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Abstract
In this paper, a new iterative learning controller is presented for nonlinear time-varying parameter
system to solve the tracking problem of different target trajectories. Based on Nussbaum function and the
Lyapunov-like synthesis design the learning controller to handle system dynamics with multi-unknown
control directions. Over a finite time interval, the unknown time-varying parameter is considered to be
periodic, so it is expanded using a Fourier series expansion, and the remaining terms are treated with
a canonical series. The controller designed in this paper can ensure that all signals of the closed-loop
system are bounded in a finite time interval [0, T], and can complete non-uniform target tracking. Finally,
a simulation example is given to verify the effectiveness of the designed controller.
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1 Introduction

Adaptive Iterative Learning Control (AILC) is a control method for dealing with nonlinear
repetitive trajectory tracking systems, it is an important branch of learning control. As the
old saying goes, ”If you repeat anything 10,000 times, you will become an expert”, which is
the basic idea of iterative learning control. Iterative learning control can obtain the control
effect that conforms to the desired trajectory by continuously using the previous experimental
information within a limited time interval. Due to its adaptability and easy to accomplish, it is
used in many fields, such as drone [9], intelligent robot [4], multi-agent systems [5], high-speed
trains [14], Motor [3] and so on.
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Nowadays, there are more and more researches on ILC, but most of the literatures stay on
the control system with uniform tracking trajectory. For example, in [1], for the system with
unknown constant parameter uncertainty, adaptive control and ILC Combined, an adaptive
iterative learning control method based on Lyapunov technology is proposed to ensure the
stability of the control system. In [6], a new control algorithm is proposed for high-order
nonlinear systems, which can effectively deal with the target tracking problem of high-order
systems. In [7], an iterative learning controller was designed for subway trains under speed
and input constraints. The target trajectory is successfully tracked under the condition that the
speed and input are never violated. In [10], an adaptive iterative learning control scheme based
on neural network is established, which combines neural network with AILC to successfully
solve the trajectory tracking problem of rigid robot manipulators with arbitrary initial errors.
Aiming at the initial position problem of iterative learning control of the tank gun control
system, the literature [18] proposed a construction method to correct the reference trajectory.
The controller design adopts the quadratic obstacle Lyapunov function, so that the tank gun
control system has excellent track performance. An non-uniform target tracking AILC method
was proposed in the paper [16]. The paper [11] proposed a fault-tolerant ILC technique for
mobile robots non-repetitive target tracking with output constraints. There are few relevant
research results on the non-uniform objective control of the system.This is also a very important
control issue.

In industry, most systems are more complex non-uniform control systems, and these com-
plex systems often have many unknown control directions. There are few studies on control
systems with multi-unknown control directions in the existing literature.In [17], An adaptive
iterative learning control method of non-uniform trajectory tracking for strict feedback nonlin-
ear time-varying systems with unknown control direction is proposed. In [13], a systematic
procedure was developed to design a global adaptive control for a class of nonlinear systems,
solving the problem of unknown control coefficients. This article leads to thinking, and the
Nussbaum gain function is introduced into the ILC to solve the control system with unknown
control direction in iterative learning control. Nussbaum gain function is a processing method
proposed by Nussbaum when dealing with control systems with unknown control directions.
For example, in [2], for the adaptive control method of time-varying uncertain nonlinear sys-
tems, a strict feedback form is used to solve the problem that the control system has unknown
time-varying control coefficients. In [8], Nussbaum gain was introduced into iterative learning
control for discrete-time systems with random initial conditions and trajectories required for
iterative changes to solve the problem that discrete-time nonlinear systems have unknown
control directions. However, so far, the different target trajectories tracking control problem of
systems with multiple unknown control directions in a finite time interval has not been well
solved.

Inspired by the above discussion, we propose a new nonlinear iterative learning controller
handling non-uniform trajectory tracking problems for a class of nonlinear system with multi-
unknown control direction. Use the Nussbaum gain function to handle unknown directions of
the control system. A typical Fourier series with bounded residual terms is introduced into the
control system to deal with time-varying parameters. The learning controller is designed based
on the Lyapunov second method, which can effectively deal with the system dynamics with
non-global Lipschitz nonlinearity, and can make the output result track the desired different
trajectorys accurately. Finally, a simulation example is given and the simulation results are
obtained. Combining theory and simulation, the feasibility and effectiveness of the experimental
method are demonstrated.
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2 System description

Given the following time-varying parameters systems

ẋi,k = bixi+1,k + θT(t)φi(x̄i,k),

ẋn,k = bnuk(t) + θT(t)φn(x̄n,k),
yk = x1,k. (2.1)

where xk = [x1,k, · · · , xn,k]
T ∈ Rn is the measurable state vector, x̄i,k = [x1,k, · · · , xi,k]

T, denoting
xk = x̄n,k, uk ∈ R is the system input, yk ∈ R is the system output. θ(t) ∈ Rp is an unknown
time-varying function, the functions φi,k(x̄i,k), i = 1, · · · , n are known and smoothly, φi,k(0) = 0,
i = 1, · · · , n. All bi, i = 1, 2, . . . , n are unknown, i.e., the control directions of the system are
completely unknown.

Since a time-varying parameter can be regarded as periodic in a finite time interval,the
processing method of unknown periodic time-varying parameters θ(t) is the same as in article
[15]. By Fourier series, periodic function θ(t) can be expanded as

θ(t) = ϕT(t)η + δ(t), |δ(t)| ≤ s, (2.2)

where η = [η1, η2, · · · , ηq]T ∈ Rq is a constant vector. And ϕ(t) = [ϕ1(t), · · · , ϕq(t)]T with
ϕ1(t) = 1, ϕ2j(t) = sin( 2π jt

T ) and ϕ2j+1(t) = cos( 2π jt
T ), j = 1, · · · , (q−1)

2 . s is the unknown bound.
Substitute eq. (2.2) into the system (3.3), then

ẋi,k = bixi+1,k + ηTϕ(t)φi(x̄i,k) + δT(t)φi(x̄i,k),

ẋn,k = bnuk(t) + ηTϕ(t)φn(x̄n,k) + δT(t)φn(x̄n,k),
yk = x1,k. (2.3)

The control goal of this paper is to design an adaptive iterative learning control law uk(t) in a
finite time interval [0, T], which can complete the output of the system to track a given trajectory
as the number k of iterations increases, i.e., when k → ∞, ek(t) = yk(t)− yr,k(t) → 0. yr,k(t) is
the given trajectory varies with iteration index k.

3 AILC design

This part uses the convergent series sequence [12] to deal with the upper bound of the remainder
of the Fourier series expansion. The specific design process is as follows.

3.1 Design of the controller

Step 1. Denote ω1,k = φ1,k, S = s2, B1 = b2
1, and |δT(t)φ1,k(x1,k)| ≤ ∥δT(t)∥φ̄1,k(x1,k) ≤

sφ̄1,k(x1,k), where φ̄1,k(x1,k) > 0; Take z1,k = x1,k − yr,k, z2,k = x2,k − α1,k − ẏr,k, where α1,k is the
virtual controller. Derivativing z1,k by system (2.3) as following:

ż1,k = b1(z2,k + α1,k + ẏr,k) + ηTϕ(t)ω1,k + δT(t)ω1,k − ẏr,k. (3.1)

For any real number and positive integer, Take ∆k =
a
kl , where a > 0, l ≥ 2, τ1,k = Γ1ϕ(t)ω1,kz1,k,

ν1,k = Γ2
1

∆k
φ̄2

1,kz2
1,k. Take virtual control as α1,k = N(ζ1,k(t))ψ1,k(t) − ẏr,k, ψ1,k(t) = c1z1,k +

η̂T
k ϕ(t)ω1,k + Ŝk

1
∆k

φ̄2
1,kz1,k − ẏr,k, ζ̇1,k(t) = ψ1,k(t)z1,k, where c1 > 1

4 is a constant. Then eq. (3.1)
becomes

ż1,k = b1z2,k + b1N(ζ1,k(t))ψ1,k(t) + ηTϕ(t)ω1,k + δT(t)ω1,k − ẏr,k, (3.2)
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where η̂k, Ŝk are the estimated values of η, S, respectively. η̃k = η − η̂k and S̃k = S − Ŝk are
errors of the estimated parameters. Construct Lyapunov function as follows:

