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Abstract

In this paper, we are interested to study the initial value problem for nonlinear heat equation with
memory. For the our problem, we show that the local existence theory related to the finite time blow-up
is also obtained for the problem with logarithmic nonlinearity. We also obtain the blowup continuation
property of the mild solution. The principal techniques are based on some Sobolev embeddings with L?
spaces.
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1 Introduction
1.1 The problem

Let T be a positive number, O C RN, (N > 1) a bounded open set with boundary Q¢, and
Qr = Q x (0,T). The main aim of the paper is to study the nonlinear reaction-diffusion
equation with a nonlocal-nonlinearity term of memory type. More precisely, we consider the
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following problem:

t
Uy = Au+/ g(t—s,u(s))ds + F(x, t;u), in Qr,

0
Sa(xt) =0, on OF x (0,T),

(1.1)

supplemented with the initial condition
u(x,0) =up(x), in Q, (1.2)

where A is the standard Laplacian with Dirichlet boundary conditions in L?(Q)), two functions
up and f are given. The condition g—;‘l(x, t) = 01is called the Neumann boundary condition. The
source g, F are given nonlinear functions which will be defined later. Mathematical formulations
modeled by problem (1.1) appear in several engineering models such as nonlocal reactive porous
media [9], radioactive nuclear decay in fluid flow [39], etc. Recently, PDEs with a nonlocal
nonlinearity (involving memory terms) have received significant attention due to their ability
to capture long-term correlations, for example, material properties and memory effects. Many
important physical models and practical problems require the consideration of physical models
with memory effects [12, 18, 21, 25, 30, 31, 34, 38, 41] and some corresponding engineering
problems with power-law memory (nonlocal effects) [4, 7, 13, 20, 24, 35] and references therein.

The existing literature on nonlocal nonlinearities (involving memory terms) is so separated.
In 1988, Heard and Rakin [26] studied the following problem

o+ A(t)u(t) = /OtR(t, T)F(u(t))dtr, t€(0,T),
u(0) = uo.

(1.3)

Wave equations with memory with weak or strong damping see e.g. [13, 20, 24, 32, 33], plate
equations with memory [28, 32, 33] and Navier-Stokes equation with memory [4, 7, 35]. For
nonlinear perturbations that grow like |u|P~!u for p > 1, B. Andrade et al. [15] considered the
parabolic model with memory

t
ur = Au +/0 g(t—s,u(s))ds + |ulPtu, t>0, (1.4)

where A : D(A) C Xo — Xo (X is a Banach space) be a linear operator and — A be the sectorial
operator. The authors are concerned with the well-posedness of the mild solutions of (1.4).
Cazenave et al. [8] considered the equation

t
ur — Au :/0 (t—8)"|u(s) [P tu(s)ds, (1.5)

and proved sharp blow-up properties of the solutions and global existence results. The power-
type model ]u\"’_lu for p > 1 has also been considered in [2, 3, 6, 14, 16, 22, 23] and references
therein.

The main contributions of our article is to the study of local existence, unique continuation
and a finite time blow-up of solution to Problem (1.1)-(1.2) where the soure function F is
logarithmic form as follows

F(x,t;u) = Vyp(u)loglul,  Viy,(u) =yul’tu (1.6)
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New and interesting novel in the model (1.1)-(1.2) is the appearance of log |u| in the source
function quantity, and so, our problem becomes much more difficult. We found the problem
with memory term and the source function class of the nonlinear powers of |u|P~!u (no loga-
rithmic term) has been studied rarely in a number of interesting articles, e.g. B. Andrade et
al. [15], Cazenave et al. [8]. Firstly, for the sake of providing our motivation for investigating
problem (1.1)-(1.2) with the nonlinearity of logarithmic type, let us recall some well-known
information about the power-type nonlinearity of the form F(u) = |u|P~1u. The behavior of a
solution to a considered Cauchy problem may be not the same when we study different cases
of F(u), especially when p = 1 and when p > 1. More precisely, taking the usual heat equation
into account, when F(u) = u, it can be seen as a global Lipschitzian. Hence, the solution to the
problem can be proved globally well-posed (in almost reasonable Banach spaces). On the other
hand, when we consider the case p > 1, our solution may often blow up at a finite time. In
view of these facts, the effects on the solution by the nonlinearity of logarithmic type whose
expansion at infinity can be approximated as the case p near 1. In [10], the authors show that the
solution to a Cauchy problem involving a heat equation with logarithmic nonlinearity blows up
at the infinity time-point. Inspired by their spirit, we decided to find an answer to the question:
How does a mild solution to problem (IPg) with the nonlinearity of logarithmic type in the
generalized form F(u) = |u|P~'ulog |u| behave? Likewise, considering the application aspect,
the logarithmic nonlinearity expresses slowly cumulative nonlinearity, providing thus another
kind of description of the dynamic process. Studies of logarithmic nonlinearity have a long
history in physics as it occurs naturally in inflation cosmology, quantum mechanics, and nuclear
physics and has attracted many authors with many interesting results, for instance, [5, 11, 36, 40]
and the references therein. The solution operator of our problem contains nonlocal-nonlinearity
which makes some difficult techniques for our paper.

Let us discuss the main difficulties and our contribution to this paper. For our problem
(1.1)-(1.2) with logarithmic nonlinearity source terms, our approach is to consider directly the
mild solutions to Problem (1.1)-(1.2) taking the form of the integral equations. These equations
contain the nonlinear types of source functions F(x, t; u) and nonlocal type of memory. Our
goal is to achieve properties of the solutions to Problem (1.1)-(1.2) in Sobolev spaces W%7(Q}),
for

N
0<s <2, O§U2<min{1;4}

and 1 < g < p* with

P Nt2s—dy 2
such that N N
m pym
N/ 7! S 7
fo < q<N—l—'yms 1 2N + pyms + Np

for some 1 < ¢ < p. Indeed, We describe in more detail as follows.

* The convolution (or memory) term fot g(t —s,u(s))ds, where g grows like in (H;) and (H>)
are quite difficult to control and change the qualitative aspects of the problem (because
important concepts of Kato and Fujita do not encounter for the problem (1.1)).
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* The logarithmic nonlinearity source terms F(x,t;u) = V; ,(u)log|u| and V; ,(u) =
17|u|P~1u, with 7 > 0 and p > 1. To present the properties of the solutions in the Sobolev
space W*4((}), we need to consider the local Lipschitz properties of this source function.
Based on the conditions of the constants s > 0,4 > 1 depending on the dimensions N > 1,
we set up the Sobolev embeddings

D(AY) — W22(Q) — W¥(Q), for2v>s,2v—s< g

and
2N

N +2s —4v’
see the definitions of the spaces W*1(Q)) and D(.A") in (2.2) and (2.3) below.

1<g<

1.2 Outline of the paper

The notations and the functional setting are introduced in Subsection 2.1 and in Subsection 2.2
we give some related results. The main results of this paper are in Section 3, we present local
existence in Subsection 3.1, uniqueness continuation of the solution is discussed in Subsection
3.2 and a finite time blow-up result is demonstrated in Subsection 3.3.

2 Preliminaries

2.1 Functional setting and notation

Throughout the paper, C > 0 C will represent a generic constant that is independent of t. Let us
define

v ={peH () g{ ~0 on aQ}, 2.1)

the closed subspace of C!(Q)) in H!(Q). The eigenvalues of the operator —A on the open,
bounded and connected domain Q C RN with a smooth boundary, subject to standard homo-
geneous boundary conditions (here we specify the zero Neumann conditions in (1.1)) have the

property that there exists an orthonormal basis of L2(Q2), denoted by {¢i} satisfying

jEN

—Agi(x) = Ajgj(x), in Q,

(see [19], Section 6.5),
¢ € VNC2(Q),

admits a family of eigenvalues 0 < A} < Ay < A3 < ... < Aj < ... 7 oo, where {)‘f}jeN is
the discrete spectrum of the operator. The notation || - || stands for the norm in the Banach
space B. For1 < p < oo, T > 0, consider the Banach space of real-valued measurable functions
f:(0,T) — B with the following norm

1
T P
IfllLr,;8) = (/0 Hf(t)HZdl‘> , forl<p< oo,

and

for p = co.

