

!
I=1j=T+1 oby, k 0X

where ¢; > % is a constant, where B;_1, b;_1x are the estimation of parameters B;_1, b;_1,

respectively. Both B; 1, = B;_;

errors. Then equation (3.21) can be rewrite as following:

i

= (c ]k+2 biN(Zik(t) + D)Ejx(t) + 7T

j=1

+
‘*'ML
Q)

— A zje1k + S5 (Vik — Sk),

(Tzk

— Bi—l,k and Ei—l,k = bj_1 — bj_1 x are parameter estimation

k)

(3.24)
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i—1 alX]k i—1
(Vi — Sk)Z]+1 K+ Z BixA; (A Z]+1 k Bj,k)
j=

jk 2 b
(Alzl+1,k - Bl,k)zj+1,k

iz 1 9w ;
Lk 5
+) b —Y; 2 ox, x]+1 KZ14+1k — bjk)
j=1
i—2 i—1 o i—1 o)
Jk “uk
+ Z x1+1 kZu+1k — b J)Zjt1k

=571 b, k
i
+ 70+ BizZ 1 s (3.25)

d _
Stepn. Let w, = ¢y x — 27 11 ‘;’; @i, because @1k, - -, @k are known, then have ¢, i (x4,

s X ks Tkes S}) > 0 satisfied

n—1 aa
0T (B (@ni — L 5 93| < 167 (0)| @k < 5P (3.26)
=1 xJ/k
Take
1
Tok = Tu—1k + F1<P( )wn KZunjr Vnk = Vn—1x + I-‘2 (Pn an k7 (3.27)

then derivated z, ; as following:

. ox,,_
Zyg = buy — ]/S? + 7 () wn i+ 0T (H)wnx — #11(
_alX_k a[JC_lk. azx_lka
D it . B S
=175 Xik X1,k Y Mk 23, k
n—2 n—2
0,11 A 0N, 1 A
_ Y Hctkg, oy Sacbkp (3.28)
Construct Lyapunov function as follows:
1, 1.4 % 1,4
Vik=Va1p+ 521 + EA””B W ha ZY” 1bn 1ks (3.29)
then
) n—1 1 ) n—1 .
Vi < =) (¢ — ZL)Zj,k + Y (BiN(Zjx(t)) + 1) x(t)
j=1 j=1

n— 1a(xk
+’7k Tnk—ﬂk +Z I Tnk_77k>zj+1k

18a]k

+ §kF2‘1 (Vn,k — gk) + ask

(Vng — Sk)Z]+1k

n—1 X
+ ) BT (Ajzhax — Big),
j=1
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n
+ ZAk + bpugz, i

A 1 A _ A
+ Zﬂ,k(r/T(P(t)wn,k + 7Sk(P$1,an,k + anl,kzn,k

Ay
_(n) aD‘nfl,k . = a“nil'kl;'kX' .
rk ot ]-:1 aX]',k IR
0,1k 0y _1k
anﬁkl' nk — i 12 (B wnizjrik — #Vn,k
k
dajr 1 —2 90,1k
—ZV-I__Z A]’ sz"Z Zn kZi+1k — L L ——=A\iz
=198, T Ay P kZnkZj+1, ]'Z{ oB ik ] ]+1k
n_2 o, aﬂé k
- Z xl+1kZ]+1k)
= bk
n—3 n—2 a(X'k o
- ) N 1’kxz+1,ij+1,k))- (3.30)
i=1 j=111 9k X1k
Controller and adaptive laws are designed as follows:
- N(gn,k(t))lpn,k(t)/ (3.31)

1 1
Pui(t) = (cn — ZL)Zn,k + ﬁT(P( )Wk + Sk(Pn KZnk

A du -1k — —1k7
]: 2
aD‘nflk du on 1k
— — —Z”ZAT D, 1Ziv1x — ——2v
Ay Tk — &j=1 s 19(H)WnkZjt1x 2%, nk
oo 1 =2 9n
294, -2 n—1k » 2
- ZI]r'lzl aék F2Xk¢n,k2n,kzj+l,k Zl Tjk/\]z]q_l,k
]J= Y
n—2 du n—1 on:
n—1k ik
- —= (=Y ), ==X 14Zj41k)
; abl,k ( ; axl,k +LESL
n—3 n-—2 aD('k o 1k
- = (=Y, an SXIL1EZ LK) (3.32)
i=1 j=111 9bik X1k
Cuje(t) = ZiPuje(t), i = Tus (3.33)