V1,k(zk, η̂k, Ŝk) =
1
2

z2
1,k +

1
2

η̃T
k Γ−1

1 η̃k +
1
2

Γ−1
2 S̃2

k , (3.3)

where Γ1 and Γ2 are symmetric and positive definite matrices. Derivated V1,k by (3.2) as follows:

V̇1,k = b1z1,kz2,k + b1N(ζ1,k(t))ψ1,k(t)z1,k + ηTϕ(t)ω1,kz1,k+

δT(t)ω1,kz1,k − ẏr,kz1,k − η̃T
k Γ−1

1
˙̂ηk − Γ−1

2 S̃k
˙̂Sk

≤ b1z1,kz2,k + b1N(ζ1,k(t))ψ1,k(t)z1,k + η̂Tϕ(t)ω1,kz1,k+

η̃T
k Γ−1

1 (τ1,k − ˙̂ηk) + sφ̄1,k|z1,k| − Γ−1
2 S̃k

˙̂Sk − ẏr,kz1,k

≤ b1z1,kz2,k + b1N(ζ1,k(t))ψ1,k(t)z1,k + η̂Tϕ(t)ω1,kz1,k+

η̃T
k Γ−1

1 (τ1,k − ˙̂ηk) +
1

∆k
s2 φ̄2

1,kz2
1,k +

1
4

∆k − Γ−1
2 S̃k

˙̂Sk − ẏr,kz1,k

= b1z1,kz2,k + b1N(ζ1,k(t))ψ1,k(t)z1,k + η̂Tϕ(t)ω1,kz1,k+

η̃T
k Γ−1

1 (τ1,k − ˙̂ηk) +
1

∆k
Sφ̄2

1,kz2
1,k +

1
4

∆k − Γ−1
2 S̃k

˙̂Sk − ẏr,kz1,k

= b1z1,kz2,k + b1N(ζ1,k(t))ψ1,k(t)z1,k + η̂Tϕ(t)ω1,kz1,k+

η̃T
k Γ−1

1 (τ1,k − ˙̂ηk) +
1

∆k
Ŝφ̄2

1,kz2
1,k +

1
4

∆k

+ S̃kΓ−1
2 (ν1,k − ˙̂Sk)− ẏr,kz1,k

= b1z1,kz2,k − c1z2
1,k + b1N(ζ1,k(t))ψ1,k(t)z1,k + c1z2

1,k+

η̂Tϕ(t)ω1,kz1,k +
1

∆k
Ŝφ̄2

1,kz2
1,k − ẏr,kz1,k+

η̃T
k Γ−1

1 (τ1,k − ˙̂ηk) + S̃kΓ−1
2 (ν1,k − ˙̂Sk) +

1
4

∆k

= b1z1,kz2,k − c1z2
1,k + b1N(ζ1,k(t))ψ1,k(t)z1,k + (c1z1,k+

η̂Tϕ(t)ω1,k +
1

∆k
Ŝφ̄2

1,kz1,k − ẏr,k)z1,k+

η̃T
k Γ−1

1 (τ1,k − ˙̂ηk) + S̃kΓ−1
2 (ν1,k − ˙̂Sk) +

1
4

∆k

= b1z1,kz2,k − c1z2
1,k + b1N(ζ1,k(t))ψ1,k(t)z1,k + ψ1,k(t)z1,k+

η̃T
k Γ−1

1 (τ1,k − ˙̂ηk) + S̃kΓ−1
2 (ν1,k − ˙̂Sk) +

1
4

∆k

= b1z1,kz2,k − c1z2
1,k + (b1N(ζ1,k(t)) + 1)ψ1,k(t)z1,k+

η̃T
k Γ−1

1 (τ1,k − ˙̂ηk) + S̃kΓ−1
2 (ν1,k − ˙̂Sk) +

1
4

∆k

= b1z1,kz2,k − c1z2
1,k + (b1N(ζ1,k(t)) + 1)ζ̇1,k(t)+

η̃T
k Γ−1

1 (τ1,k − ˙̂ηk) + S̃kΓ−1
2 (ν1,k − ˙̂Sk) +

1
4

∆k

= b2
1z2

2,k − (
1
2

z1,k − b1z2,k)
2 − (c1 − 1)z2

1,k

− 3
4

z2
1,k + (b1N(ζ1,k(t)) + 1)ζ̇1,k(t), (3.4)

https://ejamjournal.com/
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+ η̃T
k Γ−1

1 (τ1,k − ˙̂ηk) + S̃kΓ−1
2 (ν1,k − ˙̂Sk) +

1
4

∆k

≤ B1z2
2,k − (c1 −

1
4
)z2

1,k + (b1N(ζ1,k(t)) + 1)ζ̇1,k(t)+

η̃T
k Γ−1

1 (τ1,k − ˙̂ηk) + S̃kΓ−1
2 (ν1,k − ˙̂Sk) +

1
4

∆k. (3.5)

The following inequality is exploited in the above derivation. mn ≤ 1
r m2 + 1

4 n2r, here r > 0,
r = ∆k. B1z2

2,k will be canceled in the next step.

Step 2. Let ω2,k = φ2,k −
∂α1,k
∂x1,k

φ1,k, because φ1,k, φ2,k are known smooth functions, there exist

smooth function φ̄2,k(x1,k, x2,k, η̂k, Ŝk) > 0 such that |δT(t)(φ2,k −
∂α1,k
∂x1,k

φ1,k)| ≤ ∥δT(t)∥φ̄2,k ≤
sφ̄2,k. Denote B2 = b2

2; z3,k = x3,k − α2,k − ÿr,k, τ2,k = τ1,k + Γ1ϕ(t)ω2,kz2,k, ν2,k = ν1,k +
Γ2

1
∆k

φ̄2
2,kz2

2,k then the time derivative of z2,k is given as following:

ż2,k = b2(z3,k + α2,k + ÿr,k) + ηTϕ(t)ω2,k + δT(t)ω2,k − ÿr,k

− ∂α1,k

∂t
− ∂α1,k

∂x1,k
b1x2,k −

∂α1,k

∂η̂k
˙̂ηk −

∂α1,k

∂Ŝk

˙̂Sk. (3.6)

Construct Lyapunov function as follows:

V2,k(zk, η̂k, Ŝk, B̂1,k, b̂1,k) = V1,k +
1
2

z2
2,k +

1
2

Λ−1
1 B̃2

1,k +
1
2

Υ−1
1 b̃2

1,k, (3.7)

where both Λ1 and Υ1 are symmetric and positive definite matrices. Derivated V2,k by (3.6) as
follows:

V̇2,k = V̇1,k + z2,k ż2,k − B̃1,kΛ−1
1

˙̂B1,k − b̃1,kΥ−1
1

˙̂b1,k

= V̇1,k + z2,k(b2(z3,k + α2,k + ÿr,k) + ηTϕ(t)ω2,k + δT(t)ω2,k

− ÿr,k −
∂α1,k

∂t
− ∂α1,k

∂x1,k
b1x2,k −

∂α1,k

∂η̂k
˙̂ηk −

∂α1,k

∂Ŝk

˙̂Sk)

− B̃1,kΛ−1
1

˙̂B1,k − b̃1,kΥ−1
1

˙̂b1,k

≤ B1z2
2,k − (c1 −

1
4
)z2

1,k + (b1N(ζ1,k(t)) + 1)ζ̇1,k(t)

+ η̃T
k Γ−1

1 (τ1,k − ˙̂ηk) + S̃kΓ−1
2 (ν1,k − ˙̂Sk) +

1
4

∆k + b2z2,kz3,k

+ b2(α2,k + ÿr,k)z2,k + z2,k(η
Tϕ(t)ω2,k + δT(t)ω2,k

− ÿr,k −
∂α1,k

∂t
− ∂α1,k

∂x1,k
b1x2,k −

∂α1,k

∂η̂k
˙̂ηk −

∂α1,k

∂Ŝk

˙̂Sk)

− B̃1,kΛ−1
1

˙̂B1,k − b̃1,kΥ−1
1

˙̂b1,k

≤ −(c1 −
1
4
)z2

1,k + (b1N(ζ1,k(t)) + 1)ζ̇1,k(t)