1 flLro,1;8) = ess SUP) £ ()]

te(0,T

BI
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Given a Banach space B, let C¥([0, T]; B) be the set of all continuous functions and its derivatives
of order less than or equal to k are uniformly continuous which map [0, T] into B. The norm of
the function space Ck( [0, T); B), for 0 < k < oo is denoted by

k .
Hchk([o,T],-B) = Z sup Hf(l)(t)HB < oo
i=0t€[0,T]
For any real numbers s > 0 and 1 < p < oo, we recall the fractional Sobolev type spaces
with WP (Q)) via the Gagliardo approach (also known as Aronszajn or Slobodeckij space). Fix a
number s € (0,1) and p € [1,0), define W*P(Q)) as follows

— {fem) f<>f<><m>} 02
[x—y[*

For 0 < s < 1, it can be said that W*(Q)) is an intermediate Banach space between LP(()) and
WLP(Q), endowed the corresponding norm

©) — £ P ;
HfHWS,n(Q) = (/Q ’f’%x%—/ﬂ/ﬂW&lxdy) ,

where the seminorm

X)— 3 %
| flwsriay = (/Q QW@@) /

denotes the Gagliardo (semi)norm of f. For p = 2 in (2.2), together with the norm |[|}ys2(qy)

— 5,2
the space W*2((Q)) becomes a Hilbert space. Let us also set WS’Z(Q) = Cg"(Q)W @ 1 has long

been known that if () is bounded then we have the following continuous embeddings:

Lv=s(Q), if s<
W52 (Q) — { LP(Q), if
COs=3(Q), if s>

~

»n
I

~.

NIZ NIz lZ

~

where we denote C*#(Q) be the space of locally uniformly Holder continuous functions in
() with exponent 8. For more details about the fractional Sobolev spaces, see [1, 17] and the
references in it.

For each number ¢ > 0, we define

D(A”) := {f(x) = Y (f.9) 0i(x) € L2(Q) s [If[hary = X (F9) AF < 00}, (2.3)

JEN* jEN*
where (-, -) denotes the inner product in L?(Q)). Let us denote by H (Q)) the Sobolev-Slobodecki
space WP (Q)) when p = 2, and by H{(Q) is the closure of C°(Q2) in H7(Q2). We identify the
dual space D(A~7) = [D(.A”)]" which corresponds to (-, -)_, , be the inner product (dual type)
between D(A”) and D(A™7) and

Z(P] (f(P] 0(7] ’

jEN*
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and

flpaey =Y (f9)°, A7 <.

jEN*
In the next lemmas, we present some useful embeddings between the previously mentioned
spaces.

Lemma 2.1. Let 0 < 0 < ¢/ < 2, then the following embeddings hold
D(A%) < L2(Q)) < D(A™9),

and

a’)'
Lemma 2.2. (See[1,17]) Let O C RN, k,s € N with k > s satisfying (k —s)p < Nand 1 < p < o.
Then the following Sobolev embeddings hold:

D(A”) < D(A%) < H*(Q) < L*(Q) < H2°(Q) < D(A™7) < D(A~

WRP(Q) — W(Q),  for 1<g< g2

(k=s)p’
D(A%) — W?272(Q), for oc>0,
LF(Q) = D(A%), for  —E<o<0, p>Hp
D(A%) — LP(Q), for  0<o<¥, p<FHL

2.2 Some related results

Lemma 2.3. a) (See [29], Lemma 2.1) For s > 0, then there is a constant £ > 0 depending on vy, we
have

{logs < 0577, for ¥>0,0<s<1, (2.4)

log [s| < 57, for y>0,s>1.

b) (Holder’s inequality for negative exponents, see [27]) Let k' < 0, and k € R be such that § + 1 = 1.
For f(x) > 0,g(x) > 0, Vx € Q) are Lebesque measurable functions. Then

s = ( [ 1) ! () lstar) y

which is equivalent to,

/

([ rse) = ([ ras) ([ isbas)  rw<ofelon s

Proof. The proof of inequalities (2.4) and (2.5) are elementary, so we omit them here. O

Lemma 2.4. (See [37]) For two real numbers a, b we have

/b(b — )" V(s —a)"lds = (b — a)" " B(m, n),

where B(m, n) is Beta function and
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Lemma 2.5. For 0 <s <t < T,andq <0 < p,u € (0,1) such that p — q < 1 — u, we have the
following

Z ]

A=) /OS f(r)dt

for f € C([0, T]; D(.AT7)).
Proof.

< Cpupt=)" H|f | pany, for f € D(AT);

1/2
<C, %/ Somdt]
oy = Conntt= 5715 ([0l gt

Proof a. Since 0 < u < 1, we know that there is a constant C, > 0 and for any z > 0, we have
o~ _

Z < CuzF L. Let us take the constants p, q such that g < 0 < p. Let us choose ¢ > 0 small
enough such that p —g < 1 — u. Then

o001y = T AT (0 (£03))

jEN*

< Chlt =972 1 ATTE (f ) AT
jEN*
C2 o o112
< /\ZT—VZp—w(t —s) ZHfHD(Aq)
1

< Cppq(t— S)ZV_ZHfH?)(Aﬂ)

(2.6)
Proof b. By a similar argument,
S 2 s 2
eA(ffS) / f(T)dT — Z AZP ( —s) / (f(’ T), (P]) dT)
0 D(AP)  jEN* 0
2
- 2p—20+2—2 , 2 °
< Co(t—s)2 2 AT (/0 (f(, 1), 95) dT)
jeEIN*
CZ
)2#=2g 2
< /\%Jqu 2p 2;4 (£ =)™ / 1fC T HD(Aq)dT
_ 2
< Cu,p,q(t_s)zy 25/0 Hf('/T)HD(Aq)dT (2.7)
The proof of this lemma is completed. O
3 Local well-posedness results
In this section, we consider the semilinear Volterra integrodifferential equation is given by
t
ur = Au+ /0 g(t—s,u(s))ds+V, ,(u)(s)log|u(s)|, in Qr,
%(x,t) =0, on O° x (0,T), (IPo)
u(x,0) = up(x), in Q.

The nonlinear function V;, , (1) = 57|u|?~1u for p > 1,7 > 0. We assume that g grows like

§(1) = g(0)| < kat™*|u — 0| (1+ |uP 7t + o7, £ >0, (Hy)
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and
()| <kt |u(1+ [u]P7Y), £>0, (Hy)
fora € (0,1),ky >0,p > 1.

Lemma 3.1. For V,, ,(u) = n|u|P~'u, p > 1,7 > 0. For u,v € R, there are the positive constants
¢, ko such that

Vi (1) = Vip (0)] < e+ [ufP =+ ol ) u — o], (Hs)
and
[Vip () log [u] — Vi (0) log o] | < ka (|1og Jul] [ — o] + [l log ]| [u — ]
+ k> ([0l log ul| [u —o| + [l ju—o]) . (Hy)
Proof. For proof, see Appendix [Al, Section 4.1].

Definition 3.2. A function u be a mild solution of Problem (IPy) if u € C([0, T]; L>(Q)) and
satisfying

t s
u(t) = ePuy —i—/o eA(t’s)/O ¢(s — 7, u(t))dds
t
+ /0 A9V, (1) (s) log u(s)|ds. 3.1)
forall0 <t<T,p>1,1n>0.

3.1 Local existence of solutions to Problem (IP)

Theorem 3.3 (Local existence). For N > 1,p > 1, —% <1 <0< <min{l; %} and for

0<s<2uandm = Nﬁvl. Let1 < q < p* with p* = NJ%\LM such that
N N
gs < N,g < m < Pym

N—i—’yms'q ~ 2N + pyms + Np’

forsome 1l <y < p. Ifuy € D(A") NW*1(Q)), then there is a time T > 0 (depending only on u)
such that Problem (IP) possesses a unique mild solution u € C([0, T]; W¥1(Q))).