Sk = Vg, (3.34)
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éi,k = AiZl'2+1/k, i= 1/ e, N = 1/ (335)

1O i
=Y, Z o, Lk xz+1kzl+1 pi=1-,n-1 (3.36)
Derivated V), x by (3.28), and substitute eqs.((3.31)-(3.36)) into eq. (3.30), then
) 1 n . n
Ve < =24 (cj — Z)ij‘,k + ) (BiN(Zir(t) + 1)Zx(t) + ZA"' (3.37)
j=1

3.2 Stability and convergence analysis

Under the condition that hypothesis 1 is satisfied, the conclusions of this paper are given as
follows:

Assumption 1 For any k, when t = 0, x14(0) = y,£(0); x;11£(0) = txi,k(O) - yﬁf,i(O), i =
1o ,n =1 (0) = fx_1(T); $4(0) = S, _1(T); Bix(0) = sz (T),i=1,- —1; bix(0) =
bij— 1(T) i=1-,n=1§k0) = Cip—1(T), i =1,--- 1 §ix(0) = Czk 1( ), Zio(0) =0,

i=1,-

Theorem 3.1. Design controllers (3.31)-(3.32) and adaptive laws (3.33)-(3.36) For time-varying pa-
rameter system (1), all signals of closed loop system are bounded on [0, T, and

limk_)oon,k(t) =0, ] =12,---,n (338)

A

Proof. By the assumption 1, |2x(0)]|2 = 0 < ||zx(T)||%. Denote V,,x(0) = V,,x(zx(0), 7x(0), Sx(0),
B x(0), b;x(0)), By eq.(13), we obtain

A A ~

T | )
Vn,k(Zk(O),ﬁk(T), Sk(T)/ Bi,k(T)/ bi,k(T)) S Vn,k(o) + /0 Vl/l,kdtll = 1/ S (S 1 (339)

Substitute eq.(3.37) into eq. (3.39), then

(T), Bix(T), bix(T)) < V1 (0) — 25;12;7:1

T
JRCER TR,

Vi (zx(0), 7 (T), Sk

n k
ZT(Z‘izlAi) + LT
T

(b N(gji(t)) + 1)¢ji(t)dt. (3.40)

S— -+

Denote ;(t + (k—1)T) £ {ix(t), and ;(t + (k —1)T) = Zix(t) for t € [0,T]. According
to assumption 1 and controllers (3.31)-(3.32), ;(t) is a continuous function and {;(t) is a C!
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function for Vt € [0,kT]. So

' T . T .
£ [ 0N + Dt = [ (N(EG) + Déadr
+ /OT(biN(Q,z) +1)ipdT 4+
T .
+/0 (biN(Cix) +1)CixdT
= [ N + 1

2T )

+ [ ON@) + DédT -
kT _

+ (k_l)T(biN(gi) +1)gidt

— /0 kT(biN(gi) +1)¢dr. (341)

For B > 0, we have fOkT(biN(gi) +1)¢;dT < B. Denote

Vo(k) = Vi1(21(0),71(0), 51(0), B;1(0), 5;1(0))

+niT(Zk A+ T /T(b]-N(gj,i(t)) +1);,i(t)dt, (3.42)

then eq. (3.40) can be rewrite as

r 1 R A
Zi'(zlz‘?:l/o (cj — 1)(Zj,i)2dt < Vo(k) = Vix(z(0), 1k (T), Sk (T), Bix(T), bix(T)).  (3.43)
We have lin_,oVo(k) < Vi1 +nB+2aniT, then Vo (k) is bounded, and V,, (z¢(0), ik (T), Sk(T)) >
0, so

T

. 1
limg_, 0B A (cj— 7)(zjlk)2dt =0. (3.44)

4

From eq. (3.3), for Vk, V, x(t) = V,,x(0) + fo 1k (T)dT, eq.(30) is substituted into above equation,
then

n ! 1 2
Varlt) < Vas(0) = ey [ (6= ) (E3al0)) e
+ Z]r;:1 /Ot(b]N(g],k(T)) + 1)€j,k(7)dr + t?’liAk. (345)