+ η̃T
k Γ−1

1 (τ1,k − ˙̂ηk) + S̃kΓ−1
2 (ν1,k − ˙̂Sk) +

1
4

∆k + b2z2,kz3,k

+ b2(α2,k + ÿr,k)z2,k + |δT(t)ω2,k||z2,k|+ z2,k(η
Tϕ(t)ω2,k

− ÿr,k −
∂α1,k

∂t
− ∂α1,k

∂x1,k
b̂1,kx2,k −

∂α1,k

∂η̂k
˙̂ηk −

∂α1,k

∂Ŝk

˙̂Sk + B̂1,kz2,k),
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+ B̃1,kΛ−1
1 (Λ1z2

2,k − ˙̂B1,k) + b̃1,kΥ−1
1 (−Υ1

∂α1,k

∂x1,k
x2,kz2,k − ˙̂b1,k)

≤ −(c1 −
1
4
)z2

1,k + (b1N(ζ1,k(t)) + 1)ζ̇1,k(t)

+ η̃T
k Γ−1

1 (τ2,k − ˙̂ηk) + S̃kΓ−1
2 (ν1,k − ˙̂Sk) +

1
4

∆k + b2z2,kz3,k

+ b2(α2,k + ÿr,k)z2,k + sφ̄2,k|z2,k|+ z2,k(η̂
Tϕ(t)ω2,k

− ÿr,k −
∂α1,k

∂t
− ∂α1,k

∂x1,k
b̂1,kx2,k −

∂α1,k

∂η̂k
˙̂ηk −

∂α1,k

∂Ŝk

˙̂Sk + B̂1,kz2,k)

+ B̃1,kΛ−1
1 (Λ1z2

2,k − ˙̂B1,k) + b̃1,kΥ−1
1 (−Υ1

∂α1,k

∂x1,k
x2,kz2,k − ˙̂b1,k)

≤ −(c1 −
1
4
)z2

1,k + (b1N(ζ1,k(t)) + 1)ζ̇1,k(t)

+ η̃T
k Γ−1

1 (τ2,k − ˙̂ηk) + S̃kΓ−1
2 (ν1,k − ˙̂Sk) +

1
4

∆k + b2z2,kz3,k

+ b2(α2,k + ÿr,k)z2,k +
1

∆k
s2 φ̄2

2,kz2
2,k +

1
4

∆k + z2,k(η̂
Tϕ(t)ω2,k

− ÿr,k −
∂α1,k

∂t
− ∂α1,k

∂x1,k
b̂1,kx2,k −

∂α1,k

∂η̂k
˙̂ηk −

∂α1,k

∂Ŝk

˙̂Sk + B̂1,kz2,k)

+ B̃1,kΛ−1
1 (Λ1z2

2,k − ˙̂B1,k) + b̃1,kΥ−1
1 (−Υ1

∂α1,k

∂x1,k
x2,kz2,k − ˙̂b1,k)

= −(c1 −
1
4
)z2

1,k + (b1N(ζ1,k(t)) + 1)ζ̇1,k(t) + η̃T
k Γ−1

1 (τ2,k − ˙̂ηk)

+
∂α1,k

∂η̂k
(τ2,k − ˙̂ηk)z2,k + S̃kΓ−1

2 (ν1,k − ˙̂Sk) +
∂α1,k

∂Ŝk
(ν2,k − ˙̂Sk)z2,k

+
2
4

∆k + b2z2,kz3,k + b2(α2,k + ÿr,k)z2,k +
1

∆k
Sφ̄2

2,kz2
2,k + z2,k(η̂

Tϕ(t)ω2,k

− ÿr,k −
∂α1,k

∂t
− ∂α1,k

∂x1,k
b̂1,kx2,k −

∂α1,k

∂η̂k
τ2,k −

∂α1,k

∂Ŝk
ν2,k + B̂1,kz2,k)

+ B̃1,kΛ−1
1 (Λ1z2

2,k − ˙̂B1,k) + b̃1,kΥ−1
1 (−Υ1

∂α1,k

∂x1,k
x2,kz2,k − ˙̂b1,k)

= −(c1 −
1
4
)z2

1,k + (b1N(ζ1,k(t)) + 1)ζ̇1,k(t) + η̃T
k Γ−1

1 (τ2,k − ˙̂ηk)

+
∂α1,k

∂η̂k
(τ2,k − ˙̂ηk)z2,k + S̃kΓ−1

2 (ν2,k − ˙̂Sk) +
∂α1,k

∂Ŝk
(ν2,k − ˙̂Sk)z2,k

+
2
4

∆k + b2z2,kz3,k + b2(α2,k + ÿr,k)z2,k + z2,k(η̂
Tϕ(t)ω2,k +

1
∆k

Ŝφ̄2
2,kz2,k

− ÿr,k −
∂α1,k

∂t
− ∂α1,k

∂x1,k
b̂1,kx2,k −

∂α1,k

∂η̂k
τ2,k −

∂α1,k

∂Ŝk
ν2,k + B̂1,kz2,k)

+ B̃1,kΛ−1
1 (Λ1z2

2,k − ˙̂B1,k) + b̃1,kΥ−1
1 (−Υ1

∂α1,k

∂x1,k
x2,kz2,k − ˙̂b1,k). (3.8)

Take virtual control as α2,k = N(ζ2,k(t))ψ2,k(t)− ÿr,k, ψ2,k(t) = c2z2,k + B̂1,kz2,k + η̂T
k ϕ(t)ω2,k +

Ŝk
1

∆k
φ̄2

2,kz2,k − ÿr,k −
∂α1,k

∂t − ∂α1,k
∂x1,k

b̂1,kx2,k −
∂α1,k
∂η̂k

τ2,k −
∂α1,k

∂Ŝk
ν2,k, ζ̇2,k(t) = ψ2,k(t)z2,k, where c2 > 1

4 is

a constant, where B̂1,k, b̂1,k are the estimation of parameters B1, b1, respectively. Both B̃1,k =
B1 − B̂1,k and b̃1,k = b1 − b̂1,k are parameter estimation errors.
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Then equation (3.8) can be rewrite as following:

V̇2,k ≤ −(c1 −
1
4
)z2

1,k + (b1N(ζ1,k(t)) + 1)ζ̇1,k(t) + η̃T
k Γ−1

1 (τ2,k − ˙̂ηk)

+
∂α1,k

∂η̂k
(τ2,k − ˙̂ηk)z2,k + S̃kΓ−1

2 (ν2,k − ˙̂Sk) +
∂α1,k

∂Ŝk
(ν2,k − ˙̂Sk)z2,k

+
2
4

∆k + b2z2,kz3,k − c2z2
2,k + (b2N(ζ2,k(t)) + 1)ζ̇2,k(t)

+ B̃1,kΛ−1
1 (Λ1z2

2,k − ˙̂B1,k) + b̃1,kΥ−1
1 (−Υ1

∂α1,k

∂x1,k
x2,kz2,k − ˙̂b1,k)

= −(c1 −
1
4
)z2

1,k +
2

∑
i=1

(biN(ζi,k(t)) + 1)ζ̇i,k(t) + η̃T
k Γ−1

1 (τ2,k − ˙̂ηk)

+
∂α1,k

∂η̂k
(τ2,k − ˙̂ηk)z2,k + S̃kΓ−1

2 (ν2,k − ˙̂Sk) +
∂α1,k

∂Ŝk
(ν2,k − ˙̂Sk)z2,k

+
2
4

∆k + b2
2z2

3,k − (
1
2

z2,k − b2z3,k)
2 − (c2 − 1)z2

2,k −
3
4

z2
2,k

+ B̃1,kΛ−1
1 (Λ1z2

2,k − ˙̂B1,k) + b̃1,kΥ−1
1 (−Υ1

∂α1,k

∂x1,k
x2,kz2,k − ˙̂b1,k)

≤ −
2

∑
i=1

(ci −
1
4
)z2

i,k +
2

∑
i=1

(biN(ζi,k(t)) + 1)ζ̇i,k(t) + η̃T
k Γ−1

1 (τ2,k − ˙̂ηk)

+
∂α1,k

∂η̂k
(τ2,k − ˙̂ηk)z2,k + S̃kΓ−1

2 (ν2,k − ˙̂Sk) +
∂α1,k

∂Ŝk
(ν2,k − ˙̂Sk)z2,k

+ B̃1,kΛ−1
1 (Λ1z2

2,k − ˙̂B1,k) + b̃1,kΥ−1
1 (−Υ1

∂α1,k

∂x1,k
x2,kz2,k − ˙̂b1,k) +

2
4

∆k + B2z2
3,k. (3.9)

Step 3. Let ω3,k = φ3,k −∑2
i=1

∂α2,k
∂xi,k

φi,k, because φi,k, i = 1, 2, 3 are known smooth functions, there

exist smooth function φ̄3,k > 0 such that |δT(t)(φ3,k − ∑2
i=1

∂α2,k
∂xi,k

φi,k)| ≤ ∥δT(t)∥φ̄3,k ≤ sφ̄3,k.