Proof. For N > 1,p > 1, we put

0 <1y < min {1;11}, V= prp—1~, (3.2)
s € N satisfies s < 21, 1<g <min{ p*; TN sg <N, 1<y« (3.3)
2, Sq9= P/N+,YS ’ q ’ SY>Pp, .
N
max {pvo; T (¢1,¢2)} < 1* < min{pvz+ Z;l + (p— 1)1/2}, (3.4)

where p* = I\H%Nf%, and let 7 (¢, ¢2) be defined by

N(2p¢r — q¢2) + 2pq(2v2¢p2 — s¢1) (3.5)

T(¢1,¢2) = 104 ,
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with the pairs (¢1, ¢2) satisfying

(@) € {0, (01, (=10, (rp =1, (pp=1), (1) |-

The following lemmas are necessary for the proof of this theorem.

Lemma 3.4. We have the following Sobolev embeddings:
a) For —% < vy < 0, we have the Sobolev embedding

LY (Q)) < D(AY). (3.6)
bFor0<w <¥,0<s<21n,1<qg<p*= N+2%tkenweget
D(A%) — W?22(Q)) — W1(Q). (3.7)
c)Forsq < Nand1 <r < g} forq; = N , we have the following Sobolev embedding
W (Q) — L'(Q)). (3.8)

Proof of Lemma 3.4. For proof, see Appendix [A2, Section 4.2].

Lemma 3.5. For g satisfies the hypotheses (H1) and (H>). For1 <m < 2,p > land forall0 < T <s,
we have the following

18(s =7, u(1)) oy SCT° (H“(T)} ) T [u(z Hmm ) (3.9)
and
Jsts = u(e) ~ g6 =m0, < CT @) = (O]
+ CT ()| Fymey [14(0) = 0() [ ey
+CT7‘XH T |Lr’m Hu T)HU,m(Q). (3.10)

Proof of Lemma 3.5. For proof, see Appendix [A3, Section 4.3].

Lemma 3.6. For g satisfies the hypotheses (Hz) and (Hy). For p > 1,1 < m < 2, we have the following

@) [V () log ul| ) < € (lll ey + 1l Fpomier) 1 H”pm( ’ (3.11)
LP-1(Q

and

Lm(Q) =¢ (HMHL%) + H”HZ%( ) 4= 2llim o

+c(uuugﬁo+uuug¢m D llntsm oyl =l

+CH ‘ le HM UHme(Q)- (312)

HVM )log [u] — Vi, »(v) log ||

Lrm(Q)
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Proof of Lemma 3.6. For proof, see Appendix [A4, Section 4.4].

Now we are ready to prove Theorem 3.3. Let T > 0 and p > 0 be chosen later and we

consider the functional space
Ay = {u € C([0, T|; W™(€0)) = u(+,0) = uo, and [ — uo|| (o rpea(ar)) p}, (3.13)
and without the restriction of generality we can assume there exists the constant €(p) such that

sup [lu(-,t)llwsa(q) = €(p)- (3.14)
te[0,T]

From now on, we set Py, = p + ||| ys4(y), and we define the mapping X on ., by
t s
Xu(t) = ePuy —|—/ eA(t’S)/ g(s — 7, u(7))dtds
0 0

+ Ot eA(t_s)Vﬂ,p(u)(s) log |u(s)|ds
i= g + J1 () (t) + L2 (u)(t). (3.15)

we show that X is invariant in %p and X is a contraction.

o Claim I: If ug € D(A"2) N W*1(Q)), then X is o/,-invariant. In fact, we have

AP At 2
He uo MOHD(AQ) = H(e I)uOHD(sz)
= ) (uo pi)? (1) 22
jEN"
< ZN (0, 97)* A3 < l[uo|[p gy, ¥t € [0, T). (3.16)
jEN"

From (3.7) we have that D(A"?) < W*1(Q) implies || - [|ysa(q) < Csgu | - [|p(a») and then, we
conclude from (3.16) that

e Uy — U

e < Cogus Ilttollpay < C lu0llppay, ¢ € [0,T).

HC([O,T];WW(Q))
From (3.6), this implies that 0 < 1, —v; < 1 and we assume that there exists y > 0, small
enough, such that v, —v; <1 — p. Thanks to Lemma 2.5b),

Hh(u)(t)HD(AVZ) < /Ot A=) /Osg(s—r,u(r))dr ds

D(A%)

1
t 1 s 2 2
< Cy'p'q/o (t—s)H Ig3 (/0 llg(s — T,M(T))HD(AVI)EIT> ds. (3.17)

Taking m = Nz_livl and combining with (3.6), we obtain L"(Q)) — D(.A") which implies
I lIpean)y < Cnull - |Ln(q), and we have for t € [0, T]

1

t S
The (RHS) of (3.17) < Cy,p,qCN,,,z/ (t— s)"’ls% (/ |g(s — 7, u(7)) i"‘(Q)dT) " ds
0 0
t o i %
< C/ (t—s)t1s2 </ |g(s — T, u(T)) L,,,(Q)dr> ds. (3.18)
0 0
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g = 7 ()| uey < CT (I ey + 4O ey ) (3.19)
From (3.2)-(3.5) it follows for * > T (1,1) that
o 2pN 2pN 2pN
PE=N—4n  N+4r —dpr, - N+4T (L,1) —4prs
__aN . .
N_gs I
and for (* > 7’(%, 1), we have the following bound
2N 2N ) 2N
N -4y, N+4—4py, N+4T(%,1)—4p1/2
Nqg _
~ N-—sqg
then we deduce from (3.8) that the following Sobolev embeddings are fulfilled
W (Q) — L"™(Q), W*(Q) < L' (Q)).
Thus, from (3.19), there is a constant Cp s 5 4., such that
g (s = 7 u(D)| ) < CONspaumT ™ (H”(TM waa(ay T [#(7)] qu(0)>
_ 14
< T (o + ol wsacy + (0 + ol weney) ), ¥E € 0,T], (320)
Inserting (3.20) into (3.18) and recalling that Py, = p + |10 yys4 (), we obtain
S
The (RHS) of (3.17) < C (P, + P} ) / (t — 5)t1s} (/ TzadT> e
0
51—22:1'
1
<C <P0p + P, p> / (t—s)h1s2 ————ds
(1—2a)2
<C <P0p + Pg ) / (t —s)F s *ds
< C(Pop+ P, ) B2 — )=+, (3.21)
where we have used Lemma 2.4 in order to derive
t t
/ (t—s)Flsl=*ds = / (t— )t 152=0)=1gs
0 0
— r(.”)r(z - “) ty—zx—i—l —_ B(y,2 _ “)ty—zx—i-l.
I'(p—a+2)

From (3.7) we have that D(A"2) < W31(Q)) and then, we conclude from (3.17) and (3.21) that

17690 o mmeaqany = € (Pop + Py ) B2 = )T,

(3.22)
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where C; := Cn s pg k1, > 0. We continue with the estimate on the third term of (3.15), thanks
to Lemma 2.5a) and (3.6) to obtain the Sobolev embedding L™ (Q)) < D(.A"1), we have

t
1@ Ol < [ Vi) 081, 45

t
< c;,,,m,/0 (= 5[ Vi (1)(5) Log 1(3)] [ g 85

t
< C%M/O (t =) | Vyp(u)(s) log ’“(SMHM(Q)EIS- (3.23)
From Lemma 3.6a), we conclude that
V() 108 18] gy < € (11l gy + 10 ey ) N80 (3.24)
LP1(Q)

From (3.3), g < N+75 and gs < N, we deduce that g; < 7 with q; =
2.2 we obtain the embedding L7 (Q)) — W*1(Q)) which implies 1mmed1ately that [|u]|ysa () <
Csgq /14l L7()- From (3.14), one obtains that

HuH;V( < Cllu ‘qu < C(e(p))”", for v>0andforallte [0,T].
From (3.5), the fact
2p — 2pq(2vy —
v T p—1) = N2P =) +2pq(2v2 =)
4q
and
p>m _ 2Np 2Np < 2Np
p—1 N-—4u; N+4*—4pr,  N+4T(p,p—1) —4pn
Ng
= = * .2
Nosg O (3.25)

from (3.8), we can also obtain the following Sobolev embedding
WH(Q) — LP™(Q)).