By eq.(3.44), &7 fo cj— ( )(zjx(T (7))%dt is bounded. A is bounded, and t € [0, T|, so tn1Ay is
also bounded. By lemma 2, X7, fo (biN(Zjx(7)) + 1)¢;x(T)dT is bounded. And also 7;(0) =
Me1(T), $k(0) = Se1(T); Bix(0) = By 1(T), i =1,--- ,n = 1; b;(0) = bij_1(T), by eq.(3.40),
for any k, ank(O, ﬁk( ) Sk( ) zk(T)/ bi‘k(T)) is bounded, SO Vn,k (0, ﬁk( ) Sk(O) zk(o) blk(O))
= Viur1(0, 7k _1(T), Sx_1(T), Bi s 1(7:), bik—1(T)) is bounded, so for Vk, V,, x(t) is bounded, then
we have x;, fx(t), Si(t), Bix(t) and b; (t) are bounded. By egs. (3.31)-(3.32), uy is bounded. By
(3.18), Zj x is bounded, by z;  is continuous uniformly, the formula (3.38) is established. O
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4 An illustrative example

To demonstrate the effectiveness of the controller, consider the following nonlinear system:

X = bllek + Q(t)x%k,
Xor = boug(t),
Ye = Xik (4.1)

where t €, §(t) is uncertain time-varying parameter in finite time interval [0, 1]. By Fourier
series, then system (4.1) becomes

b = bixgg+ T g(t)at, + 6T (),
Xop = baug(t),
Yk = Xk (4.2)
where x1; and x,; are two states, u(t) is the input of system. 1 = [111, 112, 73, 171, 5],

o(t) = [1,sin(t),cos(t),sin(2t),cos(2t)]T, ||6(t)|| < s, s is unknown . Take 8(t) = sin(27t),
by = —10, b, = 0.1. Given the target y, x = gxsin(2t), for non-uniform target case, gy = —0.1 for
even k, and gx = 0.1 for odd k.

Step 1. Let z1x = X1k — Yok 22k = X2k — &1 — Yrk Where ayp = N(T1x(t))¥1x(t) — Ui
Pie(t) = cizup + Mp()x7, + 256301210k = Urkr G1x(t) = Prx(B)z1e N(Gi1x) = §3xc0s(Cip),
Ak kz’ Ak = lg%’ Tk = 1"14>(t)xikzllk, ik = rzAikxikZik.

Step 2. Design

ue(t) = N(Coi(8) o (£), Ck(t) = zoppo(t),

L B A o 0aq ke o

X5, — —=byx
1,k 1,k*2,k
k X1k

- aE;;:(TZ,k Baa;k Vo — R p(t)xT ) + A Sk(gxi: 1 ) * 226 N(Qox)

= 034c05(Cap), Ak = %,Tzk =Tk — 1g(t )32: X7 k22, ks

Vo = Vi + FzAlk(— 321]: xfk)zz%/k. (4.3)
Design adaptive laws: 7y = Tpx = T1¢(£)x] 216 — T1p(t )azi’k‘x% V200 S, = Vo = I"zAix‘lL e+
I Al p (— gi”k‘ x% k)zz% i Related parameters and the initial value are chosen: a = 1g0, cg=c=1,

T1 = diag{0.1}, T2 = 10, x10(0) = 0, x20(0) = —0.1, (0) = [0.1,0.1,0.1,0.1,0.1]", $9(0) = 0.1,
010(0) =0, {2,0(0) = 0. Taking k = 30, the simulation results are shown in Figs.1-4.

It can be seen from Figs.1-2 that the tracking error can converge to zero. Moreover, Figs.3-6
show that the control signals |||, || 7|, || Sk||, Nussbaum parameter ||Z1 ¢||, |{2|| and unknown
parameters || By ||, ||b1 ]| are bounded on the interval [0, 1]. The above results verify the design
algorithm in this paper.

5 Conclusions

In this paper, an iterative learning control algorithm is proposed to solve the non-uniform target
control problem of nonlinear systems, and deal with the problems of time-varying parameters
and multiple unknown control directions at the same time. Finally, through the Lyapunov
stability theorem, it is proved that the designed controller can make the tracking error of the
closed-loop system converge to zero gradually, can complete the non-uniform target tracking,
and this conclusion is proved by an example.
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