Denote B3 = b2
3; z4,k = x4,k − α3,k − y(3)r,k , τ3,k = τ2,k + Γ1ϕ(t)ω3,kz3,k, ν3,k = ν2,k + Γ2

1
∆k

φ̄2
3,kz2

3,k
then the time derivative of z3,k is given as following:

ż3,k = b3(z4,k + α3,k + y(3)r,k ) + ηTϕ(t)ω3,k + δT(t)ω3,k

− y(3)r,k − ∂α2,k

∂t
−

2

∑
i=1

∂α2,k

∂xi,k
bixi+1,k

− ∂α2,k

∂η̂k
˙̂ηk −

∂α2,k

∂Ŝk

˙̂Sk −
∂α2,k

∂B̂1,k

˙̂B1,k −
∂α2,k

∂b̂1,k

˙̂b1,k. (3.10)

Construct Lyapunov function as follows:

V3,k = V2,k +
1
2

z2
3,k +

1
2

Λ−1
2 B̃2

2,k +
1
2

Υ−1
2 b̃2

2,k, (3.11)

where both Λ2 and Υ2 are symmetric positive definite matrices. The time derivative of V2,k
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along systems (3.10) is given as:

V̇3,k = V̇2,k + z3,k ż3,k − B̃2,kΛ−1
2

˙̂B2,k − b̃2,kΥ−1
2

˙̂b2,k

= V̇2,k + z3,k(b3(z4,k + α3,k + y(3)r,k ) + ηTϕ(t)ω3,k

+ δT(t)ω3,k − y(3)r,k − ∂α2,k

∂t
−

2

∑
i=1

∂α2,k

∂xi,k
bixi+1,k

− ∂α2,k

∂η̂k
˙̂ηk −

∂α2,k

∂Ŝk

˙̂Sk −
∂α2,k

∂B̂1,k

˙̂B1,k −
∂α2,k

∂b̂1,k

˙̂b1,k)

− B̃2,kΛ−1
2

˙̂B2,k − b̃2,kΥ−1
2

˙̂b2,k

≤ −
2

∑
i=1

(ci −
1
4
)z2

i,k +
2

∑
i=1

(biN(ζi,k(t)) + 1)ζ̇i,k(t)

+ η̃T
k Γ−1

1 (τ2,k − ˙̂ηk) +
∂α1,k

∂η̂k
(τ2,k − ˙̂ηk)z2,k

+ S̃kΓ−1
2 (ν2,k − ˙̂Sk) +

∂α1,k

∂Ŝk
(ν2,k − ˙̂Sk)z2,k

+ B̃1,kΛ−1
1 (Λ1z2

2,k − ˙̂B1,k) + b̃1,kΥ−1
1 (−Υ1

∂α1,k

∂x1,k
x2,kz2,k − ˙̂b1,k)

+
2
4

∆k + B2z2
3,k + b3z3,kz4,k + b3(α3,k + y(3)r,k )z3,k + δT(t)ω3,kz3,k

+ z3,k(η
Tϕ(t)ω3,k − y(3)r,k − ∂α2,k

∂t
−

2

∑
i=1

∂α2,k

∂xi,k
bixi+1,k

− ∂α2,k

∂η̂k
˙̂ηk −

∂α2,k

∂Ŝk

˙̂Sk −
∂α2,k

∂B̂1,k

˙̂B1,k −
∂α2,k

∂b̂1,k

˙̂b1,k)

− B̃2,kΛ−1
2

˙̂B2,k − b̃2,kΥ−1
2

˙̂b2,k

≤ −
2

∑
i=1

(ci −
1
4
)z2

i,k +
2

∑
i=1

(biN(ζi,k(t)) + 1)ζ̇i,k(t)

+ η̃T
k Γ−1

1 (τ3,k − ˙̂ηk) +
∂α1,k

∂η̂k
(τ3,k − ˙̂ηk)z2,k +

∂α2,k

∂η̂k
(τ3,k − ˙̂ηk)z3,k

+ S̃kΓ−1
2 (ν2,k − ˙̂Sk) +

∂α1,k

∂Ŝk
(ν2,k − ˙̂Sk)z2,k

+ B̃1,kΛ−1
1 (Λ1z2

2,k − ˙̂B1,k) +
∂α2,k

∂B̂1,k
(Λ1z2

2,k − ˙̂B1,k)z3,k

+ b̃1,kΥ−1
1 (−Υ1(

∂α1,k

∂x1,k
x2,kz2,k +

∂α2,k

∂x1,k
x2,kz3,k)− ˙̂b1,k)

+
∂α2,k

∂b̂1,k
(−Υ1(

∂α1,k

∂x1,k
x2,kz2,k +

∂α2,k

∂x1,k
x2,kz3,k)− ˙̂b1,k)z3,k

+
2
4

∆k + b3z3,kz4,k + b3(α3,k + y(3)r,k )z3,k + sφ̄3,k|z3,k|

+ z3,k(η̂
Tϕ(t)ω3,k + B̂2,kz3,k − y(3)r,k − ∂α2,k

∂t
−

2

∑
i=1

∂α2,k

∂xi,k
b̂i,kxi+1,k

− ∂α2,k

∂η̂k
τ3,k −

∂α1,k

∂η̂k
Γ1ϕ(t)ω3,kz2,k −

∂α2,k

∂Ŝk

˙̂Sk −
∂α2,k

∂B̂1,k
Λ1z2

2,k

− ∂α2,k

∂b̂1,k
(−Υ1(

∂α1,k

∂x1,k
x2,kz2,k +

∂α2,k

∂x1,k
x2,kz3,k))),
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+ B̃2,kΛ−1
2 (Λ2z2

3,k − ˙̂B2,k) + b̃2,kΥ−1
2 (−Υ2

∂α2,k

∂x2,k
x3,kz3,k − ˙̂b2,k)

≤ −
2

∑
i=1

(ci −
1
4
)z2

i,k +
2

∑
i=1

(biN(ζi,k(t)) + 1)ζ̇i,k(t)

+ η̃T
k Γ−1

1 (τ3,k − ˙̂ηk) +
∂α1,k

∂η̂k
(τ3,k − ˙̂ηk)z2,k +

∂α2,k

∂η̂k
(τ3,k − ˙̂ηk)z3,k

+ S̃kΓ−1
2 (ν2,k − ˙̂Sk) +

∂α1,k

∂Ŝk
(ν2,k − ˙̂Sk)z2,k

+ B̃1,kΛ−1
1 (Λ1z2

2,k − ˙̂B1,k) +
∂α2,k

∂B̂1,k
(Λ1z2

2,k − ˙̂B1,k)z3,k

+ b̃1,kΥ−1
1 (−Υ1(

∂α1,k

∂x1,k
x2,kz2,k +

∂α2,k

∂x1,k
x2,kz3,k)− ˙̂b1,k)

+
∂α2,k

∂b̂1,k
(−Υ1(

∂α1,k

∂x1,k
x2,kz2,k +

∂α2,k

∂x1,k
x2,kz3,k)− ˙̂b1,k)z3,k

+
3
4

∆k + b3z3,kz4,k + b3(α3,k + y(3)r,k )z3,k +
1

∆k
Sφ̄2

3,kz2
3,k

+ z3,k(η̂
Tϕ(t)ω3,k + B̂2,kz3,k − y(3)r,k − ∂α2,k

∂t
−

2

∑
i=1

∂α2,k

∂xi,k
b̂i,kxi+1,k

− ∂α2,k

∂η̂k
τ3,k −

∂α1,k

∂η̂k
Γ1ϕ(t)ω3,kz2,k −

∂α2,k

∂Ŝk

˙̂Sk −
∂α2,k

∂B̂1,k
Λ1z2

2,k

− ∂α2,k

∂b̂1,k
(−Υ1(

∂α1,k

∂x1,k
x2,kz2,k +

∂α2,k

∂x1,k
x2,kz3,k)))