For 1* > T (v,1) (T (7,1) is defined in (3.5)), we have pym < = from (3.8) we infer that the
following Sobolev embedding holds

W (Q)) — LP"™(Q)).
From (3.24), we get that
Vi () 108 1|y < € (1l e + 1
The right hand side of (3.23) becomes (there exists & € (0,1) such that ¢ < ¢ < p)
Woaccy ) 45
<cr? /Of(t_s)v—ls—o (e (s) 1t ) + 115) [ )

8 (pP— p+r\ [ 10
<CT (PO,p +P0,p )/O(t—s)”’ s Yds

ey 1wl

W ()"

The (RHS) of (3.23) < c/ot(t—sﬂ1 (ha ()l + 1)

<cr? (B, + Py, ") By, 1 - 9) (3.26)
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where it follows from (3.13) that H }
2.4 to obtain

WA (Q <P+H”0‘

Waa(Q) = = Py, and we have used Lemma

t t
/(t—s)”’ls’ﬂds:/(t—s)”’ls(l’ﬂ)’lds
0 0

TN 8)
I(y+1-9)

where B be a Beta function. From (3.18), (3.26), we deduce that for ¢ € [0, T|

(r)// 1- 19){)1_19/

12 (D) ) < CT (B, "+ PY, ) By, 1= )T7.

From (3.7), we have that D(A"?) — W*1(Q) implies || - [[ws1(q) < Csgunll - [p(an), and we
derive forallt € [0,T], 0 < ¢ <y < p — 1 that

[ T2 () ()]
Hence, from (3.15), (3.16), (3.22) and (3.27), for every t € [0, T],

g - + -0
weatey < CT (ng 74Py 7) B(y,1— 0)T"°. (3.27)
[IXue(t) = uollwsaqy < Cllollpiam) +C (Po,p + Pg,p) B(p,2 —a)TH "
+CT" (B}, "+ Py, ") B(y,1-9).
Therefore, if p = 2C [|uo|| p( 42) and
4C (Po,p + PO”,p) B(u,2—a)TF 1 <p,  4C (ng + ngf) B(y,1-9)T7 < p,

then X is invariant in %.

o Claim II: X : Ay — ) is a contraction map. Let u,v € @7,, then

1Xu(t) — Xo(t) || p( ) < /Ot oA (t=s) /05 (g(s—T,u(t)) —g(s—t,0(1)))dt bt ds
e Wt 0gluts)l = Yoy @ og )],
=: J3(u,0)(t) + Ja(u,0)(t). (3.28)

By an argument analogous to that used in (3.17), we deduce the following estimate

1
t s ) p
J3(u,0)(t) < Cﬂ’p’q/o (t—s)F1s2 </ |g(s — T, u(t)) —g(s — T,Z)(T))HD(AL/l)dT> ds
1
gCy,p,qCNﬂ/l/ (t—s)H 153 </ |g(s — T,u(t)) —g(s — T, 0(7 HLm d'f) ds,
0

(3.29)

where, from (3.6) we have used L™ (Q)) < D(A"). From Lemma 3.5 b), we have that

< Ct*||u(t) —o(7)

Jsts = u(e) ~ g =m0, )

+ Ct|u(1)] Zp_"fl(o) |u(t) — U(T)HLW(Q)
+ CT?D‘ H HLP"’ HM(T) - U(T) HLP"’(Q)' (330)
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From (3.2)-(3.5), for g} =
For /* > 7(1,1), a similar argument with (3.25) and observing that g; 2 pm, then (3.8) implies
the following Sobolev embedding

WS4 (Q)) < LP"(Q).

N(2—4)+2pq(21—3)
4q

For /* > T(%, 1) = , we have the following bound

L_ 2N 2N 2N  Ng
N —4v;  N+4* —4py, N+47‘(%,1)—4p1/2_N—sq_qs'

and we deduce from (3.8) that the following Sobolev embedding is fulfilled
WH(Q)) — L"(Q)).
We can now combine the previous results together with (3.30) to obtain

< CLy(p, uo) T *||u(7) — v(7)| (3.31)

Hg(S—T,M(T)) —g(S _TIU(T))} Lm(Q) WA (Q)”

for all t € [0, T], where we have used that max { lullwsa(ay; HUHWs,q(Q)} < p + [[uollwsa(), and
the constant Ly (o, o) := L1(N, p, 7, v1,0, [uo|lwss()) but is independent of ¢. From (3.29), (3.31)
and Lemma 2.4,

1
t s 3
Ja(u,0)(t) < CL1(p, uo)||u — UHC([O,T];WW(Q))/O (t— S)H—ls% (/0 r—zadT) ds

—2a+1
s 2

t
< CL1(p, uo) H“ - ch({o,T];ws'ﬂ(O)) /o (t-= S)ylsz(l—m)ds

_

Nl—=

t
<CL; (p, Mo) HM — UHC([O,T];WS"Y(Q)) /0 (t — 3)1/‘*151*ads
< CLl (pl MO)Hu - UHC([O,T];WW( Q) (% ) th (X+1 (332)

We continue estimating the second term in (3.28), using Lemma 2.5a) and (3.8) to obtain the
Sobolev embedding L™ (Q)) < D(A") that

Ja(1,0)(£) < Cpupyg /0 (- $)471|[ Vi () (5) og [u(5) | = V() (s) log |v(s)|HD(AV1)d5

t
< CupaCon [ (4= )" Viy (1) () 105 [u(5)| = Vyp(0) (5) og o], s
(3.33)

From Lemma 3.6b), we get that

| Vi () 10g [l = v, (0) Tog o] o

< ¢ (luligtoy + 7 ) =0l

e (TP e N N R

p—1

+ Clol[} ey 1 = ll oy (3.34)
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From (3.2)-(3.5), for g} = %’ gs < N, and (3.8) we have the following:

1 s Ny

For g; satisfying ql =5 N for g < x7i; and sg < N, then g < 7 and we deduce from

Lemma 2.2 that L7(Q)) < W1(Q)). From (3.14), one obtains that

)S [ u|

HuH;j(Q ;Vz’q(ﬂ) < (e(p))””, for v >0andforallt e [0, T].

For /* > 7(1,1), a similar argument with (3.25) and noticing that g7 > pm, then we deduce
that the following Sobolev embedding holds

W>1(Q)) < LP"(Q)).
For/* > T(p—1,1), we have

1y, 2P(p=1)N 2p(p —2)N _
Plp = m = S NTaT(p 11 —dpy

and the following Sobolev embedding

W1(Q) — LPP=1m (),
For i* > T (v, p — 1), we easily observe that % < g%, which allows us to obtain
WS(Q)) < L1 (Q).
This follows from (3.34) that

HVW,(LL) log |u| — V;, »(v) log |v| HLM(Q) < CLa(p, uo)||u — v| W) (3.35)

for all t € [0, T], we note that max { 1]l wor ) HvHWs,q(Q)} < 0+ |[uo]lwea(qr), and La(p, ug) :=
Ly(N, p,v,v1,p, ||uo ||Ws/q(0)). From (3.33), (3.35), and using Lemma 2.4, one observes that

Ws,q(mds

Ja(w,0)(1) < CLa(p,uo) [ (=) u(s) ~o(6)|

t
1.9
O,T];Ws/q(Q))/O(t_SW s Yds

B(p,1—0)t'7. (3.36)

< CLa(p,u0) T°|Ju — o]

< CLy(p, MO)TﬂH” - UHC([O,T],'WW(Q))

Inserting the results of (3.32) and (3.36) into (3.28),
(| X (t) — Xo(t) HD(AL’Z) < CLy(p, uo)||u — UHC([O,T];WW(Q))B(V’Z — )ttt
+ CLa(p, o) T"||u — Z’Hc([o,T];ws,q(Q))B(P‘/ 19",

From (3.7), we have that D(.A"2) < W%1((}), and
| Xu —XUHC( < CLy(p, uo)B(p,2 — &) TH**1

+ CLy(p, u0)B(p, 1 — 0)TH||u —

[0,T;Ws1(Q)))
llcqo mpmeacay):
Choosing T, L1(p, ug), L2(p, up) small enough such that

CL1(p, uo)B(p,2 — w)THOTL 4 CLy(p, u0)B(p, 1 —0)TH < 1,

it follows that X is a contraction map on .7,. Invoking now the contraction mapping principle
we conclude that the map X has a unique fixed point u in .27,. The proof of Theorem 3.3 is
completed. O
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Remark 3.1. In Theorem 3.3, for N > 1, and 0 < v, < N /4 let us choose N = 5,v, = 1. From the
conditions

s < 13,5 €N,
N (3.37)
1<9 =< N5
this implies that
s=0, ge€]ll,10], (3.38)
s=1, q€[LF]

Then, the Problem (1.1) has a unique mild solution u € C([0,T];L1(Q})), 1 < g < 10, or u €
C([0o, T;WH(Q))), 1 < g < X

3.2 Unique continuation of the solution to Problem (IP)

Definition 3.7. Given a mild solution u € C([0,T]; W*7(Q))) of (IPy), the function u* is a
continuation of u in [0, T*] for T* > T if

u* € C([0, T*]; W*1(Q))) is a mild solution of (Py) in [T, T*],
u*(t) = u(t) whenever te[0,T].

Theorem 3.8 (Continuation). Let us assume that the conditions of Theorem 3.3 are true. Then, the
(unique) mild solution on [0, T] of Problem (IP() can be extended to the interval [0, T*], for some T* > T.

Proof. Letu : [0, T] — W*1(Q)) be a mild solution of Problem (P) (T is the time from Theorem
3.3). Fix p* > 0, and for T* > T (T* depending on p*), we shall prove that u* : [0, T*] — W*1(Q))
is a mild solution of Problem (IPj). Assume the following estimates hold max {Q;} < ‘0—7*, Q; >
0, i=1,...,7. with the constants Q;, (i = 1,...,7) are defined as follows:

CT™'T* ||u0HD(_AV2) = Qu (3.39a)
C (PT,p* + Pq’f,p*) B(p,2 — a) (TH)F "+ =: Qy; (3.39b)
* *\ Y — — 4
C(T*)*B(7,1 = 8)(T*)"=* (P2 T+ PIIT) =: Q3; (3.39¢)
c (Po,p + Pé’,p) B(p,2 —a)(T)" "1 = Qy (3.39d)
C(T*)’B(7,1—0)(T*)"° <P(’)”,;'Y n ng’) =: Qs; (3.39%)
CLi(p, u0)B(p,2 — a) (T)F~*F1 =: Q; (3.39f)
CLa(p, u0)B(p, 1 = 9)(T*)* =: Qy, (3.39g)

where d,y € (0,1),suchthatd <y <p—1,P, =p+ Hu0| W () Pr o« = p* + Hu(-, T)| Wea(Q)
and Lq(p, up), L2(p, o) are defined in the proof of Theorem 3.3. For T* > T > 0 and p* > 0, let
us define

u*(t) = u(t), Vit e [0,T],
(| (t) —u(T <p*, Vtel[T,T.
(3.40)

% — {u* c C([O, T*];Ws,q(ﬂ)) : )HC([TT*]'WSq(Q))
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o Step I: Claim that X defined as in (3.15) is the operator on ,QZ*. Let u* € 422;* and we consider two
cases.

If t € [0,T], then by virtue of Theorem 3.3, we have that Problem (IP;) possesses a unique
solution and we also have u*(t) = u(t). Thus Xu*(t) = Xu(t) = u(t) forall t € [0, T].

If t € [T, T*], we have

T
AT g /0 eAMT=s) Vyy,p(u*)(s)log [u*(s)|ds
=: (A1) + (A2) + (A3) + (A4) + (As), (“respectively”).

Estimating the term (A7), we have for all t € [T, T*],
2
H(Al)Hé(sz) =) A]?VZ (110, 9})° (e_)‘fT (e‘Af(t—T) - 1)) :
jEN*
For z > 0, using the inequality 1 — e * < z, and ze * < 1, one obtains
2 2 ~1\2
[A0lo0es < X 47 (00" (2 =T) (4T) )
JEN*

2 2 2 e
< X () - 1P
jEIN*
2 2
<@E-T)°T ZHMOHD(AVZ)‘
For the constants s, g satisfying (3.3), we have that D(A") — W*1(Q)). Hence,

I(AD)]

From (3.39a), this implies that the following estimate holds

we) S C(E=T) T~ [JuolI pav) < CT*T_lHMOHD(AVZ).

(A1) HC([O,T*];WS’W(Q)) < % (3.41)

Similar to (3.22), we have the following estimate for all t € [T, T*| (note that we can choose
T* > T and close enough to T)

| (A2)]

where from (3.40), for all t € [T, T*], we have used that

- 8)]

wea(q) S c (PT,p* + Pqe,p*) B(p,2 —a)(t—T)F**,

<"+ [fu( D)

= PT,p* .

Wsi () W (Q)

Using (3.39b),

1(A2)]

wonioy < C (Pro +PF ) B(w2 = a) (1) < £ (3.42)
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Similar to (3.27), we have the following estimate for all t € [T, T*] (note that we again can
choose T* > T and close enough to T)

1(45)]

*\ U - + -
weaiay < C(T)? (PR + PEET) By, 1= 9) (£~ T)7 "

Using (3.39¢), we infer that

« - -8 o O
1CA3) [ eqgorpmeaeny < CT) (PET +PEST ) By, 1= o)1) < £ (3.43)

Since 0 < u < 1, we know that there is a constant Cu>0 such that for any z > 0, we have the
basic inequality e™* < Cyz’“l, and we assume that v, —v; <1 — u. Hence, we deduce that

T 'S
A(t—T) _ A(T-s) _ *
(49l < [ (27 =1) 272 ["gts —r(eae] o
T , s s ) 2
g/ Yo AT 2N (T) e‘A/(t—T)—l‘ s/ |gi(s — T, u"(1))|"dt | ds
o \jene ! 0

T S 2
< CM/O (T—s)?’—ls% ( Z A]?vz+2ﬂ—2v1—2/\]2v1/(] (gj(S_T,M*(T)))sz> ds

C T i1 s N ) %
< /\}Jrvlywy/o (T — )" 1s2 (/0 |g(s —T,u (T))HD(Avl)dT> ds, (3.44)

where
gj(s —t,u*(7)) = /Qg(s —7,u* (7)) j(x)dx.

From (3.6), we obtain the Sobolev embedding L™ (Q)) < D(.A"). In the same way as in (3.21),
and from (3.40), one obtains

T s %
The (RHS) of (3.44) < C/ (T —s) sz (/ (s — T, u*(7)) Himm)dT> ds
0 0
<cC (Po,p + P! p) B(1,2 — o) TH 1,
where we have used Lemma 2.4

T 11— 1 _ ) F(y)r(z — oc) _ _
u—11-a p—1,(2—a)-1 u—a+1 u—a+1
/() (T — S) S ds = /0 (T S) S ds = ( ) T = B(]/l,2 IX) I .