+ B̃2,kΛ−1
2 (Λ2z2

3,k − ˙̂B2,k) + b̃2,kΥ−1
2 (−Υ2

∂α2,k

∂x2,k
x3,kz3,k − ˙̂b2,k)

≤ −
2

∑
i=1

(ci −
1
4
)z2

i,k +
2

∑
i=1

(biN(ζi,k(t)) + 1)ζ̇i,k(t)

+ η̃T
k Γ−1

1 (τ3,k − ˙̂ηk) +
∂α1,k

∂η̂k
(τ3,k − ˙̂ηk)z2,k +

∂α2,k

∂η̂k
(τ3,k − ˙̂ηk)z3,k

+ S̃kΓ−1
2 (ν3,k − ˙̂Sk) +

∂α1,k

∂Ŝk
(ν3,k − ˙̂Sk)z2,k +

∂α2,k

∂Ŝk
(ν3,k − ˙̂Sk)z3,k

+ B̃1,kΛ−1
1 (Λ1z2

2,k − ˙̂B1,k) +
∂α2,k

∂B̂1,k
(Λ1z2

2,k − ˙̂B1,k)z3,k

+ b̃1,kΥ−1
1 (−Υ1(

∂α1,k

∂x1,k
x2,kz2,k +

∂α2,k

∂x1,k
x2,kz3,k)− ˙̂b1,k)

+
∂α2,k

∂b̂1,k
(−Υ1(

∂α1,k

∂x1,k
x2,kz2,k +

∂α2,k

∂x1,k
x2,kz3,k)− ˙̂b1,k)z3,k

+
3
4

∆k + b3z3,kz4,k + b3(α3,k + y(3)r,k )z3,k

+ z3,k(η̂
Tϕ(t)ω3,k +

1
∆k

Ŝk φ̄2
3,kz3,k + B̂2,kz3,k − y(3)r,k − ∂α2,k

∂t

−
2

∑
i=1

∂α2,k

∂xi,k
b̂i,kxi+1,k −

∂α2,k

∂η̂k
τ3,k −

∂α1,k

∂η̂k
Γ1ϕ(t)ω3,kz2,k, (3.12)
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− ∂α2,k

∂Ŝk
ν3,k −

∂α1,k

∂Ŝk
Γ2

1
∆k

φ̄2
3,kz2,kz3,k −

∂α2,k

∂B̂1,k
Λ1z2

2,k

− ∂α2,k

∂b̂1,k
(−Υ1(

∂α1,k

∂x1,k
x2,kz2,k +

∂α2,k

∂x1,k
x2,kz3,k)))

+ B̃2,kΛ−1
2 (Λ2z2

3,k − ˙̂B2,k) + b̃2,kΥ−1
2 (−Υ2

∂α2,k

∂x2,k
x3,kz3,k − ˙̂b2,k). (3.13)

Take virtual control as

α3,k = N(ζ3,k(t))ψ3,k(t)− y(3)r,k , (3.14)

ψ3,k(t) = c3z3,k + η̂Tϕ(t)ω3,k +
1

∆k
Ŝk φ̄2

3,kz3,k + B̂2,kz3,k − y(3)r,k

− ∂α2,k

∂t
−

2

∑
i=1

∂α2,k

∂xi,k
b̂i,kxi+1,k −

∂α2,k

∂η̂k
τ3,k −

∂α1,k

∂η̂k
Γ1ϕ(t)ω3,kz2,k

− ∂α2,k

∂Ŝk
ν3,k −

∂α1,k

∂Ŝk
Γ2

1
∆k

φ̄2
3,kz2,kz3,k

− ∂α2,k

∂B̂1,k
Λ1z2

2,k −
∂α2,k

∂b̂1,k
(−Υ1(

∂α1,k

∂x1,k
x2,kz2,k +

∂α2,k

∂x1,k
x2,kz3,k)), ζ̇3,k(t)

= ψ3,k(t)z3,k, (3.15)

where c3 > 1
4 is a constant, where B̂2,k, b̂2,k are the estimation of parameters B2, b2, respectively.

Both B̃2,k = B2 − B̂2,k and b̃2,k = b2 − b̂2,k are parameter estimation errors.
Then equation (3.13) can be rewrite as following:

V̇3,k ≤ −
2

∑
i=1

(ci −
1
4
)z2

i,k +
2

∑
i=1

(biN(ζi,k(t)) + 1)ζ̇i,k(t)

+ η̃T
k Γ−1

1 (τ3,k − ˙̂ηk) +
∂α1,k

∂η̂k
(τ3,k − ˙̂ηk)z2,k +

∂α2,k

∂η̂k
(τ3,k − ˙̂ηk)z3,k

+ S̃kΓ−1
2 (ν3,k − ˙̂Sk) +

∂α1,k

∂Ŝk
(ν3,k − ˙̂Sk)z2,k +

∂α2,k

∂Ŝk
(ν3,k − ˙̂Sk)z3,k

+ B̃1,kΛ−1
1 (Λ1z2

2,k − ˙̂B1,k) +
∂α2,k

∂B̂1,k
(Λ1z2

2,k − ˙̂B1,k)z3,k

+ b̃1,kΥ−1
1 (−Υ1(

∂α1,k

∂x1,k
x2,kz2,k +

∂α2,k

∂x1,k
x2,kz3,k)− ˙̂b1,k)

+
∂α2,k

∂b̂1,k
(−Υ1(

∂α1,k

∂x1,k
x2,kz2,k +

∂α2,k

∂x1,k
x2,kz3,k)− ˙̂b1,k)z3,k

+ B̃2,kΛ−1
2 (Λ2z2

3,k − ˙̂B2,k) + b̃2,kΥ−1
2 (−Υ2

∂α2,k

∂x2,k
x3,kz3,k − ˙̂b2,k)

+
3
4

∆k + b3z3,kz4,k − c3z2
3,k + (b3N(ζ3,k(t)) + 1)ζ̇3,k(t)

≤ −
3

∑
i=1

(ci −
1
4
)z2

i,k +
3

∑
i=1

(biN(ζi,k(t)) + 1)ζ̇i,k(t)

+ η̃T
k Γ−1

1 (τ3,k − ˙̂ηk) +
∂α1,k

∂η̂k
(τ3,k − ˙̂ηk)z2,k +

∂α2,k

∂η̂k
(τ3,k − ˙̂ηk)z3,k, (3.16)
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+ S̃kΓ−1
2 (ν3,k − ˙̂Sk) +

∂α1,k

∂Ŝk
(ν3,k − ˙̂Sk)z2,k +

∂α2,k

∂Ŝk
(ν3,k − ˙̂Sk)z3,k

+ B̃1,kΛ−1
1 (Λ1z2

2,k − ˙̂B1,k) +
∂α2,k

∂B̂1,k
(Λ1z2

2,k − ˙̂B1,k)z3,k

+ b̃1,kΥ−1
1 (−Υ1(

∂α1,k

∂x1,k
x2,kz2,k +

∂α2,k

∂x1,k
x2,kz3,k)− ˙̂b1,k)

+
∂α2,k

∂b̂1,k
(−Υ1(

∂α1,k

∂x1,k
x2,kz2,k +

∂α2,k

∂x1,k
x2,kz3,k)− ˙̂b1,k)z3,k

+ B̃2,kΛ−1
2 (Λ2z2

3,k − ˙̂B2,k) + b̃2,kΥ−1
2 (−Υ2

∂α2,k

∂x2,k
x3,kz3,k − ˙̂b2,k) +

3
4

∆k + B3z2
4,k. (3.17)

Step i (4 ≤ i ≤ n − 1). Let ωi,k = φi,k − Σi−1
j=1

∂αi−1,k
∂xj,k

φj,k, because φ1,k, · · · , φi,k are known smooth

functions, there exist smooth function φ̄i,k(x1,k, · · · , xi,k, η̂k, Ŝk) > 0 such that |δT(t)(φi,k −
∑i−1

j=1
∂αi−1,k
∂xj,k

φj,k)| ≤ ∥δT(t)∥φ̄i,k ≤ sφ̄i,k. Denote Bi = b2
i , zi+1,k = xi+1,k − αi,k − y(i)r , τi,k =