From 3.7, we have the Sobolev embedding D(A") — W*1(Q)), and we find the following
bound

1(A4)]

From (3.39d), for t € (T, T*], we obtain

/4 —a+1
weaay < € (Poo+ PL, ) B2 — ) TH o1,

1Al o r-pavonceny < € (Pop + By Bl 2= ) (T =41 < £ (3.45)
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By an argument analogous to that one used in (3.26) and (3.44), we infer that (for 0 < ¢ < ¢ <
p—1

| As)lpas) < | (4671 = 1) AT, (%) () g () [

T
<C [T =) [ Va () () log o (s)]

<cr? (B, + Py ) B(7,1— )7,

Lm(Q)ds

From (3.7), we have that D(.A"2) — W*1(Q}), and using (3.3%),
* - + ey p*
10A8) | o - prsaeny < CT? (Ph, "+ P ") B3, 1= 0)(T*)~* < T (346)

It follows from (3.41), (3.42), (3.43), (3.45), (3.46) that, for every t € [0, T*]

5p*<*

TP _ 5"
+7—7 o

HXu* —u(, 2

p* p‘k p*
Dllcgormweany <7 +7 + 7+

Let us now to claim that X is a map 42’7;* into JZZ;*.

o Step 11: We show that X is a contraction on ﬁ;. Letu,v € 427*, and we have that, for 0 < t < T*,

Xu(t) — Xo(t) = /Ot A=) /S (g(s — T, u(t)) —g(s — 7,0(7)))drds

0
+ [0 (V1) () Tog ()] — Vi (0)() o o)1) s,

where we note that Xu(t) — Xv(t) = 0, vanishes in JZZ,; forall t € (0, T]. Then, for all t € [0, T*],
proceeding as in Claim (II) of the last theorem, we have

(| Xu(t) — XU(t)HD(AVz)
< C (La(p, u0)B(,2 = &) (T + Ly, u0)B(p, 1 = 0)(T*)" ) [ = |t ropyonccry

Thus, from (3.7) we have the Sobolev embedding D(.A") — W7(()), and from (3.39f)-(3.39g),
we deduce

2"

0T wsa(Q)) = 7 Ju—

o L

Let us choose 0 < p* < % then we deduce that X is a g-contraction. By the Banach contraction

principle, it follows that X has a unique fixed point u* of X in .7+, which is a continuation of u.
This finishes the proof. ]

3.3 Finite time blow-up or global existence to Problem (I°))

The next results are on the global existence or non-continuation by a blow-up.

Definition 3.9. Let u(x, t) is a solution of (IP)). We define the maximal existence time Tax Of
u(x,t) as follows:

(i) If u(x,t) exists for all 0 < t < oo, then Tppax = 0.
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(ii) If there exists T € [0,00) such that u(x, t) exists for 0 < t < T, but does not existatt = T,
then Tpax = T.

Definition 3.10. Let u(x, t) be a solution of (IP)). We say u(x, t) blows up in finite time if the
maximal existence time T,y is finite and

limsup |[[u(-,t)|

t— Trax

WS'Q(Q) = ©0Q.
Theorem 3.11 (Global existence or finite time blow-up). Let N > 1,0 <5 < 21, for 0 < 1, <
N/2and 1 < q < p* with p* = % Then there exists a maximal time Tnax > 0 such that
u € C([0, Tmax); W*1(Q)) is the mild solution of (IPy). Thus, either Problem (IPy) has a unique global
mild solution on [0, c0), or there is a maximal time Tyax < oo such that

limsup Hu(-,t)‘

t— Tmax

wea(q) =

Proof. Define
Tmax := sup {T > 0 : there exists a solution on [0, T]} .

Assume that Tmax < o0, and Hu(', t)} W (Q) < po, for some pg > 0. Now suppose there exists
a sequence {f;}reN C [0, Tmax) such that ty — Tmax and {u(-, t) bremw C W39(Q). Let us show
that {u(-, t) }ken is a Cauchy sequence in W*1((Q}). Indeed, given € > 0, fix N € IN such that
forallk,n > N, 0 < t; < t; < Tmax, we have

u('/ tn) - M(-, tk) = (eA(tn*tk) _ I) eAtkuO
tn

S ty
4 [ Alta—s) /0 g(s — 7, u(t))dtds + eA(t"*S)V,Y,p(u)(s) log |u(s)|ds

tr tr

13 s
n (emn-tk) _ I) /OkeA(tk—S)/O g(s — T, u(t))drds
te
(e = 1) [ Y, 006 og )
ty S
= (eA(t"_t’f) - I) u(-, t) + eA(t"_s)/ ¢(s — 7, u(t))dds
0
£y

+ [ LY, L (u)(s) log |u(s)|ds.

tk

tx

Thus, we have

(- ) = uls )|

we(q) < H <eA(tn—tk) _ 1) u(-,tk)’

ty

W (Q)

eAtn=s) /Sg(s —7,u(t))dt
0

ty

ds
W (Q)

_|_

tg

ds
Wsa ()

_|_

Jiy

=: (01) + (02) + (03).

X0V, () (s) log u(s)||

First, we estimate the term (O;) as follows

1(01)] Wsa(Q) H (EA(tFtk) - I) ”<"tk>strq(Q)

< HeA(tn—tk) —

) H”("tk)‘ WsA(Q)°

HIL(WS/q(
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By an argument analogous to that one used in (3.21),

tn
H(OZ)HD(,AVZ) < C (po+p)) /t (tn — ) 1s'"ds
k

1
<t (oo +pf) [, (1—s)* s ds.

tn

From (3.7), implies D(A"2) — W1(Q)), and therefore we obtain

1
1(02)llsagy < CThas (o0 +f) [, (1 =5)" s s

tn

Reasoning in the same way as in (3.26),

ty
H (O3> HD(AVZ < CTrlZlax <p0 ! + pP+'Y> / (t” - S)'Yilsiﬂds

tx

1
< CTI‘flaXtHﬂ ! (Po i +pp+y) /l(l — )7 1s7%s.

tn

Using (3.7) we imply D(.A"2) — W*1(Q)), we have

1
H(O3)st,q( Q) < CToaxtn ot (PO ! +PP+7) /k (1—5)7""s"%s.

tn

Thus, since {f }ren- is convergent we can take N := N(e) € N* with n > k > N such that
|ty — ti| is sufficiently small. Since the semigroup {e*!} 10 is strongly continuous in W*7(€),
given € > 0, we have

Po H ) = IH]L(WW(Q)) < g

7

1
Cty (oo + ph) /k (1—s)"1sl%ds < g,

n

and

1
9-1 + - €
CTS .t~ (Po "+ 0h 7)/i(1—s)7 1s=%ds < 3

tn

Consequently, given € > 0 there exists the number N € IN such that

[Julert) = u(, b))

It follows that {u(-, tx) }remw C W*(Q)) is a Cauchy sequences and for {f } xen+ arbitrary then
the following limit is exist

<€, for n,k> N.

Wsa(Q)

im [, 8) gy < oo

t— Trmax
From our previous result we deduce that the solution can extend to some larger interval (1 can

be continued beyond Tpax), and this contradicts the definition of Tmax. Thus, either Tmax = 0
or if Tmax < oo thenlim, 7 [[u(-,#)|[yss() = oo. The proof of Theorem 3.11 is finished. [
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4 Appendix
4.1 Al. Proof of Lemma 3.1

Let u,v € R, thanks to the results in [2], (/13) holds true. Next, we prove (/). Indeed,

|Vy,p (1) log [u| =V, »(v) log |o|| <|Vy,p(u) — V,W(v)Hlog |ul|
+ ‘V,M,(v)‘ ‘1og\u| —10g|v|‘. 4.1)

From (H3),
[Vip () = Vi (0)] = [l = o] o

< (L Jul? = + ol ) — o, @2)
Using the basic inequality log(1 +z) < z forz > 0,
|u| — [o|

I ‘

log (1+ |”|;‘v‘>‘ < lu=of (4.3)

| log |u| —log ||| = [log |1+

<

From (4.1)-(4.3), we have the proof of Lemma 3.1.

4.2 A2. Proof of Lemma 3.4

From (3.2)-(3.5) and Lemmas 2.1 and 2.2, we have the following conclusions:

a) Proof (3.6). From (3.4), we have pvy < 1* < pvy + %, implies that —% <1 <0, weinvoke
Lemma 2.2 to deduce the Sobolev embedding

N
LY () < D(A™).
Moreover, from pv, < 1* <14 (p — 1)vp, we have that0 < 1, — 17 < 1.

b) Proof (3.7). From (3.2)-(3.3), we have 0 < 1, < %,O <s <y, pt= WN_% then we get

4vp — 2s < N,
2N
1<9< x5,

Lemmas 2.1 and 2.2 imply
D(A%) — H?:(Q) — W*(Q).

c) Proof (3.8). Fromsqg < Nand 1 < r < g} for g} = %,from Lemma 2.2 we have the
following Sobolev embedding

W1(Q) < L7(Q).

The proof of the lemma is completed.
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4.3 A3. Proof of Lemma 3.5

a) Proof (3.9). From hypothesis (H,), using the inequality (a + b)7 < 2947 4 2701, for a,b >

0,g>1,wededuceforl <m <2anda € (0,1),
/Q\g(s—r,u(r))\’”dxgklr—am/ﬂ(\u(r)|+|u(r)|i7)’”dx
< Jeq DM m / mgq / Pmd >
< k2"t <Q]u(’f)\ x+ Q]u(rﬂ x

< o (|[u() 2oy + 1O ry)-

Then, we get

g (s — TIM(T))HLW!(Q) <Ct* (H”(T) ) Hu(T)HZW(Q)) /

where we have used a” + b™ < (a +b)" for m > 1.

b) Proof (3.10). By recalling hypothesis (/;), we arrive at

18(s = T, u(1)) = 8(s = T, 0(T)) || 1 )
<k;T~*[Ju(t) —v(7)

L"'(Q)
|| Ju(n) " fu(t) — o(7)] L"(Q)
ol (o) = el

For the constant 1 < m < 2, using Holder’s inequality to obtain

-1 . m - p—1 _ "
T A A (Tl
po1 1
S(/ \u\pmdx> ’ (/ ]u—v\pmdx>p
o) QO
1
<l fo iy e = 2l
Hence
B 1
=l < =l
Similar to (4.5),
B -1
ot b=l < Il

Combining (4.4), (4.5) and (4.6), we get that

Jsts = u(e) ~ gt =m0 ()|,

< Ct||u(t) —o(7)

L”’(Q)

+ CT_{X HM(T)‘ FL’V_"}(Q) HM(T) - U(T) HLP”’(Q)
+ CT [0 ()| 14 () = () | oy

This ends the proof.

(4.4)

(4.5)

(4.6)
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4.4 AA4. Proof of Lemma 3.6

a) Proof (3.11). We first set By := {x € Q: |u(x)| <1} and B := {x € Q : Ju(x)| > 1}. Using
the Holder’s inequality, we have

1% 1 Mdx < y™ P "d
[ Vst tog Ju"dx < ™ [ julf™ | tog |u"dx

-1

’ EPN
<™ pm / pm )
<7 (/Q\log\uH dx) (Q‘u‘p dx

% pzm ijl
= (/Bx‘logw"pde/B;\log!ull’”mdx> </ \ulde>
) p—1
<o ([, towtaas) ([, osto™as) ) ([ 1) ",
By B

where we have used the elementary inequality (a + b)7 < a7+ b, fora,b > 0, 0 < g < 1. From
the inequality (2.4) for v > 0 and |u(x)| < 1, x € By, we obtain

1 1 N
m 14 —pym P —pym pm
(/ \log|qu dx) §€</ |ul PY dx> §£<</ |ul P dx> >
By By By
_ 14pm —m
<£(</ !uhdx) </ 1dx> ' )
B By

—m Lpm
</ H”('It)HmW(Q) ‘Q‘ Py (4.8)

where we have chosen k' = — me < 0 in the inequality (2.5) as follows

(f ) ™= (f ) ([ 20)

From inequality (2.4) for v > 0 and |u(x)| > 1, x € Bf, we have

1 1
m 4 m P m
(/B;‘loght]‘p dx> ge(/ww” dx> <l (49)
From (4.7), (4.8) and (4.9), we conclude that
Vi (108 [y < € (el oy + 1l ) 1 I 2o
LP1(Q)

b) Proof (3.12). By recalling hypothesis (/;), we arrive at

HVUP 10g|1/l| VU,P( 10g|UH Lm

s@|Mgwmu—m oy

k|| Jul? ™ og [ul| u — o

Lm Q)

+ k| ol og ful| |u — o]

Lm Q)

+ ko |[|o)P "t u — o (4.10)

Lm(Q) ’
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For the constant 1 < m < 2, using the Holder inequality,
H]log\uH|u—v| ! :/ | log [ul|" |u — v|"dx
L"’(Q) QO
) p-1 1
pm 4 r
< log |u|| " 'dx / u—vpmdx) .
_</Q! g ull ) (Q! |
For By :={x € Q:|u(x)| <1} and Bf := {x € Q: |u(x)| > 1}, we have
1 m
| togal| e =t ,,
p1 1
< </ 1o ]uH%dx—i—/ 1o |uHF§W]dx> ' </ ‘u—v|pmdx>p
— \JBy & Bf & Q
p-1 p-1 1
< (/ }log|u|‘;mldx> "y </ ‘log]u||’“pmldx> ’ </ |u—v\pmdx> Y@
- By Bf Q
where we have used the elementary (a + )7 < a7+ b7 fora,b >0, 0< g < 1.
From inequality (2.4) for |u(x,t)| <1, x € B;,t € [0, T], we have
p-1 p-1
pm g _pm p
</ ‘log]qu’ldx> < </ |u| Vldx)
By By
= W
_pm g
< ((/ |u| Pldx) )
By
_p—l+tpm -
pm
< (( [, ) ([ ) )
By By
< 0|u( 1) 10T < comflu( b)) 4.12)
= 7L () - 7L (Q) ’
where we have chosen k' = —%11 < 0in Lemma 2.3b) as follows
7;1771 7p—1+pm
_pym pm pm
</ |u Vldx) < </ |u\7dx> </ 1dx)
By By By
From inequality (2.4) for |u(x,t)| > 1, x € Bf,t € [0, T|, we have
p1 1
pm P pym g
(/ }log\quldx> </ (/ }u"’ldx>
BY BY
< 0| (4.13)
LrT(Q)
From (4.11), (4.12) and (4.13), we conclude that
-7 Y
s =l o, < €2 (Nelly + g ) =l @10
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Thanks to Holder’s inequality,

/Q (Jul""[10g |l [ 0] )"

— /Q ‘u](p_l)m‘ log [u||"|u — v|"dx

p1 1
< </ |log\u|"fldx> ’ </ || PPy —v]pmdx>p. (4.15)
o) o)

Using inequality (a + )7 < a7+ b7, for 0 < q < 1, similarly to (4.12) and (4.13), we have the
following estimate

p1
pm pm
</ |10g|u|‘?’1dx> ' S(/ }log|u|‘r71dx>
Q By
m N\
+</B;]10g]uHP‘1dx>

p-1
Z

<" (HL!H; + H ‘ P'rm Q)) . (4.16)
Combining (4.15) and (4.16) we get that
[Cli
Lm(Q))
£ (Ul + el ) Wlrm = 2l @12
In a similar way as above,
[ .
Q)
(Il + g ) Vol = olmaye 419

By applying the Holder inequality, we obtain that

[l Hu=el||, = [ (Jo]" Ju=o])" dx
Q) Q

< (/ \vv’mdx)p” </Q\u—v\pmdx>;

< l[oll

oo 1= 2| o (4.19)

Combining the results obtained in (4.10), (4.14), (4.17), (4.18) and (4.19), we find that

Hv,?,p(u) log [u] — V,y,(0)

@)
< (lulistoy + 7 ) 8=l

e (TP e N N R

+Cllol| ey [l = 2

Lrm(Q)’

The proof of the lemma is completed.


https://ejamjournal.com/

Well-Posedness Results for a Class of Nonlinear Binh et al. | 27

5 Declarations

Funding

This research received no external funding.

Competing Interests

The authors declare that they have no competing interests.

Ethical Approval

Not applicable.

Authors’ Contributions

All authors contributed equally. All the authors read and approved the final manuscript.

Availability of Data and Materials

Not applicable.

References

(1]
(2]
3]
(4]
[5]
(6]
[7]
(8]
[0l
[10]
[11]
[12]

[13]
[14]

[15]

G. Acosta and J. P. Borthagaray, A fractional Laplace equation: Regularity of solutions and finite element approximations,
SIAM J. Numer. Anal. 55 (2017), no. 2, 472-495.