τi−1,k + Γ1ϕ(t)ωi,kzi,k, νi,k = νi−1,k + Γ2
1

∆k
φ̄2

i,kz2
i,k then the time derivative of zi,k is given as

following:

żi,k = bi(zi+1,k + αi,k + y(i)r,k) + ηTϕ(t)ωi,k + δT(t)ωi,k −
∂αi−1,k

∂t

− Σi−1
j=1

∂αi−1,k

∂xj,k
bjxj+1,k −

∂αi−1,k

∂η̂k
˙̂ηk −

∂αi−1,k

∂Ŝk

˙̂Sk

−
i−2

∑
j=1

∂αi−1,k

∂B̂j,k

˙̂Bj,k −
i−2

∑
j=1

∂αi−1,k

∂b̂j,k

˙̂bj,k. (3.18)

Construct Lyapunov function as follows:

Vi,k = Vi−1,k +
1
2

z2
i,k +

1
2

Λ−1
i−1B̃2

i−1,k +
1
2

Υ−1
i−1b̃2

i−1,k. (3.19)

Derivated Vi,k by (3.18) as follows:

V̇i,k ≤ −
i−1

∑
j=1

(cj −
1
4
)z2

j,k +
i−1

∑
j=1

(bjN(ζ j,k(t)) + 1)ζ̇ j,k(t) + η̃T
k Γ−1

1 (τi,k − ˙̂ηk)

+
i−1

∑
j=1

∂αj,k

∂η̂k
(τi,k − ˙̂ηk)zj+1,k + S̃kΓ−1

2 (νi,k − ˙̂Sk)

+
i−1

∑
j=1

∂αj,k

∂Ŝk
(νi,k − ˙̂Sk)zj+1,k +

i−1

∑
j=1

B̃j,kΛ−1
j (Λjz2

j+1,k − ˙̂Bj,k)

+
i−2

∑
l=1

i−1

∑
j=l+1

∂αj,k

∂B̂l,k
(Λlz2

l+1,k − ˙̂Bl,k)zj+1,k

+
i−1

∑
j=1

b̃j,kΥ−1
j (−Υj

i−1

∑
l=j

∂αl,k

∂xj,k
xj+1,kzl+1,k − ˙̂bj,k), (3.20)
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+
i−2

∑
l=1

i−1

∑
j=l+1

∂αj,k

∂b̂l,k
(−Υl

i−1

∑
u=l

∂αu,k

∂xl,k
xl+1,kzu+1,k − ˙̂bl,k)zj+1,k

+
i
4

∆k + bizi,kzi+1,k + bi(αi,k + y(i)r,k)zi,k

+ zi,k(η̂
Tϕ(t)ωi,k +

1
∆k

Ŝk φ̄2
i,kzi,k + B̂i−1,kzi,k − y(i)r,k

− ∂αi−1,k

∂t
−

i−1

∑
j=1

∂αi−1,k

∂xj,k
b̂j,kxj+1,k

− ∂αi−1,k

∂η̂k
τi,k − Σi−2

j=1
∂αj,k

∂η̂k
Γ1ϕ(t)ωi,kzj+1,k −

∂αi−1,k

∂Ŝk
νi,k

− Σi−2
j=1

∂αj,k

∂ŝk
Γ2

1
∆k

φ̄2
i,kzi,kzj+1,k −

i−2

∑
j=1

∂αi−1,k

∂B̂j,k
Λjz2

j+1,k

−
i−2

∑
l=1

∂αi−1,k

∂b̂l,k
(−Υl

i−1

∑
j=l

∂αj,k

∂xl,k
xl+1,kzj+1,k)

−
i−3

∑
l=1

i−2

∑
j=l+1

∂αj,k

∂b̂l,k
(−Υl

∂αi−1,k

∂xl,k
xl+1,kzj+1,k)). (3.21)

Take virtual control as
αi,k = N(ζi,k(t))ψi,k(t)− y(i)r,k , (3.22)

ψi,k(t) = cizi,k + η̂Tϕ(t)ωi,k +
1

∆k
Ŝk φ̄2

i,kzi,k + B̂i−1,kzi,k − y(i)r,k

− ∂αi−1,k

∂t
−

i−1

∑
j=1

∂αi−1,k

∂xj,k
b̂j,kxj+1,k −

∂αi−1,k

∂η̂k
τi,k

− Σi−2
j=1

∂αj,k

∂η̂k
Γ1ϕ(t)ωi,kzj+1,k −

∂αi−1,k

∂Ŝk
νi,k

− Σi−2
j=1

∂αj,k

∂ŝk
Γ2

1
∆k

φ̄2
i,kzi,kzj+1,k −

i−2

∑
j=1

∂αi−1,k

∂B̂j,k
Λjz2

j+1,k

−
i−2

∑
l=1

∂αi−1,k

∂b̂l,k
(−Υl

i−1

∑
j=l

∂αj,k

∂xl,k
xl+1,kzj+1,k)

−
i−3

∑
l=1

i−2

∑
j=l+1

∂αj,k

∂b̂l,k
(−Υl

∂αi−1,k

∂xl,k
xl+1,kzj+1,k), ζ̇i,k(t) = ψi,k(t)zi,k, (3.23)

where ci > 1
4 is a constant, where B̂i−1,k, b̂i−1,k are the estimation of parameters Bi−1, bi−1,

respectively. Both B̃i−1,k = Bi−1 − B̂i−1,k and b̃i−1,k = bi−1 − b̂i−1,k are parameter estimation
errors. Then equation (3.21) can be rewrite as following:

V̇i,k ≤ −
i

∑
j=1

(cj −
1
4
)z2

j,k +
i

∑
j=1

(bjN(ζ j,k(t)) + 1)ζ̇ j,k(t) + η̃T
k Γ−1

1 (τi,k − ˙̂ηk)

+
i−1

∑
j=1

∂αj,k

∂η̂k
(τi,k − ˙̂ηk)zj+1,k + S̃kΓ−1

2 (νi,k − ˙̂Sk), (3.24)
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+
i−1

∑
j=1

∂αj,k

∂Ŝk
(νi,k − ˙̂Sk)zj+1,k +

i−1

∑
j=1

B̃j,kΛ−1
j (Λjz2

j+1,k − ˙̂Bj,k)

+
i−2

∑
l=1

i−1

∑
j=l+1

∂αj,k

∂B̂l,k
(Λlz2

l+1,k − ˙̂Bl,k)zj+1,k

+
i−1

∑
j=1

b̃j,kΥ−1
j (−Υj

i−1

∑
l=j

∂αl,k

∂xj,k
xj+1,kzl+1,k − ˙̂bj,k)

+
i−2

∑
l=1

i−1

∑
j=l+1

∂αj,k

∂b̂l,k
(−Υl

i−1

∑
u=l

∂αu,k

∂xl,k
xl+1,kzu+1,k − ˙̂bl,k)zj+1,k

+
i
4

∆k + Biz2
i+1,k. (3.25)

Step n. Let ωn,k = φn,k − Σn−1
j=1

∂αn−1,k
∂xj,k

φj,k, because φ1,k, · · · , φn,k are known, then have φ̄n,k (x1,k,

· · · , xn,k, η̂k, Ŝk) > 0 satisfied

|δT(t)(φn,k −
n−1

∑
j=1

∂αn−1,k

∂xj,k
φj,k)| ≤ ∥δT(t)∥φ̄n,k ≤ sφ̄n,k. (3.26)

Take

τn,k = τn−1,k + Γ1ϕ(t)ωn,kzn,k, νn,k = νn−1,k + Γ2
1

∆k
φ̄2

n,kz2
n,k, (3.27)

then derivated zn,k as following:

żn,k = buk − y(n)r,k + ηTϕ(t)ωn,k + δT(t)ωn,k −
∂αn−1,k

∂t

− Σn−1
j=1

∂αn−1,k

∂xj,k
bjxj+1,k −

∂αn−1,k

∂η̂k
˙̂ηk −

∂αn−1,k

∂Ŝk

˙̂Sk

−
n−2

∑
j=1

∂αn−1,k

∂B̂j,k

˙̂Bj,k −
n−2

∑
j=1

∂αn−1,k

∂b̂j,k

˙̂bj,k. (3.28)

Construct Lyapunov function as follows:

Vn,k = Vn−1,k +
1
2

z2
n,k +

1
2

Λ−1
n−1B̃2

n−1,k +
1
2

Υ−1
n−1b̃2

n−1,k, (3.29)

then

V̇n,k ≤ −
n−1

∑
j=1

(cj −
1
4
)z2

j,k +
n−1

∑
j=1

(bjN(ζ j,k(t)) + 1)ζ̇ j,k(t)

+ η̃T
k Γ−1

1 (τn,k − ˙̂ηk) +
n−1

∑
j=1

∂αj,k

∂η̂k
(τn,k − ˙̂ηk)zj+1,k

+ S̃kΓ−1
2 (νn,k − ˙̂Sk) +

n−1

∑
j=1

∂αj,k

∂Ŝk
(νn,k − ˙̂Sk)zj+1,k

+
n−1

∑
j=1

B̃j,kΛ−1
j (Λjz2

j+1,k − ˙̂Bj,k),
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+
n−2

∑
l=1

n−1

∑
j=l+1

∂αj,k

∂B̂l,k
(Λlz2

l+1,k − ˙̂Bl,k)zj+1,k

+
n−1

∑
j=1

b̃j,kΥ−1
j (−Υj

n−1

∑
l=j

∂αl,k

∂xj,k
xj+1,kzl+1,k − ˙̂bj,k)

+
n−2

∑
l=1

n−1

∑
j=l+1

∂αj,k

∂b̂l,k
(−Υl

n−1

∑
u=l

∂αu,k

∂xl,k
xl+1,kzu+1,k − ˙̂bl,k)zj+1,k

+
n
4

∆k + bnukzn,k

+ zn,k(η̂
Tϕ(t)ωn,k +

1
∆k

Ŝk φ̄2
n,kzn,k + B̂n−1,kzn,k

− y(n)r,k − ∂αn−1,k

∂t
−

n−1

∑
j=1

∂αn−1,k

∂xj,k
b̂j,kxj+1,k

− ∂αn−1,k

∂η̂k
τn,k − Σn−2

j=1
∂αj,k

∂η̂k
Γ1ϕ(t)ωn,kzj+1,k −

∂αn−1,k

∂Ŝk
νn,k

− Σn−2
j=1

∂αj,k

∂ŝk
Γ2

1
∆k

φ̄2
n,kzn,kzj+1,k −

n−2

∑
j=1

∂αn−1,k

∂B̂j,k
Λjz2

j+1,k

−
n−2

∑
l=1

∂αn−1,k

∂b̂l,k
(−Υl

n−1

∑
j=l

∂αj,k

∂xl,k
xl+1,kzj+1,k)

−
n−3

∑
l=1

n−2

∑
j=l+1

∂αj,k

∂b̂l,k
(−Υl

∂αn−1,k

∂xl,k
xl+1,kzj+1,k)). (3.30)

Controller and adaptive laws are designed as follows:

uk = N(ζn,k(t))ψn,k(t), (3.31)

ψn,k(t) = (cn −
1
4
)zn,k + η̂Tϕ(t)ωn,k +

1
∆k

Ŝk φ̄2
n,kzn,k

+ B̂n−1,kzn,k − y(n)r,k − ∂αn−1,k

∂t
−

n−1

∑
j=1

∂αn−1,k

∂xj,k
b̂j,kxj+1,k

− ∂αn−1,k

∂η̂k
τn,k − Σn−2

j=1
∂αj,k

∂η̂k
Γ1ϕ(t)ωn,kzj+1,k −

∂αn−1,k

∂Ŝk
νn,k

− Σn−2
j=1

∂αj,k

∂ŝk
Γ2

1
∆k

φ̄2
n,kzn,kzj+1,k −

n−2

∑
j=1

∂αn−1,k

∂B̂j,k
Λjz2

j+1,k

−
n−2

∑
l=1

∂αn−1,k

∂b̂l,k
(−Υl

n−1

∑
j=l

∂αj,k

∂xl,k
xl+1,kzj+1,k)

−
n−3

∑
l=1

n−2

∑
j=l+1

∂αj,k

∂b̂l,k
(−Υl

∂αn−1,k

∂xl,k
xl+1,kzj+1,k), (3.32)

ζ̇n,k(t) = zn,kψn,k(t), ˙̂ηk = τn,k, (3.33)

˙̂Sk = νn,k, (3.34)
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˙̂Bi,k = Λiz2
i+1,k, i = 1, · · · , n − 1, (3.35)

˙̂bi,k = −Υi

n−1

∑
l=i

∂αl,k

∂xi,k
xi+1,kzl+1,k, i = 1, · · · , n − 1. (3.36)

Derivated Vn,k by (3.28), and substitute eqs.((3.31)-(3.36)) into eq. (3.30), then

V̇n,k ≤ −Σn
j=1(cj −

1
4
)z2

j,k +
n

∑
j=1

(bjN(ζ j,k(t)) + 1)ζ̇ j,k(t) +
n
4

∆k. (3.37)

3.2 Stability and convergence analysis

Under the condition that hypothesis 1 is satisfied, the conclusions of this paper are given as
follows:
Assumption 1 For any k, when t = 0, x1,k(0) = yr,k(0); xi+1,k(0) = αi,k(0) − y(i)r,k(0), i =

1, · · · , n − 1; η̂k(0) = η̂k−1(T); Ŝk(0) = Ŝk−1(T); B̂i,k(0) = B̂i,k−1(T), i = 1, · · · , n − 1; b̂i,k(0) =
b̂i,k−1(T), i = 1, · · · , n − 1; ζ̇i,k(0) = ζ̇i,k−1(T), i = 1, · · · , n; ζi,k(0) = ζi,k−1(T), ζi,0(0) = 0,
i = 1, · · · , n.

Theorem 3.1. Design controllers (3.31)-(3.32) and adaptive laws (3.33)-(3.36) For time-varying pa-
rameter system (1), all signals of closed loop system are bounded on [0, T], and

limk→∞zj,k(t) = 0, j = 1, 2, · · · , n (3.38)

Proof. By the assumption 1, ∥zk(0)∥2 = 0 ≤ ∥zk(T)∥2. Denote Vn,k(0) = Vn,k(zk(0), η̂k(0), Ŝk(0),
B̂i,k(0), b̂i,k(0)), By eq.(13), we obtain

Vn,k(zk(0), η̂k(T), Ŝk(T), B̂i,k(T), b̂i,k(T)) ≤ Vn,k(0) +
∫ T

0
V̇n,kdt, i = 1, · · · , n − 1 (3.39)

Substitute eq.(3.37) into eq. (3.39), then

Vn,k(zk(0), η̂k(T), Ŝk(T), B̂i,k(T), b̂i,k(T)) ≤ Vn,1(0)− Σk
i=1Σn

j=1∫ T

0
(cj −

1
4
)(zj,i)

2dt

+
n
4

T(Σk
i=1∆i) + Σk

i=1Σn
j=1∫ T

0
(bjN(ζ j,i(t)) + 1)ζ̇ j,i(t)dt. (3.40)

Denote ζ̇i(t + (k − 1)T) ≜ ζ̇i,k(t), and ζi(t + (k − 1)T) = ζi,k(t) for t ∈ [0, T]. According
to assumption 1 and controllers (3.31)-(3.32), ζ̇i(t) is a continuous function and ζi(t) is a C1
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function for ∀t ∈ [0, kT]. So

Σk
j=1

∫ T

0
(biN(ζi,j) + 1)ζ̇i,jdτ =

∫ T

0
(biN(ζi,1) + 1)ζ̇i,1dτ

+
∫ T

0
(biN(ζi,2) + 1)ζ̇i,2dτ + · · ·+

+
∫ T

0
(biN(ζi,k) + 1)ζ̇i,kdτ

=
∫ T

0
(biN(ζi) + 1)ζ̇idτ

+
∫ 2T

T
(biN(ζi) + 1)ζ̇idτ + · · ·

+
∫ kT

(k−1)T
(biN(ζi) + 1)ζ̇idτ

=
∫ kT

0
(biN(ζi) + 1)ζ̇idτ. (3.41)

For B > 0, we have
∫ kT

0 (biN(ζi) + 1)ζ̇idτ ≤ B. Denote

V0(k) = Vn,1(z1(0), η̂1(0), Ŝ1(0), B̂i,1(0), b̂i,1(0))