J. M. Arrieta and A. N. Carvalho, Abstract parabolic problems with critical nonlinearities and applications to Navier—
Stokes and heat equations, Trans. Amer. Math. Soc. 352 (1999), no. 1, 285-310.

J. M. Arrieta, A. N. Carvalho, and A. Rodriguez-Bernal, Parabolic problems with nonlinear boundary conditions and
critical nonlinearities, J. Differential Equations 156 (1999), 376-406.

V. Barbu and S. Sritharan, Navier-stokes equation with hereditary viscosity, Z. Angew. Math. Phys. 54 (2003),
449-461.

J. Barrow and P. Parsons, Inflationary models with logarithmic potentials, Phys. Rev. D 52 (1995), 5576-5587.
H. Brezis and T. Cazenave, A nonlinear heat equation with singular initial data, J. Anal. Math. 68 (1996), 277-304.

T. Caraballo and J. Real, Attractors for 2D—navier—stokes models with delays, J. Differential Equations 205 (2004),
271-297.

T. Cazenave, F. Dickstein, and E. B. Weissler, An equation whose Fujita critical exponent is not given by scaling,
Nonlinear Anal. 68 (2008), no. 4, 862-874.

C. M. Chen and V. Thomée, The lumped mass finite element method for a parabolic problem, J. Austral. Math. Soc.
Ser. B 26 (1985), no. 3, 329-354.

H. Chen, P. Luo, and G. Liu, Global solution and blow-up of a semilinear heat equation with logarithmic nonlinearity, J.
Math. Anal. Appl. 422 (2015), no. 1, 84-98.

Y. Chen and R. Xu, Global well-posedness of solutions for fourth order dispersive wave equation with nonlinear weak
damping, linear strong damping and logarithmic nonlinearity, Nonlinear Anal. 192 (2020), 111664, 39 pages.

M. Conti, S. Gatti, M. Grasselli, and V. Pata, Two-dimensional reaction-diffusion equations with memory, Quart.
Appl. Math. 68 (2010), no. 4, 607-643.

M. D’Abbico, The influence of a nonlinear memory on the damped wave equation, Nonlinear Anal. 95 (2014), 130-145.
B. de Andrade and A. Viana, Integro-differential equations with applications to a plate equation with memory, Math.
Nachr. (2016), 1-14, Volume/issue not provided in the source.

B. de Andrade and A. Viana, Abstract Volterra integro-differential equations with applications to parabolic models
with memory, Math. Ann. 369 (2017), 1131-1175.



28

Electron. J. Appl. Math. 2023, Vol. 1, No. 1
| pp

[16]

[17]

[18]

[19]

[20]

[21]

[22]
[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]
[35]

[36]

[37]

[38]

[39]

[40]

B. de Andrade and A. Viana, On a fractional reaction-diffusion equation, Z. Angew. Math. Phys. 68 (2017), 11
pages.

E. Di Nezza, G. Palatucci, and E. Valdinoci, Hitchhiker’s guide to the fractional Sobolev spaces, Bull. Sci. Math. 136
(2012), no. 5, 521-573.

H. Engler, Global regular solutions for the dynamic antiplane shear problem in nonlinear viscoelasticity, Math. Z. 202
(1989), no. 2, 251-259.

L. C. Evans, Partial differential equations, Graduate Studies in Mathematics, vol. 19, American Mathematical
Society, Providence, RI, 1998.

M. Fabrizio and S. Polidoro, Asymptotic decay for some differential systems with fading memory, Appl. Anal. 81
(2002), 1245-1264.

S. Gatti, A. Miranville, V. Pata, and S. Zelik, Continuous families of exponential attractors for singularly perturbed
equations with memory, Proc. Roy. Soc. Edinburgh Sect. A 140 (2010), no. 2, 329-366.

Y. Giga, A bound for global solutions of semilinear heat equations, Commun. Math. Phys. 103 (1986), no. 3, 415-421.
M. G. Grillakis, Regularity and asymptotic behavior of the wave equation with critical nonlinearity, Ann. Math. 132
(1990), 485-509.

A. Guesmia, Asymptotic stability of abstract dissipative systems with infinite memory, J. Math. Anal. Appl. 382 (2011),
748-760.

M. E. Gurtin and A. C. Pipkin, A general theory of heat conduction with finite wave speeds, Arch. Ration. Mech.
Anal. 31 (1968), 113-126.

M. L. Heard and S. M. Rankin, A semilinear parabolic Volterra integro-differential equation, J. Differential Equations
71 (1988), no. 2, 201-233.

E. Hewitt and K. Stromberg, Real and abstract analysis: A modern treatment of the theory of functions of a real variable,
Springer-Verlag, Berlin, 1969, Second printing corrected.

M. A. Jorge Silva and T. E. Ma, On a viscoelastic plate equation with history setting and perturbation of p-Laplacian
type, IMA J. Appl. Math. 78 (2013), 1130-1146.

M. Kafini and S. Messaoudi, Local existence and blow up of solutions to a logarithmic nonlinear wave equation with
delay, Appl. Anal. 99 (2020), no. 3, 530-547.

J. Kemppainen, J. Siljander, V. Vergara, and R. Zacher, Decay estimates for time-fractional and other non-local in
time subdiffusion equations in RY, Math. Ann. 366 (2016), 941-979.

V. Keyantuo and C. Lizama, Holder continuous solutions for integro-differential equations and maximal regularity, J.
Differential Equations 230 (2006), 634—660.

A. Khanmamedov, Global attractors for the plate equation with a localized damping and a critical exponent in an
unbounded domain, ]. Differential Equations 225 (2006), 528-548.

I. Lasiecka and R. Triggiani, Exact controllability of semilinear abstract systems and application to wave and plate
boundary control problems, Appl. Math. Optim. 23 (1991), 109-154.

A. Lunardi, On the linear heat equation with fading memory, SIAM ]. Math. Anal. 21 (1990), no. 5, 1213-1224.

I. Munteanu, Boundary stabilization of the navier—stokes equation with fading memory, Int. J. Control 88 (2015), no. 3,
531-542.

N. S. Papageorgiou, V. D. Rddulescu, and D. D. Repovas, Positive solutions for nonlinear Neumann problems with
singular terms and convection, Journal de Mathématiques Pures et Appliquées 136 (2020), 1-21.

I. Podlubny, Fractional differential equations: An introduction to fractional derivatives, fractional differential equations,
methods of their solution and some of their applications, Mathematics in Science and Engineering, vol. 198, Elsevier,
Amsterdam, 1998.

J. M. Rivera and L. H. Fatori, Smoothing effect and propagations of singularities for viscoelastic plates, ]. Math. Anal.
Appl. 206 (1997), 397-427.

V. Shelukhin, A non-local in time model for radionuclides propagation in stokes fluids, Dynamics of Fluids with Free
Boundaries, vol. 107, Siberian Branch of the Russian Academy of Sciences, Institute of Hydrodynamics, Year
not provided in the source, pp. 180-193.

X. Wang, Y. Chen, Y. Yang, ]J. Li, and R. Xu, Kirchhoff-type system with linear weak damping and logarithmic
nonlinearities, Nonlinear Anal. 188 (2019), 475-499.


https://ejamjournal.com/

Well-Posedness Results for a Class of Nonlinear Binh et al. | 29

[41] E. B. Weissler, Existence and non-existence of global solutions for a semilinear heat equation, Israel . Math. 38 (1981),
29-40.



	Introduction
	The problem
	Outline of the paper

	Preliminaries
	Functional setting and notation
	Some related results

	Local well-posedness results
	Local existence of solutions to Problem (P0)
	Unique continuation of the solution to Problem (P0)
	Finite time blow-up or global existence to Problem (P0)

	Appendix
	A1. Proof of Lemma 3.1
	A2. Proof of Lemma 3.4
	A3. Proof of Lemma 3.5
	A4. Proof of Lemma 3.6

	Declarations