+ n
1
4

T(Σk
i=1∆i) + Σk

i=1Σn
j=1

∫ T

0
(bjN(ζ j,i(t)) + 1)ζ̇ j,i(t)dt, (3.42)

then eq. (3.40) can be rewrite as

Σk
i=1Σn

j=1

∫ T

0
(cj −

1
4
)(zj,i)

2dt ≤ V0(k)− Vn,k(zk(0), η̂k(T), Ŝk(T), B̂i,k(T), b̂i,k(T)). (3.43)

We have limk→∞V0(k) ≤ Vn,1 +nB+ 2an 1
4 T, then V0(k) is bounded, and Vn,k(zk(0), η̂k(T), Ŝk(T)) ≥

0, so

limk→∞Σn
j=1

∫ T

0
(cj −

1
4
)(zj,k)

2dt = 0. (3.44)

From eq. (3.3), for ∀k, Vn,k(t) = Vn,k(0)+
∫ t

0 V̇n,k(τ)dτ, eq.(30) is substituted into above equation,
then

Vn,k(t) ≤ Vn,k(0)− Σn
j=1

∫ t

0
(cj −

1
4
)(zj,k(τ))

2dτ

+ Σn
j=1

∫ t

0
(bjN(ζ j,k(τ)) + 1)ζ̇ j,k(τ)dτ + tn

1
4

∆k. (3.45)

By eq.(3.44), Σn
j=1

∫ t
0 (cj − 1

4 )(zj,k(τ))
2dτ is bounded. ∆k is bounded, and t ∈ [0, T], so tn 1

4 ∆k is

also bounded. By lemma 2, Σn
j=1

∫ t
0 (bjN(ζ j,k(τ)) + 1)ζ̇ j,k(τ)dτ is bounded. And also η̂k(0) =

η̂k−1(T), Ŝk(0) = Ŝk−1(T); B̂i,k(0) = B̂i,k−1(T), i = 1, · · · , n − 1; b̂i,k(0) = b̂i,k−1(T), by eq.(3.40),
for any k, Vn,k(0, η̂k(T), Ŝk(T), B̂i,k(T), b̂i,k(T)) is bounded, so Vn,k (0, η̂k(0), Ŝk(0), B̂i,k(0), b̂i,k(0))
= Vn,k−1(0, η̂k−1(T), Ŝk−1(T), B̂i,k−1(T), b̂i,k−1(T)) is bounded, so for ∀k, Vn,k(t) is bounded, then
we have xi,k, η̂k(t), Ŝk(t), B̂i,k(t) and b̂i,k(t) are bounded. By eqs. (3.31)-(3.32), uk is bounded. By
(3.18), żi,k is bounded, by zi,k is continuous uniformly, the formula (3.38) is established.
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4 An illustrative example

To demonstrate the effectiveness of the controller, consider the following nonlinear system:

ẋ1,k = b1x2,k + θ(t)x2
1,k,

ẋ2,k = b2uk(t),
yk = x1,k, (4.1)

where t ∈, θ(t) is uncertain time-varying parameter in finite time interval [0, 1]. By Fourier
series, then system (4.1) becomes

ẋ1,k = b1x2,k + ηTϕ(t)x2
1,k + δT(t)x2

1,k,
ẋ2,k = b2uk(t),

yk = x1,k, (4.2)

where x1,k and x2,k are two states, uk(t) is the input of system. η = [η1, η2, η3, η4, η5]T,
ϕ(t) = [1, sin(t), cos(t), sin(2t), cos(2t)]T, ∥δ(t)∥ ≤ s, s is unknown . Take θ(t) = sin(2πt),
b1 = −10, b2 = 0.1. Given the target yr,k = gksin(2t), for non-uniform target case, gk = −0.1 for
even k, and gk = 0.1 for odd k.
Step 1. Let z1,k = x1,k − yr,k, z2,k = x2,k − α1,k − ẏr,k, where α1,k = N(ζ1,k(t))ψ1,k(t) − ẏr,k,
ψ1,k(t) = c1z1,k + η̂kϕ(t)x2

1,k +
1

∆k
Ŝkx4

1,kz1,k − ẏr,k, ζ̇1,k(t) = ψ1,k(t)z1,k; N(ζ1,k) = ζ2
1,kcos(ζ1,k),

∆k =
a
k2 , ∆k =

a
k2 , τ1,k = Γ1ϕ(t)x2

1,kz1,k, ν1,k = Γ2
1

∆k
x4

1,kz2
1,k.

Step 2. Design

uk(t) = N(ζ2,k(t))ψ2,k(t), ζ̇k(t) = z2,kψ2,k(t),

ψ2,k(t) = (c2 −
1
4
)z2,k − y(2)r,k + B̂1,kz2,k + η̂T

k ϕ(t)
∂α1,k

∂x1,k
x2

1,k −
∂α1,k

∂x1,k
b̂1,kx2,k

− ∂α1,k

∂η̂k
τ2,k −

∂α1,k

∂Ŝk
ν2,k − η̂T

k ϕ̇(t)x2
1,k +

1
∆k

Ŝk(
∂α1,k

∂x1,k
x2

1,k)
2z2,k, N(ζ2,k)

= ζ2
2,kcos(ζ2,k), ∆k =

a
k2 , τ2,k = τ1,k − Γ1ϕ(t)

∂α1,k

∂x1,k
x2

1,kz2,k,

ν2,k = ν1,k + Γ2
1

∆k
(−∂α1,k

∂x1,k
x2

1,k)
2z2

2,k. (4.3)

Design adaptive laws: ˙̂ηk = τ2,k = Γ1ϕ(t)x2
1,kz1,k − Γ1ϕ(t) ∂α1,k

∂x1,k
x2

1,kz2,k; ˙̂Sk = ν2,k = Γ2
1

∆k
x4

1,kz2
1,k +

Γ2
1

∆k
(− ∂α1,k

∂x1,k
x2

1,k)
2z2

2,k. Related parameters and the initial value are chosen: a = 100
3 , c1 = c2 = 1,

Γ1 = diag{0.1}, Γ2 = 10, x1,0(0) = 0, x2,0(0) = −0.1, η̂0(0) = [0.1, 0.1, 0.1, 0.1, 0.1]T, Ŝ0(0) = 0.1,
ζ1,0(0) = 0, ζ2,0(0) = 0. Taking k = 30, the simulation results are shown in Figs.1-4.

It can be seen from Figs.1-2 that the tracking error can converge to zero. Moreover, Figs.3-6
show that the control signals ∥uk∥, ∥η̂k∥, ∥Ŝk∥, Nussbaum parameter ∥ζ1,k∥, ∥ζ2,k∥ and unknown
parameters ∥B̂1,k∥, ∥b̂1,k∥ are bounded on the interval [0, 1]. The above results verify the design
algorithm in this paper.

5 Conclusions

In this paper, an iterative learning control algorithm is proposed to solve the non-uniform target
control problem of nonlinear systems, and deal with the problems of time-varying parameters
and multiple unknown control directions at the same time. Finally, through the Lyapunov
stability theorem, it is proved that the designed controller can make the tracking error of the
closed-loop system converge to zero gradually, can complete the non-uniform target tracking,
and this conclusion is proved by an example.
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Fig.1-2. The change of ∥z1,k∥, ∥z2,k∥ with iteration index.
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Fig.3. The change of ∥uk∥ with iteration index.

0 5 10 15 20 25 30

Iteration index k

0

5

10

15

20

25

30

35

40

N
o

r
m

 o
f 

th
e
 c

o
n

tr
o

ll
e
r
 u

k

0 5 10 15 20 25 30

Iteration index k

1

2

3

4

5

6

7

N
o

rm
 o

f 
e
s
ti

m
a
te

d
 p

a
ra

m
e
te

r 
e
ta

k

0 5 10 15 20 25 30

Iteration index k

1

2

3

4

5

N
o

rm
 o

f 
p

a
ra

m
e
te

r 
z
e
ta

1
,k

X 2

Y 0.77232

X 2

Y 0.77232

Fig.4. The change of ∥η̂k∥, ∥Ŝk∥ and Nussbaum parameter ∥ζk∥with iteration index.
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Fig.5. The change of ∥ζ1,k∥, ∥ζ2,k∥ with iteration index.
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